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Math isn’t the art of answering mathematical questions, it 1s the art of 
asking the right questions, the questions that give you insight, the ones 
that lead you in interesting directions, the ones that connect with lots 
of other interesting questions — the ones with beautiful answers. 


— G. Chaitin 
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Preface 


What can a new book of problems in elementary mathematics possibly contri- 
bute to the vast existing collection of journals, articles, and books? This was 
our main concern when we decided to write this book. The inevitability of 
this question does not facilitate the answer, because after five years of writing 
and rewriting we still had something to add. It could be a new problem, a 
comment we considered pertinent, or a solution that escaped our rationale 
until this predictive moment, when we were supposed to bring it under the 
scrutiny of a specialist in the field. 


A mere perusal of this book should be sufficient to identify its target au- 
dience: students and coaches preparing for mathematical Olympiads, national 
or international. It takes more effort to realize that these are not the only 
potential beneficiaries of this work. While the book is rife with problems 
collected from various mathematical competitions and journals, one cannot 
neglect the classical results of mathematics, which naturally exceed the le- 
vel of time-constrained competitions. And no, classical does not mean easy! 
These mathematical beauties are more than just proof that elementary ma- 
thematics can produce jewels. They serve as an invitation to mathematics 
beyond competitions, regarded by many to be the “true mathematics”. In 
this context, the audience is more diverse than one might think. 


Even so, as it will be easily discovered, many of the problems in this book are 
very difficult. Thus, the theoretical portions are short, while the emphasis is 
squarely placed on the problems. Certainly, more subtle results like quadratic 
reciprocity and existence of primitive roots are related to the basic results in li- 
near algebra or mathematical analysis. Whenever their proofs are particularly 
useful, they are provided. We will assume of the reader a certain familiarity 
with classical theorems of elementary mathematics, which we will use freely. 
The selection of problems was made by weighing the need for routine exercises 
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that engender familiarity with the joy of the difficult problems in which we 
find the truly beautiful ideas. We strove to select only those problems, easy 
and hard, that best illustrate the ideas we wanted to exhibit. 


Allow us to discuss in brief the structure of the book. What will most likely 
surprise the reader when browsing just the table of contents is the absence of 
any chapters on geometry. This book was not intended to be an exhaustive 
treatment of elementary mathematics; if ever such a book appears, it will 
be a sad day for mathematics. Rather, we tried to assemble problems that 
enchanted us in order to give a sense of techniques and ideas that become 
leitmotifs not just in problem solving but in all of mathematics. 


Furthermore, there are excellent books on geometry, and it was not hard to 
realize that it would be beyond our ability to create something new to add to 
this area of study. Thus, we preferred to elaborate more on three important 
fields of elementary mathematics: algebra, number theory, and combinatorics. 
Even after this narrowing of focus there are many topics that are simply left 
out, either in consideration of the available space or else because of the fine 
existing literature on the subject. This is, for example, the fate of functional 
equations, a field which can spawn extremely difficult, intriguing problems, 
but one which does not have obvious recurring themes that tie everything 
together. 


Hoping that you have not abandoned the book because of these omissions, 
which might be considered major by many who do not keep in mind the sta- 
ted objectives, we continue by elaborating on the contents of the chapters. 
To start out, we ordered the chapters in ascending order of difficulty of the 
mathematical tools used. Thus, the exposition starts out lightly with some 
classical substitution techniques in algebra, emphasizing a large number of 
examples and applications. These are followed by a topic dear to us: the 
Cauchy-Schwarz inequality and its variations. A sizable chapter presents ap- 
plications of the Lagrange interpolation formula, which is known by most only 
through rôte, straightforward applications. The interested reader will find 
some genuine pearls in this chapter, which should be enough to change his or 
her opinion about this useful mathematical tool. Two rather difficult chapters, 
in which mathematical analysis mixes with algebra, are given at the end of 
the book. One of them is quite original, showing how simple consideration 
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of integral calculus can solve very difficult inequalities. The other discusses 
properties of equidistribution and dense numerical series. Too many books 
consider the Wey] equidistribution theorem to be “much too difficult” to in- 
clude, and we cannot resist contradicting them by presenting an elementary 
proof. Furthermore, the reader will quickly realize that for elementary pro- 
blems we have not shied away from presenting the so-called non-elementary 
solutions which use mathematical analysis or advanced algebra. It would be 
a crime to consider these two types of mathematics as two different entities, 
and it would be even worse to present laborious elementary solutions without 
admitting the possibility of generalization for problems that have conceptual 
and easy non-elementary solutions. In the end we devote a whole chapter to 
discussing criteria for polynomial irreducibility. We observe that some extre- 
mely efficient criteria (like those of Peron and Capelli) are virtually unknown, 
even though they are more efficient than the well-known Eisenstein criterion. 


The section dedicated to number theory is the largest. Some introductory 
chapters related to prime numbers of the form 4k + 3 and to the order of an 
element are included to provide a better understanding of fundamental results 
which are used later in the book. A large chapter develops a tool which is as 
simple as it is useful: the exponent of a prime in the factorization of an inte- 
ger. Some mathematical diamonds belonging to Paul Erdos and others appear 
within. And even though quadratic reciprocity is brought up in many books, 
we included an entire chapter on this topic because the problems available to 
us were too ingenious to exclude. Next come some difficult chapters concer- 
ning arithmetic properties of polynomials, the geometry of numbers (in which 
we present some arithmetic applications of the famous Minkowski’s theorem), 
and the properties of algebraic numbers. A special chapter studies some ap- 
plications of the extremely simple idea that a convergent series of integers 
is eventually stationary! The reader will have the chance to realize that in 
mathematics even simple ideas have great impact: consider, for example, the 
fundamental idea that in the interval (—1,1) the only integer is 0. But how 
many fantastic results concerning irrational numbers follow simply from that! 
Another chapter dear to us concerns the sum of digits, a subject that always 
yields unexpected and fascinating problems, but for which we could not find 
a unique approach. 


Finally, some words about the combinatorics section. The reader will imme- 
diately observe that our presentation of this topic takes an algebraic slant, 
which was, in fact, our intention. In this way we tried to present some unex- 
pected applications of complex numbers in combinatorics, and a whole chapter 
is dedicated to useful formal series. Another chapter shows how useful linear 
algebra can be when solving problems on set combinatorics. Of course, we are 
traditional in presenting applications of Turan’s theorem and of graph theory 
in general, and the pigeonhole principle could not be omitted. We faced diff- 
culties here, because this topic is covered extensively in other books, though 
rarely in a satisfying way. For this reason, we tried to present lesser-known 
problems, because this topic is so dear to elementary mathematics lovers. At 
the end, we included a chapter on special applications of polynomials in num- 
ber theory and combinatorics, emphasizing the Combinatorial Nullstellensatz, 
a recent and extremely useful theorem by Noga Alon. 


We end our description with some remarks on the structure of the chapters. 
In general, the main theoretical results are stated, and if they are sufficiently 
profound or obscure, a proof is given. Following the theoretical part, we 
present between ten and fifteen examples, most from mathematical contests 
or from journals such as Kvant, Komal, and American Mathematical Monthly. 
Others are new problems or classical results. Each chapter ends with a series 
of problems, the majority of which stem from the theoretical results. 


Finally, a change that will please some and scare others: the end-of-chapter 
problems do not have solutions! We had several reasons for this. The first 
and most practical consideration was minimizing the mass of the book. But 
the second and more important factor was this: we consider solving problems 
to necessarily include the inevitably lengthy process of trial and research to 
which the inclusion of solutions provides perhaps too tempting of a shortcut. 
Keeping this in mind, the selection of the problems was made with the goal 
that the diligent reader could solve about a third of them, make some progress 
in the second third and have at least the satisfaction of looking for a solution 
in the remainder. 


We come now to the most delicate moment, the one of saying thank you. 
First and foremost, we thank Marin Tetiva and Paul Stanford, whose close 
reading of the manuscript uncovered many errors that we would not have 
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liked in this final version. We thank them for the great effort they put into 
reviewing the book. All of the remaining mistakes are the responsibility of 
the authors, who would be grateful for reports of errors so that in a future 
edition they will disappear. Many thanks to Radu Sorici for giving the book 
the look it has now and for the numerous suggestions for improvement. We 
thank Adrian Zahariuc for his help in writing the sections on the sums of 
digits and graph theory. Several solutions are either his own or the fruit 
of his experience. Special thanks are due to Valentin Vornicu for creating 
Mathlinks, which has generated many of the problems we have included. His 
website, mathlinks.ro, hosts a treasure trove of problems, and we invite every 
passionate mathematician to avail themselves of this fact. We would also 
like to thank Ravi Boppana, Vesselin Dimitrov, and Richard Stong for the 
excellent problems, solutions, and comments they provided. Lastly, we have 
surely forgotten many others who helped throughout the writing process; our 
thanks and apologies go out to them. 


Titu Andreescu Gabriel Dospinescu 
titu.andreescu@utdallas.edu gdospi2002@yahoo.com 
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THEORY AND EXAMPLES 3 


1.1 Theory and examples 


We know that in most inequalities with a constraint such as abc = 1 the 
x Oe ae as, 
substitution a = —, b = A c= 7 simplifies the solution (don’t kid yourself, 


not all problems of this type become easier!). The use of substitutions is far 
from being specific to inequalities; there are many other similar substitutions 
that usually make life easier. For instance, have you ever thought of other 
conditions such as 


tyz =x+y+z+2; sytyzt+ zr + 2ryz = l1; r? +y? +27 +2ryz=1 


or £? +y? + 2% = xyz +4? The purpose of this chapter is to present some of 
the most classical substitutions of this kind and their applications. 


You will be probably surprised (unless you already know it...) when finding 
out that the condition ryz = z + y + z + 2 together with z, y,z > 0 implies 
the existence of positive real numbers a, b,c such that 
b+c c+a a+b 
f= = z 


a’ b ’ c 











Let us explain why. The condition tyz = x + y + z + 2 can be written in the 
following equivalent way: 


1 R 1 i 1 
l+e 1i+y 1+2 








Proving this is just a matter of simple computations. Now take 























1 1 1 
a = —, b= ——, c= ; 
1+2z 1+y 1+2z 
l-a b+c i 
Then a +b +c = 1 and z = = . Of course, in the same way 
b b 
we find y = ae n= — . The converse (that is, ee ae 2+? 


satisfy ryz = x + y + z + 2) is much easier and is settled again by basic 
computations. Now, what about the second set of conditions, that is x,y,z > 0 
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and ry+yz+zx+2ryz = 1? If you look carefully, you will see that it is closely 
related to the first one. Indeed, x,y,z > 0 satisfy ry + yz + zx + 2ryz = 1 if 


1 1 
and only if —, —, — verify — = — + — + — + 2, so the substitution here is 
L Y Z TY £t y Zz 


ae a = b ss C 
= pate V a ar 





Now, let us take a closer look at the other substitutions mentioned at the 
beginning of the chapter, namely z? + y? + z? + 2xyz = 1 and z? + y? +2? = 
xyz +4. Let us begin with the following question, which can be considered an 
exercise, too: consider three real numbers a,b,c such that abc = 1 and let 





The question is to find an algebraic relation between x,y,z, independent of 
a,b,c. An efficient way to answer this question (that is, without horrible 
computations that result from solving the quadratic equations) is to observe 


that 
TYZ = ees pa oar 
on a b c 
1 1 1 
= (e+) ta) +(e) 
= (x? — 2) + (y? — 2) + (2? — 2) + 2. 
Thus 


r? +y? +2? -— ryz = 4. 
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Because la + | > 2 for all real numbers a, it is clear that not every triple 
(x,y, z) satisfying (1.2) is of the form (1.1). However, with the extra-assumption 
min{|z|, |y|,|z|} > 2 things get better and we do have the converse, that is if 
x,y,z are real numbers with min{|z], |y], |z|} > 2 and satisfying (1.2), then 
there exist real numbers a, b,c with abc = 1 satisfying (1.1). Actually, it suf- 
fices to assume only that max(|z|, |y|,|z|) > 2. Indeed, we may assume that 


|z| > 2. Thus there exists a nonzero real number u such that x = u + -. 
u 


Now, let us regard (1.2) as a quadratic equation with respect to z. Because 
the discriminant is nonnegative, it follows that (x? — 4) (y2 — 4) > 0. But since 
|z| > 2, we find that y* > 4 and so there exist a non-zero real number v for 


1 
which y = v Bo How do we find the corresponding z? Simply by solving the 
second degree equation. We find two solutions: 


1 u 
zı = uwv + —, 2S 
Uv v 


eie 


1 
and now we are almost done. If z = uv + z Ve take (a,b,c) = (uv, =) 


1 
and if z = — + = then we take (a, b,c) = (Zv 3) 
v u u v 


Inspired by the previous equation, let us consider another one, 


L? +y +2? +ryz=4 





where x,y,z > 0. We will prove that the set of solutions of this equation is 
the set of triples (2 cos A, 2 cos B, 2 cos C), where A, B,C are the angles of an 
acute triangle. First, let us prove that all these triples are solutions. This 
reduces to the identity 


cos? A + cos? B + cos? C + 2 cos A cos B cos C = 1. 
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This identity can be proved readily by using the sum-to-product formulas. 
For the converse, we see first that 0 < z,y,z < 2, hence there are num- 


bers A,B € (0, =) such that z = 2cosA, y = 2cos B. Solving the equa- 


tion with respect to z and taking into account that z € (0,2) we obtain 
z = —2cos(A + B). Thus we can take C = m — A — B and we will have 
(£, y, z) = (2 cos A, 2 cos B, 2 cos C). 


Let us summarize: we have seen some nice substitutions, with even nicer 
proofs, but we still have not seen any applications. We will see them in a 
moment... and there are quite a few problems that can be solved by using 
these “tricks”. First, an easy and classical problem, due to Nesbitt . It has so 
many extensions and generalizations that we must discuss it first. 





a n b ze C 
b+c c+a a+b 





> 


NI% 


for all a,b,c > 0. 


Solution. With the “magical” substitution, it suffices to prove that if x, y, z > 
3 
0 satisfy ry + yz + zxz + 2ryz = 1, then t +y +z > z Let us suppose that 


(+y +2) 


3 
this is not the case, i.e. x+y +z < 5° Because ry + yz + zx < 3 ; 


3 
we must have ty + yz + zz < - and since tyz < (==) , we also have 
1 3 1 
Qryz< 7 It follows that 1 = ry+yz+zx+2zryz < reer = 1, acontradiction, 


so we are done. 


Let us now increase the level of difficulty and make an experiment: imagine 
that you did not know about these substitutions and try to solve the following 
problem. Then look at the solution provided and you will see that sometimes 
a good substitution can solve a problem almost alone. 
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F Let x,y,z > 0 be such that ry + yz + zxz + 2xryz = 1. Prove 
~ that 





1 1 1 
—~+-+4+->4(e4@+y+4+2). 
£ y 2 


[Mircea Lascu] 


Solution. With our substitution the inequality becomes 


b+c c+a a+b a b C 
S| — + — }. 
a 7 b y = (ttri) 











But this follows from 


4b 
c+a 


4a a a 
Se ot 
pte b o 








2o 





b] 


O Io 
a | o 
Q 

+| > 
o 

lA 
gio 
+ 
SIO 


Simple and efficient, these are the words that characterize this substitution. 
Here is a geometric application of the previous problem. 





Prove that in any acute triangle ABC the following inequality 
holds 


cos? A cos? B + cos? B cos? C + cos? C cos? A 


1 
< z (cos” A + cos? B + cos? C). 


[Titu Andreescu] 


Solution. We observe that the desired inequality is equivalent to 
cosAcosB  cosBcosC cosAcosC 


cos C cos A cos B 


1 cos A cos B cos C 
—4\cosBcosC cosCcosA cosAcosB/) 
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Setting 


cos B cos C cos Á cos C' cos Á cos B 
cos A ’ 


z 
cos B ’ cos ” 


the inequality reduces to 
1 1 1 
ety 2) Sea 
£ y z 
But this is precisely the inequality in the previous example. All that remains 
is to show that xy + yz + zx + 2xyz = 1. This is equivalent to 
cos? A + cos? B + cos? C + 2 cos A cos B cos C = 1, 


which we have already discussed. 


The following problem is a nice characterization of the equation (1.2) by po- 
lynomials and also teaches us some things about polynomials, in two or three 
variables. 





an: § Find all polynomials f (x,y,z) with real coefficients such that 
1 1 1 
f (a+ —~,b+—-—,c+ 3 =0 
a b c 


whenever abc = 1. 


[Gabriel Dospinescu] 


Solution. From the introduction, it is now clear that the polynomials divisible 
by z? + y? + 2? — zyz — 4 are solutions to the problem. But it is not obvious 
why any desired polynomial should be of this form. To show this, we use the 
classical polynomial long division. There are polynomials g(z, y,z), h(y, z), 
k(y, z) with real coefficients such that 


f(x,y, 2) = (2? +y? + 2° — zyz — 4)g(z,y, z) + ch(y, z) + k(y, z) 
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Using the hypothesis, we deduce that 


0 = "Ee h e E +k ERT 
a b C b C 


whenever abc = 1. Well, it seems that this is a dead end. Not exactly. Now 
we take two numbers z, y such that min{|z|, |y|} > 2 and we write z = b + 5’ 
r +V? —4 Pe y+ /y?—-A4 

2 oan 2 
Then it is easy to compute a + It is exactly 


xy + y (z? — 4)(y? — 4). 


1 
y=c+7 with b= 


So, we have found that 


(zy + y (x? — 4)(y? — 4))h(x, y) + k(z,y) = 0 


whenever min{|z|,|y|} > 2. And now? The last relation suggests that we 
should prove that for each y with |y| > 2, the function z —> Vz? — 4 is not 
rational, that is, there are not polynomials p,q such that Vx? —4 = at 
But this is easy because if such polynomials existed, than each zero of z? — 4 
should have even multiplicity, which is not the case. Consequently, for each 
y with |y| > 2 we have h(z,y) = k(z,y) = 0 for all z. But this means 
that h(z,y) = k(x,y) = 0 for all x,y, that is our polynomial is divisible by 
T? +y? + 27 — xyz — 4. 


The level of difficulty continues to increase. When we say this, we refer again 
to the proposed experiment. The reader who will try first to solve the problems 
discussed without using the above substitutions will certainly understand why 
we consider these problems hard. 


E Prove that if x,y,z > 0 and zyz = x + y + z + 2, then 


2( zry + yYyz + v zz) <r+y+z+6. 
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Solution. This is tricky, even with the substitution. There are two main 
ideas: using some identities that transform the inequality into an easier one 
and then using the substitution. Let us see. What does 2(,/ry + ,/yz + za) 
suggest’? Clearly, it is related to 


(Væ + Vy + v2)" — (£ +y +z). 


Consequently, our inequality can be written as 


Vet vy + vz <v2(r+y+z+3). 


The first idea that comes to mind (that is using the Cauchy-Schwarz inequality 
in the form yz + yy + Vz < y 3(z +y +z) < y2(x +y + z + 3)) does not 
lead to a solution. Indeed, the last inequality is not true: setting r+y +2 = s, 
we have 3s < a + 3). This is because the AM-GM inequality implies that 
ryz < 57? 80 a > s +2, which is equivalent to (s — 6)(s + 3)? > 0, implying 
s> 6. 

Let us see how the substitution helps. The inequality becomes 


DE c+a a+b E c+a a+b 
Va +y- a kar 5 + 


The last step is probably the most important. We have to change the expres- 
Dee yr G4 Ore 























sion 
a c 

We see that if we add 1 to each fraction, then a+b+c will appear as a common 

factor, so in fact 


OTe era a+b eee eae | 
a b c a b c 











And now we have finally solved the problem, amusingly, by employing again 
the Cauchy-Schwarz inequality: 


oa an n rere raci r oN 
a b C a b c 











THEORY AND EXAMPLES 11 


We continue with a difficult 2003 USAMO problem. There are numerous 
proofs for this inequality, none of them easy. The following solution is again 
not simple, but seems natural for someone familiar with such a substitution. 





T: í Prove that for any positive real numbers a,b,c the following 
-inequality holds 


(2a+b+c) (2b+c+a)* (2c+a+b)? 
SN Ns hg es 
2a? + (b+c)? 2b%?+(c+a)? 2c?+(a+b)? — 


[Titu Andreescu, Zuming Feng] USAMO 2003 
Solution. The desired inequality is equivalent to 
2 2 2 
(2+) (2+ 5") (2+) 
a b c 
2+ ( ze) 24 (25) 24 (4 ) 
a b c 


Taking our substitution into account, it suffices to prove that if ryz = x+y + 
z + 2, then 




















(2+2)? (2+y)? (2+2) 
2 +r? 2 +y? 2+22 — 
This is in fact the same as 
2r +1 U ee 
r? +2 y2+2 2242 

















Now, we transform this inequality into 


(z-1}? _ (@-1? _(z-1? 


rT? +2 y?+2 z? +2 








A 
T 
This last form suggests using the Cauchy-Schwarz inequality to prove that 


(@-1)* -f -D 5 @t+y+z-3)" 


r? +2 y2 +2 z2? +2 T r? +yz +6 
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So, we are left with proving that 2(x + y + z — 3)? > z? +y? +2? +6. But 
this is not difficult. Indeed, this inequality is equivalent to 


2(x +y +z- 3) > (x+y +2) —2(xy +yz + zz) +6. 


Now, from xyz > 8 (recall who z, y, z are and use the AM-GM inequality three 
times), we find that xy +yz +zz > 12 and z+y+z > 6 (by the same AM-GM 
inequality). This shows that it suffices to prove that 2(s — 3)? > s? — 18 for all 
s > 6, which is equivalent to (s — 3)(s — 6) > 0, clearly true. And this difficult 
problem is solved! 


The following problem is also hard. Yet there is an easy solution using the 
substitutions described in this chapter. 


ae Prove that if x,y,z > 0 satisfy cy + yz + zz + ryz = 4 then 
r +yY+z 2 ry+yz+zr. 





India 1998 

Solution. Let us write the given condition as 
Hence there are positive real numbers a, b, c such that- 

2a 2b 2c 

Sae Sean “Gan 

But now the solution is almost over, since the inequality 

etytz2>rytyzt+ 2x 
is equivalent to 

a b c 2ab 2bc 2ca 





Bie ea e a aa o) Tora 
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After clearing denominators, the inequality becomes 
a(a+ b)(a+c)+b(b+a)(b+c)+c(c+a)(c+b) > 


> 2ab(a + b) + 2bc(b + c) + 2ca(c + a). 


After basic computations, it reduces to 
a(a — b)(a—c) + b(b—a)(b—c) + c(c—a)(c— b) > 0. 
But this is Schur’s inequality! 


Here is a difficult problem, in which the substitution described plays a key 
role, but cannot solve the problem alone. 





i Prove that if x,y,z > 0 satisfy ryz = x + y + z + 2, then 
zyz(e — 1)(y — 1)(z- 1) <8. 
[Gabriel Dospinescu] 


Solution. Using the substitution 


b+c 
T = » y , Z= ’ 
a b 











the inequality becomes 


(a+ b)(b+c)(c+a)(a+b—c)(b+c—a)(c+a—b) < 8a7b*c* (1.4) 





for any positive real numbers a, b,c. It is readily seen that this form is stronger 
than Schur’s inequality 


(a+b—c)(b+c—a)(c+a-—b) < abc. 
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First, we may assume that a,b,c are the sides of a triangle ABC, since other- 
wise the left-hand side in (1.4) is negative. This is true because no more than 
one of the numbers a +b — c, b+ c — a, c+ a — b can be negative. Let R be 
the center of the circumcircle of triangle ABC. It is not difficult to deduce 
the following identity 


a?b? c? 


C aa ak TE NY 


Consequently, the desired inequality can be written as 


(a+b)(b+e)(c+a) 


(a+b+c)R?> s 


But we know that in each triangle ABC, 9R? > a? +b? + c?. Hence it suffices 
to prove that 


8(a+b+c)(a* +b? +c’) > 9(atb)(b+c)(c+a). 
This inequality is implied by the following ones: 
8(a+b+c)(a? +b? + c*) > s(a+b+c)° 


and 
9(a + b)(b + c)(c +a) < (a +b+c)°. 


The first inequality reduces to 
2,222,211 2 
a“ + b°+c*> g(atb+c) 


while the second is a consequence of the AM-GM inequality. By combining 
these two results, the desired inequality follows. 


Of a different kind, the following problem and the featured solution prove that 
sometimes an efficient substitution can help more than ten complicated ideas. 
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9 Let a,b,c > 0. Find all triples (x, y, z) of positive real numbers 
~ such that 





r+y+z=a+b+c 
a?x + b?y + c2z + abc = 4ryz 


[Titu Andreescu] IMO Shortlist 1995 


Solution. We try to use the information given by the second equation. This 
equation can be written as 


a b c? abc 
SaR + —_ 


yz 20 Ly xyz 


and we already recognize the relation 
u? +v? +w? + uvu =4 


a b 


c 
where u = ——, v = ——, w = ——. According to example 3, we can find 
/Y2 ZT TY 6 s 


an acute-angled triangle ABC such that 
u=2cosA, v=2cosB, w=2cosC. 


We have made use of the second condition, so we use the first one to deduce 
that 
£z +y +z = 2,/ry cos C + 2,/yzcos A+ 2y zz cos B. 


Trying to solve this as a second degree equation in yz, we find the discriminant 
—4(,/ysinC — vz sin B)’. 
Because this discriminant is nonnegative, we infer that 
JysinC = yzsin B and yz = yy cos C + vz cos B. 


Combining the last two relations, we find that 


EE R 


snA sinB sinC 
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Now we square these relations and we use the fact that 





a b C 

A = _ B = = = ` 
TRR 2,/yz i 9e 2/22 ose 2,/ZY 
The conclusion is: 


b+c 
Raa 











a+b 
ya 


. 2” 2” 


and it is immediate to see that this triple satisfies both conditions. Hence 
there is a unique triple that is solution to the given system. 


And now, we come back to an earlier problem, this time with a solution based 


on geometric arguments. 


K Prove that if the positive real numbers z,y,z satisfy ry + 
yz + Zz + TYZ = 4, then 





rT +Y+z 2 TY +yz+zr. 
India 1998 


Solution. The relation given in the hypothesis of the problem is not an im- 
mediate analogue of the equation (1.3) Let us write the condition ry + yz + 
zz + xyz = 4 in the form 


JTY + Jyz + VZT + fry: yz: y zz = 4. 


Now, we can use the result from example 3 and we deduce the existence of an 
acute-angled triangle ABC such that 


/yz = 2 cos A 
/zx = 2 cos B 


/xry = 2 cos C. 
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We solve the system and we find the triplet 
2cos BcosC 2cosAcosC’ 2 cos Acos B 
(x,y,z) = n a a ]} - 


cosA ° cosB ° cosC 
Hence we need to prove that 


cos BcosC  cosAcosC cos Acos B 


a > 2 2 20). 
cos A cos B cosC ^ 2(cos“ A + cos“ B + cos* C) 


This one is a hard inequality and it follows from a more general result. 


Lemma 1.1. If ABC is a triangle and x,y,z are arbitrary real numbers, then 
r? + y? + 2? > 2yz cos A + 2zz cos B + 2xy cos C. 


Proof. Let us consider points P,Q, R on the lines AB, BC, CA, respectively, 
such that AP = BQ = CR = 1 and P,Q, R do not lie on the sides of the 
triangle. Then we see that the inequality is equivalent to 


(z - AP + y - BQ + z - CR}? > 0, 


which is obviously true. 


Note that the condition 
ctyt+z=2,/rycosC + 2,/yzcos A + 2y zz cos B 


is the equality case in the lemma. It offers another approach to Example 9. 
The lemma being proved, we just have to take 
Se | 2 cos B cos C = |2 cos A cos C ne | 2 cos A cos B 
7 cos A ae cosB ’ o V. cos 
in the above lemma and the problem will be solved. 


And finally, an apparently intricate recursive relation. 
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44 Let (an)n>0 be a non-decreasing sequence of positive integers 





such that ao = a1 = 47 and a2_, +a +074) —@n-10n@n41 = 
4 for n > 1. Prove that 2+ a, and 2+ V2 + an are perfect 
squares for all n > 0. 


[Titu Andreescu] 


1 
Solution. Let us write an = £n + Ps, with £n > 1. Then the given condition 


becomes £n+1 = LnZn—-1 (we have used here explicitly that zn > 1), which 
shows that (In £n)n>0 is a Fibonacci-type sequence. Since zo = 21, we deduce 
that £n = cre where Fo = Fi = 1, Fn+1 = Fn + Fn-1. Now, we have to do 
47 + /472 —1 


more: what is x9? And the answer zp = 5 


won’t suffice. Let us 
remark that 


CEE 


from where we find that 


Jip + -= =7. 


1 
JX0 


Similarly, we obtain that 





1 
im + = = 3. 


4/L0 


Solving the equation, we obtain 





2 
Donen É 5) 2p? 


that is zo = A8. And so we have found the general formula a, = AF” + )~8/n, 
And now the problem becomes easy, since 


On +2 = (AMD + \—4Fr)? and 2 + V2 + an = (XF + AE, 
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1 
All we are left to prove is that \2* + \ak € N for all k € N. But this is not 
difficult, since 


1 
4 
pi +5 EN, “+37 EN 


and 


1 1 
2(k+1 2 2k 2(k—1 
an \2(k+I) = (4 x) (à + sa) - (à Pa \2(k— sa) 


20 


1.2 


1. 
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Practice Problems 
Find all triples (x, y, z) of positive real numbers such that 


T? +y? +2? = ryz +4 
xry +yz +zr=2(xr+y+ z2) 


. Prove that if a,b, c > 0 satisfy the condition |a? +b? +c? — 4| = abc, then 


(a — 2)(b — 2) + (b — 2)(c — 2) + (c — 2)(a — 2) > 0. 


Titu Andreescu, Gazeta Matematică 


. Prove that if x,y,z > 0 and zyz = xz +y +z +2, then 


3 
zy +yz + zr > 2(x+y+ z2) and Vz + vy + vz < 5 VTZ. 


. Let x,y,z > 0 such that zry + yz + zxz = 2(x + y + z). Prove that 


tyz Ir+y+z+2. 


Gabriel Dospinescu, Mircea Lascu 


. Find all triples of positive integers (k,1,m) with sum 2002 and for which 


the system 


xie C18 
+ 
R [e 
II 
I~ 


+ 
RIS CLIX 


Ci 


TE 
+ 
Il 
3 


has real solutions. 


Titu Andreescu, proposed for IMO 2002 


10. 


11. 
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. Prove that if a,b,c > 2 satisfy the condition a? + b? +c? = abc + 4, then 


a+b+c+ab+ac+ be > 2,/(a+b+c+3)(a? +b + c? — 3). 


Marian Tetiva 


. Let x,y,z > 0 such that ry + yz + zz + ryz = 4. Prove that 


1 1 : 
3 (z+ + +=) > (x + 2)(y + 2)(z + 2). 


Gabriel Dospinescu 


. Prove that in any acute triangle, 











2 2 2 
(=) 4 (5) + (=$) + 8 cos Á cos B cos C > 4. 


cos B cos C cos A 


Titu Andreescu, MOSP 2000 


. Prove that in every acute triangle ABC, 


(cos A + cos B)* + (cos B + cos C)? + (cosC + cos A)? < 3 


Prove that if a,b,c > 0 satisfy a? + b? + c? + abc = 4 then 


0 < ab + bc + ca — abc < 2. 
: Titu Andreescu, USAMO 2001 


Solve in positive integers the equation 


(x + 2)(y+2)(z+2) = (z +y +z +2}. 


Titu Andreescu 


22 


12. 


13. 


14. 


15. 


16. 
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Let u,v, w > 0 be real numbers such that u + v + w + yuvw = 4. Prove 


that 
Uv vw wu 
4) — +4/— 4+ 4/— utovu. 
w u Vv 
Chinese TST 2007 
Consider the sequence (@n)n>0, where ap = a1 = 97 and 


an+1 = AnAn—1 + q/ (a7 — 1) (a51 =A) 


for all n > 1. Prove that 2 + y2 + 2a, is a perfect square for all n. 


Titu Andreescu 


1 1 1 
Prove that if a,b,c > 0 and xz =a + pyaot 32 = ct >, then 


xry +yz + zr > 2(x+y+ 2). 
Vasile Cartoaje 


Prove that for all a,b,c > 0, 


(b+c—a)*? (c+a—b)? (a+b-—c)* _ 3 


sc a 
OFP t eae ee (a+b)? +25 


Japan 1997 


Prove that in any acute triangle, 


ab? æ be 
c2 b2 a? 


Nguyen Son Ha 
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17. Find all real numbers k with the following property: for all positive 
numbers a, b,c the following inequality holds 


a b C 1 
Zen > = ; 
(b+ 54) (s+) (b+ 55) _ (i +5) 


Vietnamese TST 2009 








18. Let a1, a2,...,a@5 be positive real numbers such that 
aja2°---a5 = a;(1+ a2) +ao(1+a3) +---+a5(1 +41) +2. 


What is the least possible value of + + + +-+ +? 


Gabriel Dospinescu, Mathematical Reflections 
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2.1 Theory and examples 


In recent years the Cauchy-Schwarz inequality has become one of the most used 
results in contest mathematics, an indispensable tool of any serious problem 
solver. There are countless problems that reduce readily to this inequality and 
even more problems in which the Cauchy-Schwarz inequality is the key idea of 
the solution. In this unit we will not focus on the theoretical results, since they 
are too well-known. Yet, examples that show the Cauchy-Schwarz inequality 
at work are not as readily available. This is the reason why we will see this 
inequality in action in several simple examples first, gradually leading to uses 
of the Cauchy-Schwarz inequality in some of the most difficult problems. 

Let us begin with a very simple problem. Though it is a direct application 
of the inequality, it underlines something less emphasized: the analysis of the 
equality case. 





Prove that the finite sequence ag,ai,...,@n of positive real 
numbers is a geometrical progression if and only if 


(az+a?+---+a2_,)(a?+a%+---+a2) = (aoai +---+an—14n)?. 


Solution. We see that the relation given in the problem is in fact the equality 
case in the Cauchy-Schwarz inequality. This is equivalent to the proportiona- 


lity of the n-tuples (ap, @1,...,@n—1) and (a1, @2,...,@n), that is 
U age ne er ia 
ai a2 an 


But this is just actually the definition of a geometrical progression. Hence 
the problem is solved. Note that Lagrange’s identity allowed us to work with 
equivalences. 


Another easy application of the Cauchy-Schwarz inequality is the following 
problem. This time the inequality is hidden in a closed form, which suggests 
using calculus. There exists a solution that uses derivatives, but it is not as 
elegant as the one featured: 
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Let p be a polynomial with positive real coefficients. Prove 





~ that p(z*)p(y*) > p?(xy) for any positive real numbers z, y. 
Russian Mathematical Olympiad 


Solution. If we work only with the closed expression p(x”)p(y?) > p*(zxy), 
the chances of seeing a way to proceed are small. So, let us write p(x) = 
ao +a,;r2++:-+a,2”". The desired inequality becomes 


(ao T ar? A anz?” ) (ao + ayy” ee S any”) 
> (ao + aty +--+ + ans” y"). 
And now the Cauchy-Schwarz inequality comes into the picture: 


(ao + aizy +--+ anz”y")? 


= (Vao : Vao + vV ara? : Vary? +--+ Vana” - Vany”) 
< (ao + az? +--+ anz?”)(ao + ayy” ++ any”). 


And the problem is solved. Moreover, we see that the conditions z,y > 0 
are redundant, since we have of course p?(ry) < p?(|ry|). Additionally, note 
an interesting consequence of the problem: the function f : (0,00) —> (0,00), 
f(z) = Inp(e*) is convex, that is why we said in the introduction to this 
problem that it has a solution based on calculus. The idea of that solution is 
to prove that the second derivative of this function is nonnegative. We will not 
prove this here, but we note a simple consequence: the more general inequality 


p(2q)p(«) ...p(zR) 2 p° (2122. Tk), 
which follows from Jensen’s inequality for the convex function f(x) = In p(e”). 


Here is another application of the Cauchy-Schwarz inequality, though this time 
you might be surprised why the “trick” fails at a first approach: 
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f fk. i 
S Prove that if z,y,z > 0 satisfy r + F Pas 2, then 





Vei-1+V/y-1ltvz2-1l< VJVrt+ytz. 
Iran 1998 


Solution. The obvious and most natural approach is to apply the Cauchy- 
Schwarz inequality in the form 


Vz-l+VJy-lt+vz-1< V3(e+y+2z-3) 
and then to try to prove the inequality /3(2+y+2z-—3) < /c@ty+z, 


which is equivalent to x +y +z < z Unfortunately, this inequality is not 


9 
true. In fact, the reversed inequality holds, that is xr +y +z > z’ since 


1 1 1 9 
2= = +-+- > EET Thus this approach fails, so we try another, using 


again the Cauchy-Schwarz inequality, but this time in the form 


areae e e ve ft 


x—l y-li =) 

















IA 


C 


(a+ b-+0) ( : ro ae 


We would like to have the last expression equal to ,/x + y + z. This encourages 
us to take a = gz, b = y, c = z, since in this case 








Pe ec 


Hence this idea works and the problem is solved. 


-1 —1 — 1 
a 2 — =landa+b+c=2+y+4+2. 


We continue with a classical result, the not so well-known inequality of Aczel. 
We will also see during our trip through the world of the Cauchy-Schwarz 
inequality a nice application of Aczel’s inequality. 
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3 Let a1, a2, ... , an, b1, b2,...,bn be real numbers and let A, B > 
0 such that 





A? >a? +a? +- +a? or B? > bitb Ho. 
Then 
(A? — a} — a} — +- — a2)(B? — bf -B - --- — 8) 
< (AB — abı — agbz — ++» — anbn)?. 
[Aczel] 


Solution. We observe first that we may assume that 
A* >al +a? +- +a? and B? >b? +024+.---+02. 


Otherwise the left-hand side of the desired inequality is less than or equal to 
0 and the inequality becomes trivial. From our assumption and the Cauchy- 
Schwarz inequality, we infer that 


abı + azb2 + -+ anbn < 4/a? +03 +---+a02-4/b? +b2 4+---+b2 < AB 


Hence we can rewrite the inequality in the more appropriate form 


a,b, + agbg + +--+ Anbn + y (4? — a)( B? — b) < AB, 


where a = a? + a2 +---+ aĉ and b = b? + b2 + .---+ b2. Now, we can apply 
the Cauchy-Schwarz inequality, first in the form 


abı + azb2 +--+ anbn + (A2 — a)( B2 — b) < Vab+ (A? — a)(B2 — b) 
and then in the form 
(A? — a)( B? — b) < y (a + A? — a) (b + B? — b) = AB. 


And by combining the last two inequalities the desired inequality follows. 


As a consequence of this inequality we discuss the following problem, in which 
the condition seems to be redundant. In fact, it is the key that suggests using 
Aczel’s inequality. 
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: Let a1, a2,... , an, b1, b2,- ..,bn be real numbers such that 

(a? +---+a% —1)(b? +--- +02 —1) > (abı +--+ + andy — 1)’. 

Prove that a? + a3 +---+a% >1 and 67+ 02+---+b2 >1. 
[Titu Andreescu, Dorin Andrica] USA TST 2004 


Solution. First of all, it is not difficult to observe that an indirect approach 
is more efficient. Moreover, we may even assume that both numbers a? + a2 + 
--.+a% — 1 and b? + b34.---+b% — 1 are negative, since they have the same 
sign (this follows immediately from the hypothesis of the problem). Now, we 
want to prove that 


a? +. +a? — 1)(b? +--- +62 —1) < (aibi +--+» + and, — 1)? (2.1) 
n 1 n 





in order to obtain the desired contradiction. And all of a sudden we arrived 
at the result in the previous problem. Indeed, we have now the conditions 
1 >a? +a? +.: +a? and 1> 0?+b3+---+02, while the conclusion is (2.1). 
But this is exactly Aczel’s inequality, with A = 1 and B = 1.The conclusion 
follows. 


The Cauchy-Schwarz inequality is extremely well hidden in the next problem. 
It is also a refinement of the Cauchy-Schwarz inequality, as we can see from 
the solution. 


For given n > k > 1 find in closed form the best constant 
T(n, k) such that for any real numbers z1, £2, ...,£n the follo- 
wing inequality holds: 
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XO (m-aj)? >T(n,k) SY) (i-z). 


1<i<j<n 1<t<jsk 
[Gabriel Dospinescu] 


Solution. In this form, we cannot make any reasonable conjecture about 
T(n, k), so we need an efficient transformation. We observe that 


X (t-z) 


1<i<j<n 
is nothing else than 
n n 2 
ndoat- (Son 
i=1 i=1 
and also 
k k 2 
2 2 
D aye y- (Ha) , 
1<i<j<k i=1 i=1 


according to Lagrange’s identity. Consequently, the inequality can be written 
in the equivalent form 


n n 2 k k 2 
Do (Èa) > T(n, k) S a= (Za) 
i=1 i=1 i=1 i=1 


And now we see that it is indeed a refinement of the Cauchy-Schwarz inequa- 
lity, only if in the end it turns out that T(n, k) > 0. We also observe that in 
the left-hand side there are n—k variables that do not appear in the right-hand 
side and that the left-hand side is minimal when these variables are equal. So, 
let us take them all to be zero. The result is 


k k 2 k k 2 
n z? - (Za) > T(n, k) ký xj - pe 
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which is equivalent to 


k 2 k 
(T(n,k)—1) £ 3 > (kT(n,k)- n) `> r? (2.2) 
i=1 i=1 





Now, if kT(n,k)— n > 0, we can take a k-tuple (£1, 20,...,2,) such that 
k k 


X ri = 0 and Yor Æ 0 and we contradict the inequality (2.2). Hence we 
must have kT (n,k)—n < 0 that is T(n, k) < Now, let us proceed with the 
converse, that is showing that 


n n 2 k k 2 
i=1 i=1 i=1 i=1 





for all real numbers 21, £2,..., £n. If we manage to prove this inequality, then 
| n 
it will follow that T(n, k) = T But (2.3) is of course equivalent to 
n n 2 z k 2 
DEE (£=) S (£=) | 
i=k+1 i=1 i=1 


n 
Now, we have to apply the Cauchy-Schwarz inequality, because we need ` De. 


i=k+1 
We find that 





n n 2 


i=k+1 i=k+1 
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and so it suffices to prove that 





n k 
where we have taken A = y x; and B = >a £i. But (2.4) is straightforward, 


i=k+1 i=1 
since it is equivalent to 


(kA — (n — k)B}? + k(n — k)B? > 0, 


which is clear. Finally, the conclusion is settled: T(n,k) = = is the best 


constant. 


We continue the series of difficult inequalities with a very nice problem of 
Murray Klamkin. This time, one part of the problem is obvious from the 
Cauchy-Schwarz inequality, but the second one is not immediate. Let us see. 


. Let a,b,c be positive real numbers. Find the extreme values 
of the expression 


Vata? + by? + e?z? + ybr? + ey? + a22? 


+ V r2 + a*y? + b222 





where x,y,z are real numbers such that z? + y? + 2? = 1. 
[Murray Klamkin] Crux Mathematicorum 


Solution. Finding the upper bound does not seem to be too difficult, since 
from the Cauchy-Schwarz inequality it follows that 


Vata? + by? + ez? + ybr? + ey? + az? + yer? + ay? + b??? < 
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< V/3(a2x? + bey? + c2z2 + c2y? + a2z? + er? + ay? + 622?) 


= (/3(@2+P +42). 


We have used here the hypothesis x? + y? + z? = 1. Thus, ,/3(a? + b? + c?) 


is the upper bound and this value if attained for z = y = z = 


“|S 


But for the lower bound things are not so easy. Investigating what happens 
when xyz = 0, we conclude that the minimal value should be a+b+c, attained 
when two variables are zero and the third one is 1 or —1. Hence, we should 
try to prove the inequality 


Vara? + by? + c2z2 + ybr? + ey? + a2z? 
+y cr? + ary? +b? >at+bte. 
Why not square it? After all, we observe that 
a?r? +b y? + eez Hbr? + Cty? + a2 27 4 a? + ay? + bz? =a? +027 +c’, 
so the new inequality cannot have a very complicated form. It becomes 
+V Er? + ary? + 6222. \/a2x?2 + b2y2 + e222 > abt be + ca 


which has great chances to be true. And indeed, it is true and it follows from 
— what else, the Cauchy-Schwarz inequality: 


fara? + b2y? + c2z2 - \/b2x2 + c2y2 + a2z2 > abs? + bey? + caz? 


and the other two similar inequalities. This shows that the minimal value is 
indeed a + b + c, attained for example when (x,y,z) = (1,0,0). 


It is now time for the champion inequalities. Do not worry if the time you 
spend on them is much longer than the time spent for the other examples: 
these problems are difficult! There are inequalities where you can immedia- 
tely see that you should apply the Cauchy-Schwarz inequality. Yet, applying it 
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incorrectly can be very annoying. This is the case with the following example, 
where there is only one possibility to solve the problem using Cauchy-Schwarz: 


™ Prove that for any real numbers a, b,c, x,y,z the following in- 
equality holds: 





ax + by + cz + y (a? + b? + c?)(x? + y? + 2?) 


2 
> z(a +b+c)(£ +y +z). 
[Vasile Cartoaje] Kvant 


Solution. It is quite clear that a direct application of the Cauchy-Schwarz 
inequality for 

(a? + b2 + c?)(x? + y2 + 22) 
has no chance to work. Instead, if we develop 2(a +b+c)\(x+y+z) we may 
group a,b,c and therefore try again the same method. Let us see: 


2 
giatb+c)(xtyt z)—(az + by + cz) 
= 2y+2z-—2 ii ne N 2x +2y- z 
3 3 3 
and the latter can be bounded by Va? +b? + c2- 4/ Y (*#+2#-)2. All we have 


to do now is to prove the easy inequality X` (7teur2)2 < £? +y? + 27, which 
is actually an equality! 





Prove that for any nonnegative numbers aj,a2,...,@, such 


n 
1 
that X` a; = z» the following inequality holds: 
i=1 
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e (1 — a;)(1 — aj) < 2(2n — 1)? 


[Vasile Cartoaje] 


Solution. This is a very hard problem, in which intuition is better than tech- 
nique. We will concoct a solution using a combination of the Cauchy-Schwarz 
inequality and Jensen’s inequality, but we warn the reader that such a solution 
cannot be invented easily. Fasten your seat belts! Let us write the inequality 


in the form 
L n(n-1) 
Se) INEA (2n — 1)?’ 


i=1 





We apply now the Cauchy-Schwarz inequality to find that 


(E) s ($a) (Sri a rec 


i=1 1=1 





Thus, it remains to prove the inequality 


ay /2 i n(n —1) 
Perey PM reer aa (2n — 1)?’ 
The latter can be written of course in the following form: 


a;(1 — 2a;) < 2n(n —1) 
ers (1-a) 7 = n — 1)? 


This encourages us to study the function 


f: 0,5 +R, f(a) = FE 


and to see if it is concave. This is not difficult, for a short computation shows 
—6x 
that f"(x) = ———— 


plete the solution. 


< 0. Hence we can apply Jensen’s inequality to com- 
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We continue this discussion with a remarkable solution, found by Claudiu 
Raicu, a member of the Romanian Mathematical Olympiad Committee, to 
the difficult problem given in 2004 in one of the Romanian Team Selection 
Tests. 


i. Let a1,a2,...,@n be real numbers and let S be a non-empty 
subset of {1,2,...,n}. Prove that 


2 
(Za) < ` (a; +--+ +a,;)?. 


iES 1<i<j<n 





[Gabriel Dospinescu] Romanian TST 2004 


Solution. Let us define s; = aj +a2+---+a,; for i > 1 and so = 0. Now, 

partition S into groups of consecutive numbers. Then > a; is of the form 
iES 

Sj, — Sir + Sja — Sig F° + 83, — Sips With O < i1 < tg < +++ < ik S nN, 

jı < j2 <+: < jk and also i1 < j1,... ik < jk. Now, let us observe that the 

left-hand side is nothing other than 


n 
Sos T ` (sj = si)? = ` (s; = si)”. 
i=1 1<i<j <n 1<i<j<n 


Hence we need to prove that 


2 2 
(Sji — Si; + Sj — Sig + +--+ Sje — Sip) S X } (sj — si)“. 
O<i<j<n+1 


Let us take aj = Si, a2 = Sj,,..., @2k—-1 = Sip) Gok = $j, and observe the 
obvious (but important) inequality 


X (83-81)? > X (i-a). 


0<i<j<n 1<i<j<2k 
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And this is how we arrived at the inequality 


(ay — a2 + a3 — +++ + a2k—-1 — a2k) < 





The latter inequality can be proved by using the Cauchy-Schwarz inequality 
k-times: 


(a, — ag + a3 — +++ + a2k—-1 — ak) 
< k((a1 — a2)? + (a3 — a4)? + +++ + (azx—-1 — azk)*) 
(ai — a2 + a3 te + a2k-1 — azk)” 


< k((aı — a4)? + (a3 — ag)? ops O30se (a2k—1 == a2)”) 


(a, — ag + a3 — +++ + a2k-1 — ax)? 
< k((aı — azk) + (a3 = az)? a eae (a2k-1 = a2%-2)*) 


and by summing up all these inequalities. In the right-hand side we obtain 

an even smaller quantity than ye (a; — a;)*, which proves that (2.5) is 
1<i<j<2k 

correct. The solution ends here. 


The following is a remarkable inequality in which the Cauchy-Schwarz inequa- 
lity is extremely well hidden. We must confess that the following solution was 
found after several weeks of trial and error: 


: Prove that for any positive real numbers a,b,c, x,y,z such 
that sy + yz + zz = 3, 





Cc 











“_(y +z) + (a + 2) + 


> 3. 
pee oe piety) 23 


a 


[Titu Andreescu, Gabriel Dospinescu] 


40 2. ALWAYS CAUCHY-SCHWARZ... 


Solution. This is probably the best example of how finding the good homo- 
geneous inequality simplifies the solution. In our case, it suffices to prove the 
homogeneous inequality 


b c 
> : 
(e+ 2) + apto) > y 3(zy + yz + 22) 


And now we can assume that x + y + z = 1! Let us apply then the Cauchy- 
Schwarz inequality: 


a b TR aa WE I~ 5 
zr eae oe SC ue ae) y 2 (<2) Vet 
[3 [3 3 a \? 

= es So gp aoe O 2 
qty + yz + 2a)+ q(ty + yz + 22) AST ) (=) y(r +y+ z) 


Therefore, the problem will be solved if we manage to prove that 


3 a \? a 
= er ee 
HEN) Tbe 








pat? es 








which is the same as A 


5 ab 
GFO = 4 
This reduces to (a + b + c)(ab + bc + ca) > 9Yabe which is clearly true. 


Finally, two classical inequalities show the power of a clever application of the 
Cauchy-Schwarz inequality combined with some analytic tools: 





i Prove that for any real numbers aj, 4a2,...,a@, the following 
inequality holds: 





[Hilbert] 
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Solution. Here is a unusual way to apply the Cauchy-Schwarz inequality: 
2 


ie aia; Via; Viaj 
Spa) - 27 ViViFG Vitti 


i=1 j=1 j=l 


- Baai D 


4,j=1 i, j=1 


By rearranging terms in both sums, it is enough to prove that for any positive 
integer m 


Dorms" E 


Fortunately, this is not difficult, because the inequality 


1 dx 
(nt+m+1)/n+1 < n (r+m)yr 


holds as a consequence of the monotonicity of f(x) = ins By adding up 
these inequalities, we deduce that 


1 a dx 
Daemtivart<, Gene 


With the ae of variable z = mu?, a simple computation shows that the 
last integral is Tm and this finishes the solution. 


We end this chapter with a remarkable inequality due to Fritz Carlson . There 
are many analytic methods of proving this result, but undoubtedly the follo- 
wing one, due to Hardy, will make you say: always Cauchy-Schwarz! 
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| For any real numbers aj, a2, ...,d@n we have 





T? (a? +az+---+a2)(a?+4a2+---+n?a2) > (ait Han). 
[Fritz Carlson] 


Solution. Choose some arbitrary positive numbers x,y and use the Cauchy- 
Schwarz inequality in the form 


n 
1 
2 2\ 2 
(a, +42 +... + an)? < > (x + yk? Jag - 2 PE 


; | , ; 
Because the function f(z) = zyz 8 decreasing, we have 


y 1 <f dz 
7 = 2° 
mit tyk o rt yz 





It is immediate to check that the last integral equals Day Therefore, if we 


let S=a?+a2+...+a2% and T = a? + 27a2 + ... + 7a, then we have for all 
positive numbers x,y the inequality 





9 T 
eee < S T e 
(a1 +a2+...4+4n)” < 2 ay x + Ty) 
And now, we can make a choice for x, y, so as to minimize the last quantity. It 


is not difficult to see that a smart choice is x = Te and y = L, Al it remains 
is to insert these values in the previous inequality and to take the square of 
this relation. 
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2.2 Practice problems 
1. Let a,b,c be nonnegative real numbers. Prove that 
(ax? + bx + c)(cxz? + bx +a) > (a +b +0)?2? 


for all nonnegative real numbers z. 
Titu Andreescu, Gazeta Matematica 


2. Let p be a polynomial with positive coefficients. Prove that if the in- 


equality p (4) > re holds for x = 1, then it holds for all x > 0. 


Titu Andreescu, Revista Matematica Timisoara 


3. Prove that for any real numbers a,b,c > 1, 
Va—1l+vb-1+vc-1< Va(be+1). 


4. For any positive integer n find the number of ordered n-tuples of integers 
(a1, @2,...,@,) such that 


a ae ee ae, ee a and a? +a? +- +a? <n? +1. 


China 2002 
5. Prove that for any positive real numbers a, b, c, 
1 1 1 1 (a +b + c+ Vabe)? 


cao" pee ecu 2Vabe (at+b)(b+c)(e+a) 


Titu Andreescu, MOSP 1999 
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6. Let z1, T2, ..., %10 be real numbers between 0 and 5 such that 


2 t] + sin? ro + - - - + sin? £10 = 1. 


sin 
Prove that 


3(sin zı +sinzg+---+sinxz39) < cos xı + cos £2 + --- + COS £10. 


Saint Petersburg 2001 


. Let ABC be a triangle such that 


4; + (rcot2®) + hll -EY 
PoE Sog tS) Sar] 


Prove that ABC is similar to a triangle T whose side lengths are positive 
integers with no common divisor and determine these integers. 


Titu Andreescu, USAMO 2002 


. Let n > 2 be an even integer. We consider all polynomials of the form 


T” + an—12™ 1 +- --+ax +1, with real coefficients and having at least 
one real zero. Determine the least possible value of a? + a3 +---+a?_). 


Czech-Polish-Slovak Competition 2002 


. Prove that for any positive real numbers z, y, z such that ryz > 1 the 


following inequality holds 


= + 2 + = <1 
r3 +y +z yt+eztoe 24an27+y 7 


Tuan Le, Komal 


10. 


11. 


12. 


13. 
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Let n > 2 and let aj,...,an and b1,...,bn be real numbers such that 
a? +a +- +a = B44... +02 = 1 
and a,b; + agbo +---+anb, = 0. Prove that 
(a1 + a2 +--+ +n)? + (b1 +b2 +++: + bn)? <n. 


Cezar and Tudorel Lupu, Romania TST 2007 











Let £1, 22,...,Zn be positive real numbers such that 
1 1 1 
+ Were = 
1+ 24 1+ 22 1+Zp, 


Prove the inequality 





Vit Vito + Vin > (n= 1) (Tet ete te), 


Vojtech Jarnik Competition 2002 


Find the greatest real number T such that for any nonnegative real 
numbers a, b,c,d,e such that a+ b = c + d + e we have 


Va? +b +e +d +e >T(Jat+ vb+ Vet Vd+ Ve)’ 





Iran 2007 
Prove that for any real numbers 71, £2,..., £n, 
T1 T2 In 
ee + G m L n. 
ita? IFF PI va 


Bogdan Enescu, IMO Shortlist 2001 
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14. For n > 2 let aj, a@2,...,@n, be positive real numbers such that 
1 1 1 ins 
(ai +a +: +an) | —+> + +) n+]. 
a) ag an 2 
Prove that max(a1,a2,..., an) < 4min(a1,a2,..., an). 


Titu Andreescu, USAMO 2009 
15. Let n > 2 and z1, £2,...,£n be positive real numbers such that 


1 1 1 2 
(zı +2Q + +2%n)(—+—4+:--+—)]Hn'+l. 
Ti T2 Ln 


Prove that 


2 2 2 | ' | 2 | ! 
. e o — pee eee — > n 4 —————— 
(x7 F £2 4 | Ln) ( 2 r2 =) n(n = 1) 


Gabriel Dospinescu 


16. Prove that if a,b,c,d are positive real numbers, then 


a b C d 4 
e a 
Proe Re ea ae pee a+b+c+d 


P.K.Hung 
17. Let n > 2 be an integer and let £1, £2,..., £n be real numbers satisfying 
L? + L3 te +L +2129 + L223 +e H+ EnEn = 1. 
For a fixed 1 < k < n, find the maximum value that |x;| can take. 


China 1998 


18. 


19. 


20. 


21. 


22, 
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Let a,b,c be positive real numbers. Prove that 


E ae ae 1 D TE PE : 
a bB Ê (a t+b4+c)? 25\a b c at+bte 


Iran 2010 


Let x,y,z be real numbers and let A, B,C be the angles of a triangle. 
Prove that 


xsin A + ysin B + zsinC < y (1 + 27)(1+ y?)(1 +22). 
Let a,b,c, x,y,z be real numbers and let 
A = az + by + cz, B = ay + bz + cx, C = az + bz + cy. 
Assuming that 
min(|A — B|, |B —- C|, |C — Aj) > 1 
find the least possible value of (a? + b? + c?) (x? + y? + 22). 
Adrian Zahariuc, Mathematical Reflections 


Let a, b, c, d, e be nonnegative real numbers such that a? +b? +c? = d? +e? 
and at tbtt ct = dt + ef. Prove that a? + bÌ + @ < œ + e. 


IMC 
Prove that for any real numbers g1, £2,..., Zn, 
2(n* — 1) —1) 
S5 eea) SS igi 
i=1 1=1 i=1 j=1 


IMO 2003 
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23. Let a,b,c,d be real numbers such that 
(a? + 1)(b? +1)(c? +1)(d? +1) = 16. 
Prove that 


—3 < ab + bc + cd + da + ac + bd — abcd < 5. 
Titu Andreescu, Gabriel Dospinescu, Mathematical Reflections 


24. Let a1,a2,...,an be positive real numbers which add up to 1. Let n; be 
the number of integers k such that 2'~* > a, > 27t. Prove that 


DE 4+ y logan. 


i>l 
L. Leindler, Miklos Schweitzer Competition 


25. Let n > 2 be an integer. Find the largest real number k with the 
following property: if the positive real numbers z1, £2,..., £n satisfy 


1 1 1 
k > (ay +2%o+---+2n) ge 
n 


then any three of them are sides of a triangle. 
Adapted after IMO 2004 


26. If a,b,c,d,e are real numbers such that a + b+ c+ d+ e = 0, then 
2,72, 2, 7.2, 22-30, 4,54, 4, 4,24 
(a + b° +c’ +d° +e”) Sy +b°+c'+d° +e"). 


Vasile Cartoaje 
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27. Prove that for any positive real numbers a1,az2,...,đn,T1,T2,..., Tn 
such that 
n 
> Tij = (a j? 
iLi<j Kn 


the following inequality holds 
an 


—— (mt Hana) n. 
ane n=1) 2 


<1 __ (9 4+) +--+ 
a2 +- + an 2 1? 


Vasile Cartoaje, Gabriel Dospinescu 


g 


o 
aa 
Gs 
x 


Crit Look at the Exponent 


r 


00 


ponent Look at the ExponentiE 
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3.1 Theory and examples 


Most of the time, proving divisibility reduces to congruences or to the famous 
theorems such as those of Fermat, Euler, or Wilson. But what do we do when 
we have to prove, for example, that lem(a, b, c)? | lem(a, b) - lem(b, c) -Icm(c, a) 
for any positive integers a,b,c? One thing is sure: the above methods fail. 
Yet, another smart idea appears: if we have to prove that a|b, then it suffices 
to show that the exponent of any prime number in the prime factorization of 
a is at most the exponent of that prime in the prime factorization of b. For 
simplicity, let us denote by vp(a) the exponent of the prime number p in the 
prime factorization of a. Of course, if p does not divide a, then vp(a) = 0. 
Also, it is easy to prove the following properties of vp(a): 


e up(a +b) > min{vp(a), vp(b)} 


© vp(ab) = vp(a) + vp(b) 
for any positive integers a and b. Now, let us rephrase the above idea in 
terms of vp(a): a|b if and only if for any prime p we have vp(a) < vp(b), 
and a = b if and only if for any prime p, vp(a) = vp(b). 


o Vp(gcd(ai, a2, ...,an)) = min{vp(a1), vp(a2),---, Up(An)}, 
e vp(Iem(a1, d2,...,4n)) = max{vp(a1), Up(a2),.--,Up(an)} 
fg 


Here, s(n) is the sum of the digits of n when written in base p. Observe that 
the third and fourth properties are simple consequences of the definitions. Less 


straightforward is the fifth property; it follows from the fact that among the 
n 


numbers 1,...,n there are de multiples of p, Fl multiples of p? and so on. 
P P 


The other equality is not difficult. Indeed, let us write n = agp +aip+:--+a,p*, 
where ag, @1,...,a% E {0,1,...,p —1} and a, #0. Then 


n n _ k-1 k—2 
- + m +++) =a +a2p+:::+akp  +ag+a3gpt+-+:+agp™ “+: +ak, 
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and now, using the formula 
pti if 


l+pt+:--+p= 
p—i 


? 


we find exactly the fifth property. 


(am Let a and b be positive integers such that alb?, b?\a*, a°|b®, 
b’\a8,.... Prove that a = b. 





Solution. We will prove that vp(a) = vp(b) for any prime p. The hypothesis 
alb?, b?|a*, a®|b®, b”|a®,... is the same as at”t!|b4"+2 and b4nt3jatnt4 for 
all positive integers n. But the relation a4"++|b4"+? can be written as (4n + 
1)vp(a) < (4n + 2)vp(b) for all n, so that 


4n+2 
pe 
vp(a) < lim ngi 





Up(b) = vp(b). 


Similarly, the condition b*"+3|a4"*4 implies vp(a) > vp(b) and so vp(a) = vp(b). 
The conclusion now follows. 


We have mentioned at the beginning of the discussion a nice and easy problem, 
so probably it is time to solve it, although you might have already done this. 


i Prove that lcm(a, b, c)?|lcm(a, b) - lem(b, c) - lem(c, a) for any 
= positive integers a, b, c. 





Solution. Let p be an arbitrary prime number. We have vp(lcm(a, b, c)?) = 
2max{z,y,z} and 


Up(lcm(a, b) - lem(b, c) - lem(c, a)) = max{z, y} + max{y, z} + max{z, £}, 
where x = vp(a), y = Up(b), z = Up(c). So we need to prove that 


max{z, y} + max{y, z} + max{2, x} > 2max{z, y, z} 
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for any nonnegative integers x,y,z. But this follows by symmetry: we may 
assume that x > y > z and the inequality reduces to 2x7 + y > 2z. 


It is time for some difficult problems. The ones we chose to present are all 


based on the observations from the beginning of the chapter. 


aimple d | Prove that there exists a constant c such that for any positive 
integers a, b,n that satisfy a! - b!|n! we have a+b < n+clnn. 





[Paul Erdés 


Solution. Of course, there is no reasonable estimation of this constant, so 
we should better see what happens if a! - b!|n!. Then v2(a!) + v2(b!) < ve(n!), 
which can be also written as a — s(a) + b — so(b) < n — s2(n) < n. So we 
have found almost exactly what we needed: a +b < n + s2(a) + s2(b). Now, 
we need another observation: the sum of digits of a number A when written 
in binary is at most the number of digits of A in base 2, which is 1 + [log A] 
(this follows from the fact that 2*-! < A < 2", where k is the number of digits 
of A in base 2). Hence we have the estimations 


a+b<n+ s(a) + s2(b) < n + 2 + log, ab<n+2+2logon 


(since we have of course a,b < n). And now the conclusion is immediate. 


The following problem appeared in Kvant. It took quite a long time before 
an Olympian, S. Konyagin, found a simple solution. We will not present his 
solution here, but another one, even simpler. 





Is there an infinite set of positive integers such that no matter 
how we choose some elements of this set, their sum is not a 
perfect power? 


Kvant 
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Solution. Let us take A = {2"-3"t!|n > 1} If we consider some different num- 
bers from this set, their sum will be of the form 27 - 37+! . y, where (y,6) = 1. 
This is certainly not a perfect power, since otherwise the exponent should di- 
vide both x and x + 1. Thus this set is actually a good choice. 


The following problem shows the beauty of elementary Number Theory. It 
combines diverse ideas and techniques, and the result we are about to present 
is truly beautiful. You might also want to try a combinatorial approach by 
counting the invertible matrices with entries in the field Z/2Z. 





Solution. Let us take a prime number p. We may assume that p < n. First, 
let us see what happens if p = 2. We have 


vo(n!) =n — se(n) << n-1 


and also 


n—1 n—1 
v2 me = 2) =X w(2"-2*)>n-1 
k=0 


k=0 


(since 2” — 2° is even for k > 1). Now, let us assume that p > 2. From 
Fermat’s theorem we have p|2?—! — 1, so p|2*®-)) — 1 for all k > 1. Now, 


He- gh) = 9 md TT (2k — 1) 
k=1 


and from the above remarks we infer that 


n—1 
Up (Te -#)) = DG = 1} 


k=0 
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> ` Up (2k(P-1) — 1) >card{k|1 < k(p—1) < n}. 


1<k(p—1)<n 
Because 
card{k|1 < k(p— 1) < n} = =] , 

we find that 

n—1 n 

k 
Up (Te =A ) > Es z ; 

k=0 

But 


n — Sp(n) etal oa 


1) = 
ea ea el 


? 


and since vp(n!) € Z, we must have vp(n!) < Ed 


From these two inequalities, we conclude that 


n—1 
vp (Te -*) > vp(n!) 


k=0 


and the problem is solved. 
Diophantine equations can also be solved using the method described in this 
chapter. Here is a difficult one, given at a Russian Olympiad. 


, Prove that the equation 





1 1 1 1 


10 m! ong! on! 
does not have integer solutions such that 1 < nj < -++ < ng. 


Tuymaada Olympiad 


Solution. We have 


10"((my +1)... (nk — L)nk +: + (nk-1 + 1) --- (nk — L)nk + 1) = nk! 
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which shows that ną divides 10”. Let us write ng = 2” -5¥. Let 
S = (ni +1)... (nk — L)nk +--+ + (nk-1 +1)... (nk — 1) +1. 


First of all, suppose that x,y are positive. Thus, S is relatively prime to 10. 
It follows that vo(nz!) = vs(nx!). This implies | = = 
we clearly have | > Fab and so nz < 3. A simple verification shows 


for all 7 (because 


that there is no solution in this case. Next, suppose that y = 0. Then S is 
odd and thus ve(nz!) = n < us(n,!). Again, this implies vo(nz!) = vs5(nx!) 
and we have seen that this yields no solution. Thus z = 0. A crucial obser- 
vation is that if nk > nk-1ı + 1, then S is odd and thus we find again that 
vo(nz!) = n < v5(nz!), impossible. Hence nz = Nnk-1 +1. But then, taking into 
account that nę is a power of 5, we deduce that S is congruent to 2 modulo 4 


and thus vo(nz!) =n+1 < vs(nz!) +1. It follows that | <1+ =| and 


thus ng < 6. Because nz is a power of 5, we find that nk = 5, np_1 < 4 and 
exhausting all of the possibilities shows that there are no solutions. 


A tricky APMO 1997 problem asked to prove that there is a number 100 < 
n < 1997 such that n|2” + 2. We will invite you to verify that 2-11 - 43 is 
a solution, and especially to find out how we arrived at this number. Yet... 
small verifications show that all such numbers are even. Proving this turns 
out to be a difficult problem and this was proved for the first time by Schinzel. 


Prove that for any n > 1 we cannot have n|2"~! + 1. 





[Schinzel]] 


Solution. Although very short, the proof is tricky. Suppose n is a solution. 
Ss 


Let n = I] p where pı < po < +: < Pps are prime numbers. The idea 


i=1 
is to look at v2(p; — 1). Choose that p; which minimizes this quantity and 
write p;i = 1+ 2m, with m; odd. Then n = 1 (mod 2”) and we can write 
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n — 1 = 2"it. We have 27°! = —1 (mod p;), thus 
—1 = 22” tm = 2Pi—-1)t =1 (mod pi) 


(the last congruence being derived from Fermat’s little theorem). Thus p; = 2, 
which is clearly impossible. 


We continue with a very nice and difficult problem, in which the idea of loo- 
king at the exponents is really helpful. It seems to have appeared for the first 
time in AMM, but over the last few years, it has been proposed in various 
national and international contests. 








fa Prove that for any integers a1, a2, ...,a@n the number 
Ho 
i<icj<n "J 


is an integer. 
[Armond E. Spencer] AMM E 2637 


Solution. We consider a prime number p and prove that for each k > 1, there 
are more numbers divisible by p* in the sequence of differences (a; — Aj )i<i<j<n 
than in the sequence (i — j)i<icj<n. Because 


Up I] (a; — aj) | = XO Np I] (a; — aj) | , 
1<i<j<n k>1 1<i<j<n 


where Nyx ({(i,7)|1 < i < j < n}) is the number of terms in the sequence A 
that are multiples of z and 


w| J] G@-aj)]=>0y~| [[ 6-9), 


1<i<j<n k>1 1<i<j<n 
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the problem will be solved if we prove our claim. Fix k > 1 and suppose that 
there are exactly b; indices j € {1,2,...,n} such that a; = i (mod p*), for 
each i € {0,1,...,p*—1}. Then 


Næ | IE -a -¥ (2) 


1<i<j<n i=0 


Let us see what happens for a; = i. If i = 0, then the number of 1 <j <n 
for which j = 0 (mod p*) is (žl. If i > 0 then any 1 < j < n for which 


j =i (mod p*) has the form rp* + i for some 0 < r < [zz]. Thus we find 


1+ Ea indices in this case. Hence 


Nok I] (i — j) = >, 


1<i<j<n 





By changing j = p* — 1 in (3.1), we infer that 


N| [[ G-35) E(N, 


1<i<j<n j=0 


so it suffices to prove that 


EOE) 


bo 
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p*-1 
Now, observe that we need to find the minimum of ` e J when > L=n 
1=0 1=0 
(it is clear from the definition of b; that 


pë—1 p*—1 er 
ee ae: | 


i=0 j=0 





from the definition of b;). For this, let us suppose that xp < zı < T2 < 

+ < £k İS the p*-tuple for which the minimum is reached (such a p*-tuple 
pe-1 

exists since the equation ` xz; = n has a finite number of solutions). If 


i=0 
Tpk—ı > Xo +1, then we consider the n-tuple (to +1, 271,... , Lk 9) Tpk—1 — 1), 
where the sum of components is n, but for which 


COROLA Fa?) Ca) 
<(2)+ (a) ++ T) 


The last inequality is true, since it is equivalent to £px—ı > % +1. But this 
contradicts the minimality of (£0, 21,...,£2,---,Lpk_-1). SO, Lpr_y < To + 1, 
and from here it follows that x; € {z0, £o + 1} for all i € {0,1,2,...,p* — 1}. 
Hence there is a j € {0,1,2,..., p" — 1} such that ro = zı = --- = zj and 
Tj+1 = Tj+2 = = Tpk = To + 1. Because the variables z, add up to n, 
we must have 

(j + 1)zo + (p* — j — 1)(z0 + 1) =n, 


thus p* (xo +1) =n+j+1. Therefore an (è i) > (j+ 1) (7°) ae (pF = 
j- D “i Finally, observe that for all 0 < i < p* — 1 we have Ea z 
p 


xo+ 1+ S| , and this is equal to 79 + 1 if 1 > j +1 and to zo otherwise. 


Therefore 
S (B) -oro +0t-s-n(? 37) 
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The next exercise is particularly difficult, but the ideas used in its solution are 
extremely useful when solving some other problems. 


: Let a and b be two distinct positive rational numbers such that 
for infinitely many integers n, a” — b” is an integer. Prove that 
a and b are also integers. 





[Gabriel Dospinescu] Mathlinks Contest 


x 
Solution. Let us start by writing a = —, b = - where x,y,z are distinct 


positive integers with no common factor, and A + y. We are given that 
z”|x” — y” for all positive integers n in an infinite set M. Assume that z > 1 
and take p a prime divisor of z. If p does not divide z, it follows that it cannot 
divide y. Now, we have two cases: 

i) If p = 2, then let n be such that 2”|xz” — y”. Write n = 2%j,,, where jn is 
odd. From the identity 


ttt in = yin = (xir at Jn) (qin + yin) — (x2 in SR yr in) 


it follows that 


Un—1 
va(z” — y") = volar — ym) + J vala? + yr), 
k=0 


But ziri 4 gin-2y 4... 4+ yin—2 4 yIn—! is clearly odd (since jn, z, y are odd), 
hence 
ve(x!r — y”) = v2(z — y). 


Similarly, we can prove that 
vo(a" +y?) = vo(a +y). 


Because E 2 
r? in 4 y? Jn =2 (mod 4), 
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for k > 0, we finally deduce that 


28" jn < ve(a” — y”) < vole +y) + v(x -— y) +n - 1 (3.2) 





Consequently, (2% )nex is bounded, a simple reason being the inequality 2% < 
vo(x +y) + v(x — y) + Un — 1. Hence (un)nem takes only a finite number of 
values, and from (3.2) it follows that (jn)nem also takes a finite number of 
values, that is M is finite, a contradiction. 

ii) Suppose that p is odd and let d be the least positive integer k such that 
piz? — y*. Then for any n in M we have p|xz” — y”. Let x = tu, y = tv, where 
(u,v) =1. Clearly, tuv is not a multiple of p. It follows that 


p | (ut — v4, u” — v”) = yl — yd) | gld) _ yd) 


and by the choice of d, we must have d|n. Therefore any element of M is a 
multiple of d. Take now n in M and write it in the form n = md, for some 
positive integer m. Let A = x? and B = yf. Then 


p™ |p” | a" — y” = A” — B”, 


and this happens for infinitely many m. Moreover, p| A — B. Let R be the 
infinite set of those m. We will prove now a very useful result in this type of 
problems: 


Theorem 3.1. Let p be an odd prime and let A, B be positive integers, not 
divisible by p and such that p| A — B. Then for all positive integers n we have 


vp( A” — B”) = vp (n) + vp(A — B). 


Proof. The proof of this theorem is natural, even though it is quite long and 
technical. Indeed, let us write n = p* - 1 with gcd(1, p) = 1. We will prove the 
result by induction on k. First, suppose that k = 0. Observe that vp( A” — 
B”) = v,(A — B) if and only if p does not divide A"! + A"-?B +--+. + 
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AB”-* + B”-!. If the latter does not hold, because A = B (mod p), we infer 
that pjnA"—! and this cannot hold because k = 0 and gcd(A, p) = 1. Suppose 
now that the result holds for k and take n = p**11 with gcd(l,p) = 1. Then, 
if m = p*l we can apply the inductive hypothesis and write: 


Up(A” — B”) = vp(A™? — B™) = up(A™ — B™)+ 
Up(AMP—D 4 ATP -I Bm 4... 4 A™ BmP-2) 4. BmP-1)) 
= v,(A— B) + k + v9(AMP-Y 4 AmP-2) pm 4... 4 AM BM P-2) + BMP-)), 
So, we need to prove that 
Up( APU g APPR BP ae p AT BPA Bm) a 


But this is not difficult. First, note that if we put A” = a, B™ = b, it is 
enough to prove that if vp(a) = vp(b) = up(a — b) — 1 = 0, then 


Up(aP—* + a? 7b + +--+ ab? 7 + BP") = 1. 


Now, write b = a+ pc for some integer c and observe that using the binomial 
formula we can write 


aP-1 4 aP™?b ++ --- + abl? 4 bP} = aP! + aP? (a + pc) + a? 3 (a? + 2ape)+ 


-+»+a?(aP-3 + (p—3)aP 4c) + a(a?~? + (p — 2)aP ~’ pe) + a? + + (p—1)a?~*pe 


— 1 
= pa?—! + caP~ 2p? . — = pa?! (mod p°), 


which proves the inductive step and finishes the proof of the theorem. 


O 


Let us come back to our problem. Using the theorem, we deduce that for 
infinitely many m we have 


m < Up(A™ — B™) = v,(A — B) + v(m) < vp(A — B) + |log, m| , 
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which is clearly impossible. Hence p|x and ply, in contradiction with the fact 
that x,y,z are relatively prime. This shows that z = 1 and a,b are integers. 


If you thought this is the last challenge on this chapter, you are wrong! The 
following problems can be called The Erdős Corner. They were especially kept 
for the end of the chapter, because of their beauty and difficulty. 





a) Prove that for any positive integer n there exist positive 
integers a, < a2 <--: < an such that a; — aj|a; for all i < j. 


b) Prove that there exists a positive constant c such that for 
any n and any sequence a, < ag < ... < an which satisfies 
the conditions of a), aj > n”. 


[Paul Erdős | Miklos Schweitzer Competition 


Solution. If a) is not so difficult, b) needs culture and ingenuity. The proof 
of a) is of course by induction on n. For n = 1 it is enough to take a, = 
1. Suppose that aj < ag < ... < Aan is a good sequence and let us take 
b = a1Q2---Gn. The sequence b,b + a1,b+ a2,...,b + an is also good and 
shows how the inductive step works. Now, let us discuss b). Take any prime 
number p < n and observe that if a; = aj (mod p) then a; =a; = 0 (mod p). 
Therefore at most p — 1 among the numbers aj, a2, ..., an are not multiples of 
p. Consider the multiples of p among aj, a2, ...,an and divide them by p. We 
obtain another good sequence, and the previous argument shows that this new 
sequence has at most p — 1 terms not divisible by p. Repeating this argument 
yields 


vlaaz: an) > (n= (P= 1)) + (n= 2p) ++ (n= |] e- 


A small computation shows that if p < yn, then the last quantity exceeds y, 


n2 
Therefore aiaz...an > || p. But it is clear that a; > an — a1, so 
pin 


an > 4/2182 ae ‘an 


> 
= 5 9 


66 3. LOOK AT THE EXPONENT 


which shows that 
Be. Inp 


1 3 P 
a 25'e psJ/n 


So, all we need now is to prove that there exists a constant c > 0 such that 


aie InP >¢-Inn. Actually, we will prove more, that 
pan ” 


>. uae Inn + O(1). 
psn P 


The tool will be again the factorization of n!. Indeed, this gives the identity 


= 5. Vp(n!) - ln p. 


On the one hand, using Stirling’s formula n! ~ (2)"V2mn, we deduce that 
In(n!) = n(Inn — 1) + O(Inn). On the other hand, 4-1 < vp(n!) < 54 
Therefore 


n- Di Da ay 2 Level) Inp>n- S-n] 


pín pen’ p<n p<n 
(3.3) 





Because the series rc np 


O(n). 


zœ) 18 clearly convergent, it follows that n- ep = 
me) 


And now, we will prove the following result also due to Erdős: [| p < 4”! if 
pín 


n > 1. The proof of this theorem is magnificent. We use adio. For small 
values of n it is clear. Now, assume the inequality true for all values smaller 
than n and let us prove that I] p < 4°71., If n is even, we have nothing to 
psn 
prove, since Il p= Il pa ae 
psn psn-1 
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Now, assume that n = 2k + 1 and consider the binomial coefficient 


Nr) _ (k+2)...(2k+1) 
k k! i 


An application of the identity 27**' = 5;>0 (7**") shows that (FH) < 4*. 
Thus, using the inductive hypothesis, we find 


psn p<k+1 k+2<p<2k+1 


This result shows that In |] p = O(n), so using the previous estimations we 
psn 


` ae Inn + O(1). 


pan 


can write 


Here is a refinement and proof of the famous Bertrand’s postulate, asserting 
that between n and 2n there is always a prime number if n > 1. Actually, 
the result proved in the next example shows that much more is true for suf- 
ficiently large n and also gives an effectively computable constant c < 10000 
for the proof of Bertrand’s postulate. Simple computations allow after that a 
complete proof of this result. However, we prefer the more quantitative result 
below: 


eC For any e > 0 there exists an ng such that for all n > no there 





-are at least (3 -e) iogstmy Primes between n and 2n. 


[Paul Erdős 


Solution. A very good way of obtaining interesting bounds for the counting 
functions of prime numbers is to study the powers that divide the binomial 
coefficient eee Why is this number so special? First of all, because it is 
quite easy to evaluate it asymptotically. One can easily prove, for instance 


using Stirling’s formula that E>) N ai There are, however, much more 
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elementary estimations. For example, using the fact that (*”) is the largest 


binomial coefficient and that the sum of these binomial coefficients is 4”, we 
easily infer the inequality ee > een which is more than enough for our 
modest purposes. Now, another important fact about this binomial coefficient 


is that the prime powers dividing it do not have large exponents. Indeed, 


(E-F --1R)) st 


which shows that the largest power of p dividing @ n) does not exceed 2n. 
This implies that the exponent of any prime p > v2n is at most 1. But the 
remarkable observation that Erdos had is that actually this special binomial 


coefficient is not a multiple of any prime between an and n, as you can im- 


mediately establish using the fact that TE =). (| 22 | —2 ||). So, 
k>1 
using all these observations, we infer that 


reed OE: TI =. Il » If 


pSv2n V2n<p<22@ = n<pS2n 





Using the result proved in the solution of the previous example, we deduce 

that [|] p< 4), Also, it is clear that [[ 2n < (Qn) V+, so if 
V2n<p< 7% psv2n 

f(n) is the nader of primes between n and 2n, then 


n 


< (2n) . 45-1. (2n), 





2n +1 ~ 
By taking logarithms, we E deduce that 


(vn: Lai 


— n 


f(n) > 
from which the conclusion follows immediately. 


But the most subtle and difficult problem of this chapter (and probably of 
the whole book) is the following fascinating result, conjectured by Palfy and 
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proved by Erdős using Sylvester’s theorem on prime divisors of consecutive 
numbers. The following marvelous solution by M. Szegedi was taken from the 
note “a (mod p) < b (mod p) for all primes p implies a = b”, published in 
the second issue of the American Mathematical Monthly, 1987: 


i Let a,b be positive integers such that for all prime numbers 
p, a (mod p) < b (mod p). Then a =b. 





[Erdős, Palfy] Miklos Schweitzer Competition 1984 


Solution. This solution will not be short, but it has the merit of being com- 
pletely elementary. It follows from a very subtle analysis of the prime powers 
dividing (è) (for it is clear that by taking a prime p > a + b we obtain a < b). 
Hence suppose that a < b. Observe that if 2 < a then by letting c = b — a 
we have 0 < c < È and also c (mod p) =b (mod p) — a (mod p) < b (mod p) 
(because 0 < b (mod p) — a (mod p) < p). Therefore it is enough to prove 
that the case 0 < a < 2 is impossible. Let (°) = B where A = a! and 


B =b(b—1).---(b—a+1). Also, let A(p*) and B(p*) be the number of factors 
of A and B respectively, that are multiples of p*. It is clear that A(p*) = | 


slal- 5t] 


Then, by using the fact that 0 < |x +y] — |x] — |y| < 1 for all real numbers 
z,y, we infer that B(p*) — A(p*) is 0 or 1. Now, the crucial observation 
is that A(p) > B(p). Indeed, the first multiple of p that appears in the 
product a-(a—1)---2-1 is a—a (mod p), while the first multiple of p in 
b-(b—1)---(b—a+2)-(b—a+1) is b—b (mod p). Using this remark and 
the fact that the sequences 1,2,...,a and b— a+ 1,b— a+ 2,...,b have the 
same length, we infer that A(p) > B(p). But, as we have already seen, this 
implies A(p) = B(p). Therefore if p > a then surely A(p) = 0, so B(p) = 0 
and so A(p*) = B(p*) = 0 for all positive integers k and all p > a. Therefore 


A= [[ Amer id B= [] pP, 
pra p<a 


and 
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sO 
($) = = = I] pP)—A®)+B(p*)— Alp’) +-- 


a 
pa 


There is another crucial observation to be made: if m(p) is the largest k such 
that B(p*) is not zero, then using the fact that A(p) = B(p) we obtain 


m(p) 


B(p) — A(p) + B(p*) — A(p?) +--+» = X (B) - A(p’)), 
i =2 


B(p) — A(p) + B(p°) — A(p*) +--+» < m(p) -1 


(recall that we have established the inequality B(p*) — A(p*) < 1). Therefore 


(°) is a divisor of Į] p™?)~1 and so 
psa 


(b—a+1)- eer es) ee 
II pP) 


psa 
is a divisor of Tr However, the last divisibility cannot hold for b > 2a. 
psa 
Indeed, it is clear that 


a! 





< ga—*(a) x (b—a+1)-(b—a+2)---b 
[p I] pr) i 
pa psa 


because after cancellations are made in 
(b—a+1)-(b—a+4+2)---b 
I pm(p) 


pa 


we obtain a — 7(a) factors all equal to at least b — a+ 1 > a, a contradiction. 


3.2 


1. 


. Let a,b,c be positive integers such that c | a° — b°. Prove that c | 
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Practice problems 
Prove the identity 


Icm(a, b, c)? E gcd(a, b, c€)? 
lcm(a, b) -lem(b,c)-lem(c,a)  ged(a, b) - gcd(b, c) - ged(c,a) 


for all positive integers a, b, c. 


USAMO 1972 


. Let a1,a2,... , Qk, b1, b2, . . . , bk be positive integers such that gcd(a;, bj) = 


1 for all i € {1,2,..., k}. Let m = lcm(by, b2, . .., bk). Prove that 


d (57 aom agm 


—, —,...,—— ] = ged gai ; 
bı 9 bo b] 9 bk ) gce (a1, a2, , 2k) 


IMO 1974 Shortlist 


. Prove that if n is a positive integer and a and b are integers, then n! 


divides a(a + b)(a + 2b)---(a+(n—1)b)b""!. 


IMO 1985 Shortlist 


ac —b° 
a—b ° 





I. Niven, AMM E 564 


. Prove that for all integers a,b with b Æ 0 there is a positive integer n 


such that v2(n!) =a (mod b). 


Komal | 
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10. 


11. 
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. Prove that for any positive integer n, 


(n +1) em ( (5): “ee (*)) =lem(1,2,...,n +1). 


Peter L. Montgomery, AMM E 2686 


. Let m be an integer greater than 1. Suppose that a positive integer n 


satisfies n | a” — 1 for all integers a relatively prime to n. Prove that 
n <4m(2™ — 1). Find all cases of equality. 


Gabriel Dospinescu, Marian Andronache, Romanian TST 2004 


. Let n be a positive integer and let a > b > 1 be integers such that b is 


odd and b” | a” — 1. Prove that a? > =e 


Chinese TST 2009 


. Find all primes p and all positive integers n such that n?~! | (p—1)" +1. 


After IMO 1999 


Let a be a positive integer. Prove that the set of prime divisors of 2?” +a 
for n = 1,2,... is infinite. 


Iranian TST 2009 


Let p > 7 be a prime. Prove that pt divides the numerator of the fraction 


2-S--4+p-S 5 
mi’ r 


when written in lowest terms. 


Gabriel Dospinescu 


12. 


13. 


14. 


15. 


16. 


17. 
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Let p1, p2,...,pk be distinct prime numbers and let S be the set of 
numbers all of whose prime factors are among p1, p2,..., pk. If Aisa 
finite set of integers, let G(A) be the graph whose set of vertices is A, 
two vertices a,b € A being connected if a—b € S. Is it true that for any 
m > 3 we can find A with m elements such that 


(a) G(A).is complete. 
(b) G(A) is connected and all vertices have degree at most 2? 


Miklos Schweitzer Competition 2009 


2007 _ ,,2007 __ 
— y gph 


Solve in positive integers x 
Romanian TST 2007 


Prove that for all positive integers n different from 3 and 5, n! is divisible 
by the number of its positive divisors. 


Paul Erdős, Miklos Schweitzer Competition 

Find all positive integers a,b,c such that (2° — 1)(3° — 1) = e. 
Gabriel Dospinescu, Mathematical Reflections 
b 


Let a be a fixed positive integer. Prove that the equation n! = a’ — a 


has a finite number of solutions (n, b,c) in positive integers. 
Chinese TST 2004 


Let m > n”! be positive integers such that m + 1,m + 2,..., m+n 
are composite numbers. Prove that we can find pairwise distinct prime 
numbers pi, P2, ...,pPn such that p; divides m +i for all 1<i<n. 


Tuymaada Olympiad 2004 
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18 


19. 


20. 


21. 


22. 
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Find all positive integers n with the following property: there exist na- 
tural numbers b1,b2,...,bn, not all equal and such that the number 
(b1 + k)(bo + k)--- (bn + k) is a power of an integer for each natural 
number k. Here, a power means a number of the form z” with z, y > 1. 


Russia 2008 


Let (an)n>ı be a sequence of positive integers such that gcd(am, an) = 
Agcd(m,n) for all positive integers m,n. Prove that there exists a unique 
sequence of positive integers (bn )n>1 such that an = |] ba. 


d|n 


Marcel Tena, Romanian TST 


Let n > 2 and let aj,a9,...,@n, be positive integers, not all of them 
equal. Prove that there are infinitely many prime numbers p with the 
property: there exists a positive integer k such that 


plaš +a +. +a 
Iran 2004 


Let n,k be positive integers such that n > 9*. Prove that (2) has at 
least k distinct prime factors. 


Paul Erdős, Miklos Schweitzer Competition 
Let f(n) be the maximum size of a subset A of {1,2,..., n} which does 


not contain two elements i, j such that i | 27. Prove that there exists a 
constant C > 0 such that for all n we have 


f) — = <Clnn. 





Paul Erdos, AMM E 3403 


23. 


24. 


20. 


26. 


27. 
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Prove that lim Tn = OO, where zn is the exponent of 2 in the numerator 
n—-co ` 


92 n 


2 2 
of A + 5 ++ a Moreover, prove that ron > 2” —n+1. 


Adapted from a Kvant problem 
Find the exponent of 2 in the prime factorization of the number 
gnt+l gn 
Cm) (rn) 
J. Desmong, W.R.Hastings, AMM E 2640 


Let x,y be relatively prime positive integers. Prove that for infinitely 
many primes p, the exponent of p in x?—1 — yP—! is odd. 


Barry Powell, AMM E 2948 


Let p be a prime and let n > s +1 be positive integers. Prove that pf 


divides 
D tefg) 


p|k,0<k<n 


_ |n-s-1 
where d = ene i 
Gabriel Dospinescu, Mathematical Reflections 


Prove that for any c > 0 there are infinitely many n such that the largest 
prime divisor of n? + 1 is greater than cn. 


Chebyshev, Nagell 
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28. (a) Let p be a prime and let ao, a,... be integers such that 
: n 
D ( ax =0 
k 
k=0 


for infinitely many positive integers n. Prove that an = 0 for all n. 


(b) A sequence (an)n of integers satisfies 


Antd = T1ân+d-1 + L2Qn+d-2 + ` ': + Tdan 


for all n > 0, where d > 1 and z1, £2, ..., £q are integers. Prove that 
there exists a finite set S and integers c1, C2, ...,CN, d1, d2,..., dN 
such that 


{n > Ola, = 0} = S U (c1 + diN) U---U (en + dnN). 


Skolem-Mahler-Lech theorem 


a 
U. 
E 


d Squares ia 


Imes an 


UEC ePr 
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4.1 Theory and examples 


The study of the properties of prime numbers is very well-developed, yet many 
old conjectures and open questions are still waiting to be solved. In this 
chapter, we present properties of some classes of primes and also of some 
classical results related to representations as sum of two squares. At the 
end of the unit, we will discuss, as usual, some nonstandard and surprising 
problems. Because we will use some facts several times, we prefer to fix some 
notations before discussing the problems. So, we will consider the sets P; and 
P; of all prime numbers of the form 4k + 1 and 4k + 3, respectively. Also, Qo 
will be the set of all numbers that can be written as the sum of two perfect 
squares. Our purpose is to present some classical results related to P,, P3, Qo. 
The most spectacular property of the set P; is the fact that any of its elements 
is the sum of the squares of two positive integers. This is not a trivial property 
and we will present a beautiful proof of it next. 


4 | Prove that P; is a subset of Q2. 





[Fermat] 


Solution. We need to prove that any prime number of the form 4k + 1 is the 
sum of two squares. We will use a very nice result: 


Theorem 4.1 (Thue). If n is a positive integer and a is relatively prime to 
n, then there exist integers 0 < x,y < yn such that ra = +y (mod n) for a 
suitable choice of the signs + or —. 


Proof. The proof is simple, but the theorem itself is a diamond. Indeed, let 
us consider all the values za — y, with 0 < z,y < |,/n]. So, we have a list of 
({,/n| + 1)? > n numbers and it follows that two numbers among them give 
the same remainder when divided by n, let them be ax; — yı and azz — y2. It 
is not difficult to see that we may assume that zı > x2 (we certainly cannot 
have x1 = z2 or yi = yo). If we take x = zı — x2 and y = |yi — yl, all the 
conditions will be satisfied, so the theorem is proved. E 
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We will use now Wilson’s theorem to find an integer n such that p|n? + 1. 
Indeed, let us write p = 4k +1 and observe that we can take n = (2k)!. Why? 
Because from Wilson’s theorem we have 


-12-1121-20 (P) (p- 2). 


= (18 (Ea) = ((2k)!)? (mod p) 


and the claim is proved. Now, since p|n? +1, it is clear that p and n are relati- 
vely prime. Hence we can apply in order to find positive integers 0 < z, yY < ,/p 
(since ,/p Z Q) such that p|n?z? — y*. Because p|n? +1, we find that p|x? +y? 
and because 0 < 2, y < ,/p, we conclude that we have in fact p = r? +y?. The 
theorem is proved. 


It is time now to study some properties of the set P3. Because they are easier, 
we will discuss them in a single example. 


Me Let p € P3 and suppose that x and y are integers such that 





p\z* + y*. Show that p|gcd(z, y). Consequently, any number 
of the form n? + 1 has only prime factors that belong to P} or 
are equal to 2. Conclude that Pı is infinite and then that P 
is infinite. 


Solution. Let us focus on the first question. Suppose that p|gcd(z, y) is not 
true. Then, it is obvious that ry is not a multiple of p. Because p|x? + y?, 
we can write z? = —y? (mod p). Combining this with the observation that 
gcd(z,p) = gcd(y, p) = 1 and with Fermat’s little theorem, we find that 1 = 
gP-l = (—1) F yP- = (-1)**+! = —1 (mod p) (for p = 4k + 3), which is 
impossible. This settles the first question. The second one follows clearly 
from the first one. Now, it remains to prove the third assertion. Proving that 
P; is infinite is almost identical with the proof that there are infinitely many 
primes. Indeed, suppose that pı, p2,..., Pn are all the elements of P3 greater 
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than 3 and consider the odd number N = 4pipo...pyn +3. Because N = 3 
(mod 4), N must have a prime factor that belongs to P3. But since p; is not 
a divisor of N for any i = 1,2,...,n, the contradiction is reached and thus P3 
is infinite. In the same manner we can prove that P, is infinite, but this time 
we must use the second question. Indeed, we consider this time the number 
M = (q1q@2..- qm)? + 1, where q1,q2,---;4m are the elements of P) and then 
simply apply the result from the second question. The conclusion is clear. 

It is not difficult now to characterize the elements of the set Q2. A number is a 
sum of two squares if and only if any of its prime factors that also belongs to P3 
appears at an even exponent in the decomposition of that number. The proof 
is just a consequence of the first example and we will not insist on anything 
more. 


Having presented some basic results that we will further use in this unit, it 
is time to see some applications that these two examples have. As a simple 
consequence of the first example, we consider the following problem, which 
is certainly easy for someone who knows Fermat’s theorem regarding the ele- 
ments of P; and difficult enough otherwise. 


l Find the number of integers x € {—1997,...,1997} for which 
1997|x? + (x + 1)?. 





India 1998 


Solution. We know that any quadratic congruence reduces to the congruence 
r? = a (mod p). So, let us proceed and reduce the given congruence to this 
special form. This is not difficult, since x? +(x+1)? = 0 (mod 1997) is equiva- 
lent to 2z? + 22 +1 = 0 (mod 1997), which in turn becomes (2g +1)? +1 = 0 
(mod 1997). Because 1997 € P}, the congruence n? = —1 (mod 1997) has 
at least one solution. More precisely, there are exactly two solutions that 
belong to {1,2,...,1996}, because if no is a solution, then so is 1997 — no 
and it is clear that this equation has at most two noncongruent solutions 
mod 1997. Because gcd(2, 1997) = 1, the function z + 2z + 1 is a permu- 
tation of Z/1997Z, and so the initial congruence has exactly two solutions 
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with x € {1,2,...,1996}. In a similar way, we find that there are exactly two 
solutions with x € {—1997, —1996,...,—1}. Therefore there are exactly four 
numbers x € {—1997,..., 1997} such that 1997|x? + (x + 1)?. 


We continue with a much trickier problem, proposed by Romania for the 1996 
IMO. Even though it uses only the elementary facts about P} proved before, 
this problem is fairly difficult: 


3 Let No denote the set of nonnegative integers. Is there a bijec- 
~ tive function f : No — No such that for all nonnegative integers 
m,n we have f(3mn +m +n) = 4f(m)f(n) + f(m) + f(n)? 





IMO 1996 Shortlist 


Solution. The first step is to notice that one can change the given relation 


_ (Gm4 aon N= 2) _ yin) + Ylasln) +1)—1 
3 E : 


This has the advantage that after introducing the function g : 3 -No +1 —> 
4-No +1, g(n) = 4f (27+) +1, it becomes g(mn) = g(m)g(n), which is much 
easier than the initial relation. Because one can easily reconstruct f from g 
by f(n) = gone) the question becomes: is there a bijective multiplicative 
function g between 3-No+1 and 4-No+1, that is are the monoids 3-No+1 and 
4-No+1 isomorphic? Let us introduce the analogous sets T1, To of positive 
primes of the form 3k + 1 and 3k + 2. In the same way as we proved that 
P,, Ps are infinite, you can prove that Ti, Tə are infinite. Because they are 
clearly countable, there exists a bijection between P; and 7; and a bijection 
between P and Ts. This gives us a bijection ~ between Pı U P and TALUT 
which maps Pı onto 7; and P; onto To bijectively. Now, it is not difficult to 
construct an isomorphism g: define g(1) = 1 and ifn > 1 is in 3-No+1 write 
n = p1p2---px for some prime numbers p; E€ Ti U Ta, not necessarily distinct 
and define g(n) = w(p1) - w(p2)--- (pe). We need to verify that g is well- 
defined, multiplicative and bijective. First of all, note that there is an even 
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number of elements of Tə among p1, p2, ..., pk. Then there is an even number of 
elements of P among 7(p;) and thus g(n) € 4- No + 1. Thus g is well-defined. 
Clearly g is multiplicative (by the definition itself) and, using the properties 
of w= it is immediate to verify that g is also bijective. This proves the existence 
of a function f with the desired properties. 


From a previous observation, we know that the condition that a number is a 
sum of two squares is quite restrictive. This suggests that the set Qə is rather 
sparse. This conclusion can be translated into the following nice problem. 


Prove that Qə does not have bounded gaps, that is there are ar- 
bitrarily long sequences of consecutive integers, none of which 
can be written as the sum of two perfect squares. 





AMM 


Solution. The statement of the problem suggests using the Chinese Remain- 
der Theorem, but here the main idea is to use the complete characteriza- 
tion of the set Q2 we have just discussed: Q2 = {n € Z| if pln and p E€ 
P3, then vp(n) € 2Z}. We know what we have to do. We will take long 
sequences of consecutive integers, each of them having a prime factor that 
belongs to P3 and has exponent 1. More precisely, we take different elements 
of P3, let them be pj, p2,...,Pn (we can take as many as we need, since P; is 
infinite) and then we look for a solution to the system of congruences 


£=p,—1 (mod p?) 
£=p2—2 (mod pĝ) 


L=Pp,—n (mod Da) 


The existence of such a solution follows from the Chinese Remainder Theorem. 
Thus, the numbers ++ 1,2+2,...,x-+7 cannot be written as the sum of two 
perfect squares, since p;|x + i, but p? does not divide x + i. Because n is as 
large as we want, the conclusion follows. 
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The Diophantine equation x(x +1)(x+2)---(x+n) = y" has been extensively 
studied by many mathematicians and great results have been obtained by 
Erdos and Selfridge. But these results are very difficult to prove and we prefer 
to present a related problem, with a nice flavor of elementary mathematics. 


For any p in P3, prove that no set of p— 1 consecutive positive 
integers can be partitioned into two subsets, each having the 
same product of the elements. 





Solution. Let us suppose that the positive integers x+1,x+2,...,x+p—1 
have been partitioned into two classes X,Y, each of them having the same 
product of the elements. If at least one of the p—1 numbers is a multiple of p, 
then there must be another one divisible by p (since in this case both products 
of elements from X and Y must be multiples of p), which is clearly impossible. 
Thus, none of these numbers is a multiple of p, which means that the set of 
the remainders of these numbers when divided by p is exactly 1,2,...,p—1. 
Also, from the hypothesis it follows that there exists a positive integer n such 
that 
(x +1)(x +2)---(a@+p—1) =n’. 


Hence n? = 1-2---(p—1) = —1 (mod p), the last congruence following from 
Wilson’s theorem. But from the second example we know that the congruence 
n? = —1 (mod p) is impossible for p € P3 and this is the needed contradiction. 


The results in the second example are useful tools in solving nonstandard Dio- 
phantine equations. You can see this in the following two examples. 


: Prove that the equation z4 = y? + 2? + 4 does not have integer 
solutions. 





[Reid Barton] Rookie Contest 1999 


Solution. Practically, we have to show that zt — 4 does not belong to Qo. 
Hence we need to find an element of P} that has an odd exponent in the prime 
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factorization of xt — 4. The first case is when x is odd. Using the factorization 
zt — 4 = (x? — 2)(x? + 2) and the observation that z? + 2 = 3 (mod 4), we 
deduce that there exists p € P3 such that vp(x? +2) is odd. But since p cannot 
divide x? — 2 (otherwise p|x? + 2— (x? — 2), which is not the case), we conclude 
that vp(z* — 4) is odd, and so zt — 4 does not belong to Q2. We have thus 
shown that in any solution of the equation, x is even, let us say x = 2k. Then, 
we must also have 4k* — 1 € Q2, which is clearly impossible since 4k* — 1 = 3 
(mod 4) and thus 4k* — 1 has a prime factor that belongs to P3 and has odd 
exponent. Moreover, it is worth noting that the equation z? +y? = 4k +3 can 
be solved directly, by working modulo 4. 


The following problem is much more difficult, but the basic idea is the same. 
Yet the details are not so obvious and, most importantly, it is not clear how 
to begin. 





Let p € P} and suppose that z,y,z,t are integers such that 


LP +y? +z? = t?P, Prove that at least one of the numbers 
x,y, z,t is a multiple of p. 


[Barry Powel] AMM 


Solution. Without loss of generality, we may assume that x,y, z,t¢ are relati- 
vely prime. Next, we prove that t is odd. Supposing the contrary, we obtain 
xP + yP +2? = 0 (mod 4). Because a? (mod 4) € {0,1}, the latter implies 
that x,y,z are even, contradicting the assumption that gcd(z, y,z,t) = 1. 
Hence t is odd. This implies that at least one of the numbers 7, y, z is odd. 
Suppose that z is odd. We write the equation in the form 

tP — 2°P 


2 2 2-22 
rP +y? = z E=) 
and look for a prime q € P3 with an odd exponent in the decomposition of a 
factor that appears in the right-hand side. The best candidate for this factor 
seems to be 


tP — zP 


oa a Ou + (t?)P-* 2? BS dnc al (2271, 
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which is congruent to 3 (mod 4). This follows from the hypothesis p € P3 


and the fact that a? = 1 (mod 4) for any odd number a. Hence there is a 
tP — zP) 


Poa is odd. Because x2? + y*P € Qa, it follows 


q € Ps such that vg 


that va(x?P + y??) is even and so vq(t? — z*) is odd. In particular, g|t? — z? 


and, because 

ql(t?)P-? + a + + (2?) 
we deduce that q|pt?-)). If q # p, then q|t, hence q|z and also q|x?? + y”. 
Because q € P3, we infer that q|gcd(z, y, z,t) = 1, which is clearly impossible. 
Therefore q = p and so p|z*? + yP. Because p € P}, we find that p|x and ply. 
The conclusion follows. | 


The previous results are used in the solution of the following problem. Even 
if the problem is formulated as a functional equation, we will immediately see 
that it is pure number theory mixed with some simple algebraic manipulations. 


Find the least nonnegative integer n for which there exists a 
nonconstant function f : Z — [0,0o) with the following pro- 
perties: 


a) f(xy) = f(x) f(y); 
b) 2f (a? +y?) — f(x) — f(y) € {0,1,...,n} for all z,y E Z. 


For this n, find all functions with the above properties. 





[Gabriel Dospinescu] Crux Mathematicorum 


Solution. First of all, we will prove that for n = 1 there are functions which 
satisfy a) and b). For any p € P3 define: 


l f0, if pla 
fosak, fp(z) = l 1, otherwise 


Using the properties of P) and P3, you can easily verify that fp satisfies the 
conditions of the problem. Hence fp is a solution for all p € P3. 
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We will prove now that if f is nonconstant and satisfies the conditions in the 
problem, then n > 0. Suppose not. Then 2f(x?+y) = f(x)+ f(y) and hence 
2f(x)* = 2f(x? + 07) = f(x) + f(0). It is clear that we have f(0)? = f(0). 
Because f is nonconstant, we must have f(0) = 0. Consequently, 2f(x)? = 


f(x) for every integer x. But if there exists x such that f(x) = 5? then 


2f(xz*)* # f(x), contradiction. Thus, f(x) = 0 for any integer x and f is 
constant, contradiction. So, n = 1 is the least number for which there are 
nonconstant functions which satisfy a) and b). 

We will now prove that any nonconstant function f which satisfies a) and b) 
must be of the form fp: or the function sending all nonzero integers to 1 and 
0 to 0. We have already seen that f(0) = 0. Since f(1)? = f(1) and f is 
nonconstant, we must have f(1) = 1. Also, 


2f (x)? — f(x) = 2f (x? + 0°) — f(x) — f(0) € {0,1} 


for every integer z. Thus f(x) € {0,1}. Because f(—1)? = f(1) = 1 and 
f(—1) € [0,00), we must have f(—1) = 1 and f(-—2z) = f(-1)f(z) = f(z) 
for any integer x. Then, since f(xy) = f(x) f(y), it suffices to find f(p) for 
any prime p. We prove that there is exactly one prime p for which f(p) = 
0. Because f is nonconstant and f is not the function sending all nonzero 
integers to 1, there is a prime number p for which f(p) = 0. Suppose there is 
another prime q for which f(q) = 0. Then 2f(p? + q*) € {0,1}, which means 
f(p? + q7) =0. Then for any integers a and b we must have: 


= 2f(a? +b’) f(p* +. 4°) = 2f ((ap + bq)? + (aq — bp)?). 


Observe that 0 < f(x) + f(y) < 2f(x? +y?) for any z and y, so we must have 
f(ap + bq) = f(aq — bp) = 0. But p and q are relatively prime, so there are 
integers a and b such that aq — bp = 1. Then 1 = f(1) = f(aq — bp) = 0, 
a contradiction. So, there is exactly one prime p for which f(p) = 0. Let us 
suppose that p = 2. Then f(x) = 0 for any even z and 2f(x? + y?) = 0 for 
any odd numbers x and y. This implies that f(x) = f(y) = 0 for any odd 
numbers x and y and thus f is constant, contradiction. Therefore p € Pı U P3. 
Suppose p € P;. According example 1, there are positive integers a and b such 
that p = a? +07. Then we must have f(a) = f(b) = 0. But max{a,b} > 1 and 
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there isa prime number q such that q| max{a, b} and f(q) = 0 (otherwise, we 
would have f(max{a,b}) = 1). But it is clear that q < p and thus we have 
found two distinct primes p and q such that f(p) = f(q) = 0, which, as we 
have already seen, is impossible. Consequently, p E€ P and we have f(x) = 0 
for any x divisible by p and f(x) = 1 for any x which is not divisible by p. 
Hence, f must be f, and the conclusion follows. 


We end this chapter with two beautiful problems concerning properties of 
prime numbers of the form 4k + 1 or 4k + 3. We saw that Q2 does not have 
bounded gaps. In fact, much more is true. We will show that Qo has den- 
sity zero. Define the density of a set of positive integers P} as the limit (if it 





exists) of the sequence Pile) where P,(x) is the counting function of the set 
P,, that is P(x) = >> 1. Before proving that Q2 has density zero, we 
a€ Pı,a<zr 


want to prove a jewel of mathematics, the first step in analytic number theory: 





| The sets P, and P} have Dirichlet density 5) that is 





and similarly for P3. 


[Dirichlet] 


ns ? 


Solution. Let us consider s > 1 and L(s) = © A(t) | where A(n) = 0 if n 
n>1 


is even and A(n) = (la otherwise. It is clear that A(n) -A(m) = A(mn). 
Using this, it is not difficult to see that 


2 
(a) =] (1+ 2 + BP +.) = Ta 


Pp P p$ 
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Indeed, let us define P(x) = |] (1 + Atp) + aga Po ). It is a finite product 
PST 
of absolutely convergent series, so we can write 


P(e)= 5 W, 


n€P,(z) 





where P(x) is the set of positive integers having all prime divisors not ex- 
ceeding x. Thus the difference between the sum of the absolutely convergent 


series )> Ain) and P(x) is just the sum of Ain) taken over the set of all positive 
n>1 








integers that have at least one prime divisor greater than z, thus it is certainly 


bounded in absolute value by $- L, Because this converges to 0 for x > oo, 
n>r 


it follows that P(x) converges to L(s) for £ — 00, so we have 


2 
mo = [] (14 2 + =.) =] a. 








Now, observe that 





so we can take logarithms in both sides of (4.1) in order to obtain 
2 
In L(s) = — in (1 - ŽP) 
(s) > z 


Finally, observe that there exists a constant w such that |—In(1—x)—2| < Cz? 
for all 0 < x < å. Indeed, the function zae is continuous on [0, 5], so 
it is bounded. Therefore 


in L(s) - > we) 


p 





1 1 
-D o 


Pp P 
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Now, let us prove that In L(s) is bounded for s > 1. Indeed, from 


L(s) = G-s)+(a-a) ++ =1-(5- S) 


it follows that for s > 1 we have ln L(s) € (In 2,0). With exactly the same 
arguments (applied this time for the function Y(n) = 1 for odd n and y(n) = 0 





for even n and Li(s)= } + ue wy, we can prove that 
n>1 


a( © 3)-5å 


ne2N+1 p>2 


is bounded for s + 1. However, it is clear that 


D a-(t-x) 40. 





ne2N+1 

where ¢(s) = >> -& is the famous Riemann’s function. Because In L(s) is 

n>1 
bounded, it follows from a previous inequality that >` Ae ) is also bounded 

p>2 
near 1. Finally, we deduce from these observations that 
peP, P pePs P 

and 

D> +E n(1 — 278) + n¢(s) + O(1) 

peP, P peP, P 


for s + 1. A simple integral estimation shows that ln(1—278)+ln ¢(s) ~ n+, 
for s — 1, which finishes the proof of this beautiful theorem. 


Now, let us see why the set Q2 has zero density. The proof of this result will 
surely look very complicated. Actually, it is a motivation to give some other 
very useful results connected to this problem. First of all, let us start with 
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Theorem 4.2. Let P be a set of prime numbers. The set of positive integers 
n divisible by some prime p € P has density 1 if |] (1 — 1) = 0. 
qEP 


Proof. The proof of this result is quite simple, even though in order to make it 
rigorous we need some technical details. It is clear that P is infinite, so let pı < 
p2 <... be its elements. Let E be the set of the numbers n divisible by some 
prime p € P and let X be the set of positive integers n that are not divisible 
by any element of P. Also, let f(x,y) be the cardinal of the set of those 


numbers not exceeding x and which are relatively prime to [|] gq. Using 
qeP,qsy 
the Inclusion-Exclusion Principle and the fact that the number of multiples 


Of Pi, Pin---Pi, not exceeding x differs by at most 1 from we deduce 
that 


es arr 
Diy Pig’ "Dis? 


fæ) =s- TI (1-1) +o) 


qEP,qg<y 


(because in the sum appearing in the Inclusion-Exclusion Principle there are 


2” terms of the form z-—--zp + O(1)). Now, by choosing y = ln z we deduce 
that 


Pi, Pio “aoe 


f(z,nz)=2- |] (1-2) + 0%) 


qe P,q<inz 


Because the counting function of X satisfies R(x) < f(x,y) for all x,y and 


because lim;... [] (1 — 1) = 0, it follows that R(x) = o(x), that is X 
qEP,q<inz 
has zero density. It is clear then that E has density 1. 


O 


Now, using the previous theorem due to Dirichlet, we can easily establish 

that 2 7 = oo. Because In (1 — +) + 1 = O (+), it easily follows that 
pEP3 

I] (4 — 1) = 0. By the previous theorem, it follows that the set of integers 

pEP3 

divisible by at least an element of P3 has density 1. Now, let P(x) be the 

counting function of the set of positive integers that are not divisible by 4 or 
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by any element of P. They are the only integers that are sums of two coprime 
squares. Also, we have proved that P(x) = o(x). It is also clear that if Sq(z) 
is the counting function of the set of positive integers that are sums of two 


squares, then Sq(x) < X Ps (4). Now, for N an arbitrary positive integer, 
j21 


observe that 


D P (3) < veri) 


AEN 


because P3 (=) < P3(N) for these j and the sum has at most yx nonzero 
terms. On the other hand, 


DACs) sap Les ee 


Sy 8 





P3(t) 
t 


Everything should be clear now: for € > 0 choose N such that sup;>y < 


gs: Then for x > 4B(N)" we have Sq(z) < ex, which means that Sq(z) = zx. 


4.2 


1. 


. Find all pairs (x, y) of positive integers such that the number 
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Practice problems 


Prove that the number 4mn — m — n cannot be a perfect square if m 
and n are positive integers. 


. Let n be a positive integer. Prove that the equation z? + y2 = n has 


integer solutions if and only if it has rational solutions. 


Euler 


. Prove that each prime p of the form 4k + 1 can be represented in exactly 


one way as the sum of the squares of two integers, up to the order and 
signs of the terms. 


Euler 


. Prove that the equation 3* = m? + n? + 1 has infinitely many solutions 


in positive integers. 


Saint-Petersburg Olympiad 


. Find all pairs (m,n) of positive integers such that 


m? —1|3™+4+ (n!—2)™. 


Gabriel Dospinescu 


r? +y? 





is 
a divisor of 1995. 


Bulgaria 1995 


94 


10. 


Li. 


12. 


13. 


14. 
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. Find all n-tuples (a1, a2,...,@n,) of positive integers such that 


(a1! = 1) (a2! T 1) as (an! = 1) — 16 


is a perfect square. 


Gabriel Dospinescu 


. Prove that there are infinitely many pairs of consecutive numbers, no 


two of which have any prime factor of the form 4k + 3. 


. Prove that the equation y? = x° — 4 has no integer solutions. 


Balkan Olympiad 1998 
Prove that for no integer n is n’ +7 a perfect square. 
Titu Andreescu, USA TST 2008 


Let p > 2 be a prime. Prove that p == 1 (mod 4) if and only if there 
are integers x,y such that z? — py? = —1. 


Find all positive integers n such that the number 2” — 1 has a multiple 
of the form m? + 9. 


IMO 1999 Shortlist 


It is a long standing conjecture of Erdős that the equation 4 = 4 + i +4 
has solutions in positive integers for all positive integers n. Prove that 
the set of those n for which this statement is true has density 1. 


Let T the set of the positive integers n for which the equation n? = a? +b? 
has solutions in positive integers. Prove that T has density 1. 


Moshe Laub, AMM 6583 
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15. Let p be a prime number of the form 4k + 1. Prove that 


p-1i 
4 





Vip ae 


j=l 
V.Bunyakovski 


16. Find all functions f : Zt — Z with the properties 
(a) f(a) > f(b) whenever a divides b. 
(b) for all positive integers a and b, 
f(ab) + f(a? +°) = f(a) + f(b). 
Gabriel Dospinescu, Mathlinks Contest 


8 


17. Prove that the equation z? = n!+ 1 has finitely many solutions in non- 


negative integers. 


18. Let Lo = 2, Ly = 1 and Ln+2 = Ln+1 + Ln be the Lucas sequence. Then 
the only n > 1 for which Lẹ is a perfect square is n = 3. 


Cohn’s theorem 


s Lemma 


J3 Lemma 









hapter 
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5.1 Theory and examples 


T2’s lemma is clearly a direct application of the Cauchy-Schwarz inequality. 
Some will say that it is actually the Cauchy-Schwarz inequality and they are 
not wrong. Anyway, this particular lemma has become very popular among the 
American students who attended the training of the USA IMO team. This 
happened after a lecture delivered by the first author at the Mathematical 
Olympiad Summer Program (MOSP) held at Georgetown University in June, 
2001. 

But what exactly does this lemma say? It says that for any real numbers 
Q1, Q2, ...,@n and any positive real numbers 21, £2,...,£n the inequality 


On (ai +a2 +- + an)? 


> (5.1) 
Tr Tı +T2 ++ Tn 





holds. And now we see why calling it also the Cauchy-Schwarz inequality is 
natural, since it is practically an equivalent form of this inequality: 


2 2 2 

a a a 

(2424.4) (£1 + 29 +--+ Zn) 
Ti T2 Tn 


2 
2 2 2 
a a a 
ok fey +4] -vart +4] + Van 
T1 T2 Tn 


But there is another nice proof of (5.1), by induction. The inductive step is 
reduced practically to the case n = 2, which is immediate. Indeed, it boils 
a a 
down to (a122 — a221)? > 0 and the equality occurs if and only if ee 
T1 T2 
Applying this result twice it follows that 
Tı T2 T3  TI+tT2 z3 T1 +T2+T3 
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and we see that a simple inductive argument finishes the proof. With this 
brief introduction, let us discuss some problems. And there are plenty of them 
given in mathematical contests or proposed in mathematical magazines! 
First, an old problem, that became classical. We will see that with T?’s lemma 
it becomes straightforward and even more, we will obtain a refinement of the 
inequality. 


98 Prove that for any positive real numbers a, b, c 





a? T b3 z c a+b+c 
a2 +ab+b? b%&+be+c @e+cea+a -~ 3 l 


Tournament of the Towns, 1998 


Solution. We will change the left-hand side of the inequality so that we could 
apply T?’s lemma. This is not difficult: we just have to write it in the form 


q4 p4 cA 
It follows that the left-hand side is greater than or equal to 
(a? + b? + ¢?)? 

a> + b3 + c + ab(a + b) + bc(b + c) + cafe + a) 

But we can easily observe that 
a? +b’ +c? + ab(a +b) + belb +c) + ca(c +a) = (a+b+c)(a* +b +c’), 

so we have proved an even stronger inequality, that is 

a? b’ c’ a? + b? + ¢? 

@+abt+h | Bth+e Ateat+a~ atbte 

The second example also became representative for a whole class of problems. 


There are countless examples of this type in numerous contests and mathe- 
matical magazines, so we find it necessary to discuss it at this point. 
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For arbitrary positive real numbers a,b,c,d prove the inequa- 





ee E EEE ee Seen: PEE EEEE ERE 
b+2c+3d c+2d+3a d+2a+3b a+2b+3c7 3 


[Titu Andreescu] IMO 1993 Shortlist 


Solution. If we write the left-hand side in the form 

a? b? c? d? 
t + —________ + ________, 
a(b+2c+3d) b(c+2d+3a) c(d+2a+3b) d(a+2b+ 3c) 


then the way to continue is clear, since from the lemma we obtain 


a b C d 
bt 2e43d  c42d}3a d42a} 3b a4 2b43c 
(a+b+c+d)}? 


2, 
T A(ab + bc + cd + da + ac + bd) 


Hence it suffices to prove the inequality 
3(a +b+c+ d)? > 8(ab+ be + cd + da + ac + bd). 
But it is not difficult to see that 
(a +b+c+d)} =a? +b +e +e +2lab+ be+cd+ da + ac + bd), 
implies 
8(ab + be + cd + da + ac + bd) = 4(a +b + c + d}? — 4(a? +8 +e +d’). 
Consequently, we are left with the. inequality 
4(a? +b +e +d) > (at+b+c+d)’, 


which is just the Cauchy-Schwarz inequality for four variables. 
The problem below, given at the IMO 1995, was discussed extensively in many 
publications. It could be also solved by using the above lemma. 
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ipi a Let a,b,c be positive real numbers such that abc = 1. Prove 
= that 





DE S SE 3 
aè(b+c) bB(c+a) c(a+b) T2 


Solution. We have: 


1 1 1 
ot ee Dt eB 
ak(b+c) B(c+a) c(at+b) alb+c) Ob(c+a) c(ct+a) 

1 1 1V 

-+7 +- j 
 \@ b c) _ (ab+bc+ ca) _abtbe+ca 3 
= 2(ab+be+ca) 2(ab+be+ca) — 2 a 


the last inequality following from the AM-GM inequality. 


The following problem is also not difficult, but it uses a nice combination of 
this lemma and the Power-Mean inequality. It is another example in which 
proving the intermediate inequality (that is, the inequality that remains to be 
proved after using the lemma) is not difficult. 





k Let n > 2. Find the minimal value of the expression 


D a , ae 
t2 +3 +: +En t+: + In 
; r 

Frari R 


£1 + z2 +: + En- 


where z1, £2,...,£%n are positive real numbers satisfying 
z? +r +- +r? =1. 


Turkey, 1997 
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Solution. Usually, in such problems the minimal value is attained when the 


variables are equal. So, we conjecture that the minimal value is Ga) 
n, —_— 


1 
attained when z1 = T2 =°::: = In = Fe Indeed, by using the lemma, it 


follows that the left-hand side is greater than or equal to- 


n 2 
i=l 
- . 
X via, + +++ + Li- + Big + +++ + En) 
1=1 


But it is not difficult to observe that 


2 
n n 
S zi(z1 +i + ti- + Big +H H Tn) = ($=) =L 
i=1 


i=1 


So, proving that 


x x3 T? 

1 2 n 

tat tyt tatn zittate + Ly Ti + LQ ++ Tn- 
z 1 
— n(n — 1) 


reduces to proving the inequality 


gaye) 


n(n — 1) 


But this is a simple consequence of the Power-Mean inequality. Indeed, we 


have : ; 
n 3\3 n 2\2 n 
X l 1 | a l 
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implying 
1 
dt ao and > ti < Yn. 
į=1 i=1 
The conclusion follows. 
In 1954, H.S.Shapiro asked whether the following inequality is true for any 
positive real numbers aj, a@2,...,@n: 


ai a2 Qn 
+ tooo +t 
a2 + a3 a3 + a4 a, + ag 











The question turned out to be extremely difficult. The answer is really unex- 
pected: the inequality holds for all odd integers smaller than or equal to 23 
and all even integers smaller than or equal to 12, but fails for all the others. 
Let us examine the case n = 5, a problem proposed for MOSP 2001. 


Jf Prove that for any positive real numbers a1, a2, a3, a4, Gs, 





ai a2 Q3 a4 a5 
+ + + + 
a2 +a3 ag+aqg a4+a5 aş5+aı ai+ag 

















Solution. Again, we apply the lemma and we conclude that it suffices to prove 
the inequality 
(a; + ag + a3 + a4 + 05)? 


> = [ax (aa + a3) + a2(a3 + a4) + a3(a4 + a5) + a4(a5 + a1) + a5(ai + a2)| 
Let us denote a; + a2 + a3 + a4 + as = S. Then we observe that 
a; (aq + a3) + a2(a3 + a4) + a3(a4 + a5) + a4(a5 + a1) + a5 (a1 + a2) 
Z aı(S — a1) + a2(S — a2) + a3(S — ag) + a4(S — a4) + a5(S — as) 
2 
S? — a? — a3 — a$ — at — a? 
———— 
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With this identity, we infer that the intermediate inequality is in fact 


(a, + ag +a3 +a4 +45)? > (S? — a? — a2 — a2 — a2 — a), 


| Ot 


equivalent to 5(a? + a3 + a2 + a? + a?) > S*, which is nothing else then the 
Cauchy-Schwarz inequality. 
Another question arises: is there a positive real number such that for any 











positive real numbers aj,a2,...,@, and any n > 3 the following inequality 
holds: 
a a a 
= : E —— >en. 
a2 +a3 a3 +a4 a; + ag 


This time, the answer is positive, but finding the best such constant is an 
extremely difficult task. It was first solved by Drinfield (who, by the way, is 
a Fields’ medalist). The answer is quite complicated and we will not discuss 
it here (for a detailed presentation of Drinfield’s method the interested reader 
can consult the written examination given at ENS in 1997). The following 
problem, given at the Moldavian TST in 2005, shows that c = v2 — 1 is such 
a constant (not optimal). The optimal constant is quite complicated, but an 
approximation is 0.49456682. 

For any @1,@2,...,Q@, and any n > 3 the following inequality holds: 


ai a2 an 
+ treet 
ag + ag a3 + a4 a, + ag 


> (V2 —1)n. 











The proof is completely elementary, yet very difficult to find. An ingenious 
argument using the arithmetic-geometric means inequality does the job: let 
us write the inequality in the form 


i Jc: Vn Ri AS 
a2 + ag a3 + a4 a, + ag 


Now, using the AM-GM inequality, we see that it suffices to prove the stronger 
inequality: 


aTa Tas Gaatragra, an + ai + 42 > (V2. 
ag + a3 a3 + a4 ai + a2 
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Observe that 


Qj+1 Qi+1 2 





(ai + ai+1 + ai42)? = (a: + 








>4 (a; 4 =i) (== + aiga) 
2 2 
(the last inequality being another consequence of the AM-GM inequality). 


Thus, 


n n 


n 
[[( + aii + ai42)? > J [02a + 4:41) [[@ai+2 + 441). 


i=1 i=1 i=1 
Now, the real trick is to rewrite the last products appropriately. Let us observe 
that 


n 


n 
| [Gane + ai41) = [ [Gaus + a;), 
i=l 


i=l 
SO 
n n n 
J [(20: + ais1) | [(20i+2 + 41) = | [lai + ai41) (ai + 2ai41)] 
i=l i=l i=l 
n n 2 
2 [[@@ + ai41)”) = 2” (Te T an) . 


The conclusion now follows. 


This lemma came handy even at the IMO 2005 (problem 3). In order to prove 
that for any positive real numbers z,y,z such that ryz > 1 the following 
inequality holds 
244 924 42 
po ae 
x+y? + 24 
a few students successfully used the above mentioned lemma. For example, a 
student from Ireland applied this result and called it “SQ Lemma”. During the 
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coordination, the Irish deputy leader explained what “SQ” stood for: “...escu”. 
A typical solution using this lemma is as follows: 


4 4 4 2 gD che 02 
x z L TY Ez 
papito tt Hy Etr) 
= Y Z 2 2 
T aa 
x 
hence 
Len 24 42 
rtty + 27 rege cy t+yz+ 22 
>, 2 TOD aaa AT oy Í 
r5 +y? +z r? +y? +z xryz(z? + y? + 2?) 


It is now time for the champions. We begin with a difficult geometric inequa- 
lity for which we have found a direct solution using T?’s lemma. Here it is. 





Let Ma, Mb, Me, Ta, Tb, Tc be the lengths of the medians and the 
radii of the circumscribed circles in a triangle ABC. Prove that 
the following inequality holds 


Talb Tole Tcla > 3 


Mamb mame McMa 








[Ji Chen] Crux Mathematicorum 


Solution. Of course, we start by translating the inequality into an algebraic 
one. Fortunately, this is not difficult, since using Heron’s relation and the 





formulas 
K V/ 2b2 + 2c? — a2 
Ta = ) n A e ee 
s—a 2 


and the like, the desired inequality takes the equivalent form 


(a+b+c)(b+c—a) n (a+b+c)(c+a-— b) 
V 2a? + 2b? — c2? . V2a? + 2c? — b? V2b2 + 2a? — c? - 2b? + 2c? — a? 


n (a+b+c(a+b-c) > 3. 
V 2c? + 2b? — a? - V2c? + 2a? — b2 
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In this form, the inequality is more than monstrous, so we try to see if a 
simpler form holds, by applying the AM-GM inequality to each denominator. 
So, let us try to prove the stronger inequality 


2ia+b+c)(c+b—a) 22(a+b+c)(c+a-—b) 


4a? + b? + c? 4b? + c? + a? 
2(a+b+c)(a+b—c) Y 
Ac? + a? tb? ae 
Written in the more appropriate form 
c+b-a c+a-—b a+b-c 3 


se cle ea a eR e < 
4a? +2 +e 4b2?+c%+a? 4c? +a? +b ~ 2(a+b+0c) 
we see that by 7'2’s lemma the left-hand side is at least 


(a+b+c)? 
(b+ c—a)(4a? + b? + c?) + (c+ a — b)(4b? + a? +c?) + (a+b — c)(4c? + a? +b?) 


Basic computations show that the denominator of the last expression is equal 
to 
4a*(b + c) + 4b7(c + a) + 4c?(a + b) — 2(a? +b +c?) 


and consequently the intermediate inequality reduces to the simpler form 
3(a° +b? + c”) + (a + b+c)? > 6fa*(b+c)+b(ct+a)+c(a+d)]. 
Again, we expand (a + b + c)? and obtain the equivalent inequality 
4(a° +b + È) + Gabe > 3fa?° (b + c) +b? (c +a) + c(a +b)], 
which is not difficult at all. Indeed, it follows from the inequalities 
4(a +b + c®) > 4[a?(b + c) +b°(c +a) + e(a + b)] — 12abc 


and 
a° (b+c) +b (c +a) + e(a + b) > Babe. 
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The first one is just an equivalent form of Schur’s inequality, while the second 
follows immediately from the identity 


a*(b+c)+b7(c+a)+c*(a+b) — babe = a(b — c)? + b(c — a)? + cla — b)’. 


Finally, we have managed to prove the intermediate inequality, and hence the 
problem is solved. 


The journey continues with a very difficult problem, given at the Japanese 
Mathematical Olympiad in 1997, and which became infamous due to its dif- 
ficulty. We will present two solutions for this inequality. The first one uses a 
nice combination between the T2 lemma and the substitution discussed in the 
unit “Two useful substitutions”. 


2 Prove that for any positive real numbers a,b,c the following 
= inequality holds 

(b+c—a)*  (c+a—b)? (a+b-—c)? 
a? + (b+c)? b%?+(c+a)* œ+ (a+b) 





= 
7—5 
Japan 1997 


Solution. Of course, from the introduction to this problem, the reader has 
already noticed that it is useless to try a direct application of the lemma, since 
any such approach is doomed. But with the substitution 

b+c eta a+b 


T a ? y b b Z C ? 











we have to prove that for any positive real numbers z, y, z satisfying tyz = 
rt+y+z+2, the inequality 


(z-1)}  (y-1*  (z-1} 3 
RE A E a 
r? +1 y2 +1 z?+1 75 


holds. It is now time to use T?’s lemma in the form 


(@-1)? w- | (@-1 @+ytz-3) 


xr? +1 y2? +1 s z2? +1 7 wtty2?4+ 2243 
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Hence it is enough to prove the inequality 


(ety+2-3) 3 

r? +y2+224+3 7 5 

But this is equivalent to 
(e+ytz)?-—15(ex+y4tz)+3(cy +yz + zz) +18 > 0. 


This is not an easy inequality. We will use the proposed problem 6 from the 
chapter Two Useful Substitutions to reduce the above inequality to the 
form 

(z+y+z) —9(r+y+z)+18 > 0, 


which follows from the inequality x + y + z È 6. And the problem is solved. 
But here is another original solution. 


Alternative solution. Let us apply T?’s lemma in the following form: 
(b+c-a)}  (c+a-b? (a+b-c)? 
a? + (b+c) b%+(c+a)? c#+(a+5b) 
_ ((b+0)? -—a(b+c))?_ ((c+a)}? -—b(c+a))?  ((a+b)? — c(a+b))? 
= at(b+c)2?+(b+c)4 b(ct+a)?+(ct+a)* c2(a+b)?+(a+5)4 

a 4(a? + b? + c*)? 

T a*(b+c)*+62(c+ a)? + cela +b)? + (a+b)44+ (b+ c)4+ (e+ a)4 
Consequently, it suffices to prove that the last quantity is greater than or equal 
to —. This can be done by expanding everything, but here is an elegant proof 
using the observation that 


a*(b+c)? +b?(c+ a)? + ela +b)? + (a+b)* + (b+ c)* + (c4+a)* 
= [(a + b)? + (b+ c)? + (ct+a)*|(a? +b +c’) 
+2ab(a + b)? + 2be(b + c)? + 2ca(c + a)?. 


Because 
(a+b)? + (b+c)?+(c+a)? <4? +++’), 
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we observe that the desired inequality reduces to 
2ab(a + b)? + 2be(b + c)? + 2ca(c + a)? < 5 (a + b? +c). 
But this inequality is not so difficult. Indeed, first we observe that 
2ab(a + b)? + 2be(b + c)? + 2ca(c + a)? 
< 4ab(a? + b°) + 4bc(b? + c°) + 4ca(c? + a”). 
Then, we also find that 
4ab(a? + b*) < at + b* + 60707, 
since (a — b)* > 0. Hence 
4ab(a? + b?) + 4bc(b? + e) + 4ca(c* + a”) < 2(a? + b* +c)? 
+2(a*b* +F be? EN c*a’) < 5 (a" + b? + c)? 


and so the problem is solved. With minor changes, we can readily see that 
this solution even works without the assumption that a,b,c are positive. 


We end this discussion (which remains probably permanently open) with a 
series of more difficult problems, based on less obvious applications of T?’s 
lemma. 





Let a1, @2,...,@, > 0 such that aj + a2 +::: + an = 1. Prove 
that: 








a a n 
(ayaa +++: + anan) ( * tot gt) > 


az + a2 a? + ay n+1 


[Gabriel Dospinescu] 
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Solution. How can we get to a1a2 + aga3 +-::+a,a;? Probably from 





2 2 2 
a a a 
eae aes 2 Ease es 
a142 a243 Anai 


after we use the lemma. So, let us try the following estimation: 
ai a 1 An at as n 1 a2 s 1 
a2 a3 aı 4142 a203 anay — aiaz + a203 +++: + anay 


The new problem, proving that 


ay a2 An n aj a2 An 
—;—— + +... + > —-+—+---+ — 
aż +a aĝ +ag a? +a n+l (= a3 = 














seems even more difficult, but we will see that we have to make one more 
step in order to solve it. Again, we look at the right-hand side and we write 


a2 a3 ai 
ai a2 a 4 
(= ED TE *) 
a2 43 Qa] 
a a a 
al + we 4 ite 
a2 a3 ai 
After applying T?’s lemma, we find that 
2 2 2 
ON- NA 
ai a2 An ao a3 ai 
r tt r aa ai A i a eee CO te ee st ee tt 
az + ag az + a3 a? +a, Peed na Pe ts 
2 a3 a4 
2 
a a a 
(2 + we + =) 
 \a2__ 43 ay 
= a a An ` 
1+ A L A EAEE eee 
a2 a3 ai 
2 nt 


t 
We are left with an easy problem: if t = a +--+ ml then — > 


a2 1 t+t ~~ n+1’ 
or t > n. But this follows immediately from the AM-GM inequality. 
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oe Prove that for any positive real numbers a,b,c the following 
inequality holds 





(a+b)? (b+? (c+a)? 








> 6. 
ce+ab aè+be bca ~ 


[Darij Grinberg, Peter Scholze] 


Solution. We do not hide from you that things become really complicated 
here. However, let us try to use 7'2’s lemma again, but of course not in a 
direct form, since that one is doomed. Trying to make the numerators as 
strong as possible, we may first try the choice (a + b)*. And so, we know that 
the left hand side is at least 


(Do (a + 6)*)* 
X (a + b)*(c? + ab) 


So, we should see whether the inequality 


(> (a+ B2) >6 y (a + b)? (c? + ab) 


holds. However, this is not easy, at least not without computations. With 
some courage, we can develop everything and reach the equivalent inequality 


2(a* + b* + c*) + ab(a? + b*) + belb? + ê) + ca(c? + a?)+ 


2abe(a + b + c) > 6(a7b? + b2c? + ca’). 


Fortunately, this can be broken into pieces: because be(b? + c?) > 2b?c?, it is 
enough to prove that 


at + bf + c++ abc(a+b+c) > 2(a*b? +b + cea’). 
Now, if you know Heron’s formula for the area of a triangle, 


2(a7b? +b + c*a*) — (a* + b* + c*) 
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should ring a bell! It is actually equal to (a+b+c)(a+b—c)(b+c—a)(ct+a—b). 
So, we are left with the classical inequality 


(a+b—c)(b+c—a)(c+a-—b) < abc. 


If one of a+b—c, b+c—a,c+a-— b is negative, we are done. Otherwise, 
observe that 


a=(a+b—c)+(c+a-—b) >2/(a+b—c)(ct+a-—b). 
Multiplying this and two similar inequalities easily yields the conclusion. 
Do you like inequalities that can be solved with identities? Here is one which 


combines T2’s lemma with a very strange identity. Do not worry, things like 
that do not appear too often. Fortunately... 





| Prove that if a,b,c,d > 0 satisfy 
abc + bed + cda + dab =a +b+c+d, 
then 


241 [eal 241 [er 
v= +4/ a + +y = <a+b+ce+d. 


[Gabriel Dospinescu] 














Solution. The following solution is very difficult to find, but it is the only one 
that the authors have. The idea is to apply T?’s lemma to an identity which 
is almost impossible to find. We will prove that 
a? +1 b4+1 +1 d+!1 
Geb bee ctd dra 
and after that T?’s lemma will do the rest. 








=a+b+c+d 


To prove the identity, just observe that 
(a+b)(a+c)(a+d) = a?(a-+b+c+d)+abc+bed+cda+dab = (a?+1)(a+b+c+d). 


Use similar identities and add them up. 
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5.2 Practice problems 
1. Let 21, T2,..., £n, Y1, Y2,- -Yn be positive real numbers such that 


Ly + T2 ++: + En Z T1Y1 + T2Y2 + -+ Fyn. 


Prove that 


L T T 
yr E EE E EN E E 
yı Y2 Yn 


Romeo Ilie, Romania 1999 


2. Let a,b,c be positive real numbers. Prove that 
3 3 3 
a b c a+b+c 
z712 a i a ae 2 
bt +c c*+a at +b 2 
Mircea Becheanu, Mathematical Reflections 


3. Let a,b,c be nonzero real numbers such that ab+bc+ca > 0. Prove that 


ab be ca 1 


@+P PFA eta 2 

Titu Andreescu 

4. If a,b,c,d are positive real numbers such that ab+ bc+cd+da = 1, then 
a o O E n iIďL 
b+c+d c+d+a d+a+b a+b+c`3 

IMO 1990 Shortlist 


5. Let a,b,c be real numbers such that 


1 1 
PRESE E EEEE E 
a241 pel 241“ 


Prove that ab + bc + ca < 3, 


2. 


116 


10. 


11. 
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. Prove that if the positive real numbers a, b,c satisfy abc = 1, then 


a i b i C šj 
b+c+1 c+a+1 at+b+17 ` 


Vasile Cîrtoaje, Gazeta Matematică 


. Prove that for any positive real numbers a, b, c, 





a \? b \? ce \?_ 3 @4+B4+e 
——— | + i=] 2S 
b+e c+a a+b 4 ab+bc+ca 


Gabriel Dospinescu 


. Prove that for all positive real numbers a, b,c satisfying a+b+c=1, 


a J b A C a7 
l+be l+ca i1+ab~7~ 10 





. Let a,b,c be positive real numbers such that abc = 1. Prove that 


a+b+1 b+ct+1 c+a+1 (a+1)(b+1)(c+1)+1 
24,37 24,37 7 p3 Ś i 
a+bé+c b+c-+a c+at +b a+b+c 


Titu Andreescu, Mathematical Reflections 


Prove that for any positive real numbers a, b, c, 


1 1 1 1 1 1 
E E gee ey eee ee E EE EE 
Gob Ghee Gea z hae een oo a l 


Prove that for any n > 4 and any nonnegative real numbers 71, £2, ... , En, 
T1 T2 Tn 
ann eee 
In + T2 Li + T3 Tn—1 + T1 








Tournament of the Towns 1982 


12. 


13. 


14. 


15. 


16. 
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Let n > 4 an integer and let aj, a2,...,@,, be positive real numbers such 
that a? + a2 +---+a? =1. Prove that 


ai + ag 
az+1 az+1 








+... + 





4 
> z(a yar + az yaz +- + anyan)”. 


an 
a? +1 
Mircea Becheanu and Bogdan Enescu, Romanian TST 2002 


Prove that for any positive real numbers a, b,c the following inequality 


holds 
a b C 


TE ee | 
Va? +8be vb?+8ca vVc*+4+8ab 
Hojoo Lee, IMO 2001 


Let a,b,c be positive real numbers such that ab + bc + ca = 3. Prove 


that 3 
a c 
TR ee E EE EE 
2a + b2 EEE oak ae = 


T.Q.Anh 


Determine the best constant k, such that for all positive real numbers 
Q1,Q2,...,Qn Satisfying ajaq---an = 1, 


a142 a243 Ana 
ae tag oe tt ee Se. 
(a? +a2)(a2 +aı) (a2 + a3)(a% + a2) (a2 +a;)(a?+an)~ ” 


Gabriel Dospinescu and Mircea Lascu 


Prove that for any positive real numbers a, b,c, 


(Qa+b+c)* (2b+c+a)* (2c+a+b) 
ES al? ER A A cA L 
2a? + (b+c)? 2b4+(c+a)? 2c?+(a+b)? — 


Titu Andreescu and Zuming Feng, USAMO 2003 


118 5. T?S LEMMA 


17. Let a,b,c,d be positive real numbers such that abcd = 1. Prove that 
1 1 1 1 


(1+ a)? 5 (1 +b)? T (1 +c)? a (1+ d)? 21. 


Vasile Cartoaje 


18. Let n > 13 be a positive integer and let a,,a2,...,a, be positive real 
numbers such that a] + a2 +---+a, = 1 and a; + 2a9+-:-+nan = 2. 
Prove that 


(a2 = ai) V2 + (a3 == a2) V3 + Sec (an = An—1)/n < 0. 
Gabriel Dospinescu 
19. Prove that for all positive numbers a, b,c, 


Seay ea Sears Rca 
8b+c 8c +a 8a+b7~ ` 


Vo Quoc Ba Can 





= 1 1 z 
20. Let an = [aos Ba Prove that for all £1, £2,..., £n E€ [Łan], Sha 


piro’s inequality holds 
T1 T2 Tn 
+ eae 
t2+%3 tL T1 + T2 











Vasile Cartoaje, Gabriel Dospinescu 
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6.1 Theory and examples 


You have already seen quite a few strategies and ideas, and you might say: 
“Enough with these tricks! When will we go to serious facts?” We will try to 
convince you that the following results are more than simple tools or tricks. 
They help to create a good base, which is absolutely indispensable for someone 
who enjoys mathematics, and moreover, they are the first steps to some really 
beautiful and difficult theorems or problems. And you must admit that the 
last problems discussed in the previous units are quite serious facts. It is worth 
mentioning that these strategies are not a panacea. This assertion is proved 
by the fact that every year problems that are based on well-known tricks prove 
to be very difficult in contests. 


We will “disappoint” you again in this unit by focusing on a very familiar 
theme: graphs without complete subgraphs. Why do we say familiar? Because 
there are hundreds of problems proposed in different mathematics competi- 
tions around the world and in professional journals that deal with this subject. 
And each such problem seems to add something. Before passing to the first 
problem, we will assume that the basic knowledge about graphs is known and 
we will denote by d(V) and C(V) the number, and the set of vertices adjacent 
to V, respectively. Also, we will say that a graph has a complete k—subgraph 
if there are k vertices any two of which are connected. For simplicity, we will 
say that G is k-free if it does not contain a complete k—subgraph. First we 
will discuss one famous classical result about k-free graphs, namely Turan’s 
theorem. Before that, though, we prove a useful lemma, also known as Za- 
rankiewicz’s lemma, which is the main step in the proof of Turan’s theorem. 


a If G is a k-free graph, then there exists a vertex having degree 


at most cla 
k-1 | 





(Zarankiewicz] 
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Solution. Suppose not and take an arbitrary vertex V,;. Then 


omy > |]. 


so there exists Vz € C(V;). Moreover, 
[C (V1) N C(V2)| = d(V1) + d(V2) — |C (V1) U C(V2))| 


k-2 
2 = 
>2(14 |5 Eal) n>0 


Pick a vertex V3 E€ C(Vi) N C(V2). A similar argument shows that 





ownee = 3 (14 |F=Fn]) -27 


Repeating this argument, we find 


Va € C(V1) N C(V2) N C(V3) 





k—2 
Vi- € (| OW). 
Also, | = 
New| z4 (1+ |p|) -0-9 








This can be Si easily by induction. Thus 


e-n (1+ |=|) -@-2n>0 


and, a we can choose 





N C(Vi)| > 








k—1 
Ve € ( ) CCV; 
i=1 
But it is clear that Vi, V2,...,V; form a complete k graph, which contradicts 
the assumption that G is k-free. 
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We are now ready to prove Turan’s theorem. 


Ë The greatest number of edges of a k-free graph with n vertices 


js 
k-2 mar r 
k-1 2 2)? 


where r is the remainder left by n when divided to k — 1. 








[Turan] 


Solution. We will use induction on n. The first case is trivial, so let us assume 
the result true for all k-free graphs having n — 1 vertices. Let G be a k-free 
graph with n vertices. Using Zarankiewicz’s lemma, we can find a vertex V 
such that 





d(V) < Ẹ — in 


Because the subgraph determined by the other n — 1 vertices is clearly k-free, 
using the inductive hypothesis we find that G has at most 


be? | eae (wea (n 
k-—1 k-1 2 2 
edges, where rı = n — 1 (mod k — 1). 


Let n = q(k—1)+r = q(k—1)+rı +1. Then rı € {r—1,r+k—2} (this is 
because r — rı = 1 (mod k — 1)) and it is easy to check that 


k—2 k-2 (n-1}-r? (rn k—-2 n?-r? fr 
———n | + ——— A A = ——_ : + 
k-1 k-1 2 2 k-1 2 2 
The inductive step is proved. Now, it remains to construct a k-free graph 
k-—2 2 _ n2 
with n vertices and Ea > + edges. This is not difficult. Just 
consider k — 1 classes of vertices, r of them having q + 1 elements and the rest 
q elements, where q(k — 1) +r = n and join the vertices situated in different 
2_ p2 


k-2 = 
groups. It is immediate that this graph is k-free, has ki” 9 - F (z) 
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k-1 





edges and also the minimal degree of the vertices is J . This graph is 


called Turan’s graph and is denoted by T(n, k). 

These two theorems generate numerous beautiful and difficult problems. For 
example, using these results yields a straightforward solution for the following 
Bulgarian problem. 


Bie There are 2001 towns in a country, each of which is connected 
with at least 1600 towns by a direct bus line. Find the largest 
n for which it must be possible to find n towns, any two of 
which are connected by a direct bus line. 





Spring Mathematics Tournament 2001 


Solution. Practically, the problem asks to find the greatest n such that any 
graph G with 2001 vertices and minimum degree at least 1600 is not n-free. 
But Zarankiewicz’s lemma implies that if G is n-free, then at least one ver- 


—2 
tex has degree at most [= 22001 So, we need the greatest n for which 





—2 
É = | 2001 < 1600. It is immediate to see that n = 5. Thus for n = 5 any 


such graph G is not n-free. It suffices to construct a graph with all degrees of 
the vertices at least 1600, which is 6-free. We will take of course T(2001, 6), 


4 
whose minimal degree is É 2001 = 1600 and which is (as shown before) 6- 


free. Thus, the answer is n = 5. 


Here is a beautiful application of Turan’s theorem in combinatorial geometry. 


i Consider 21 points on a circle. Show that at least 100 pairs 
of points subtend an angle less than or equal to 120° at the 
center. 





Tournament of the Towns 1986 
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Solution. In such problems, it is more important to choose the right graph 
than to apply the theorem, because as soon as the graph is appropriately 
chosen, the solution is more or less straightforward. Here we will consider 
the graph with vertices at the given points and we will connect two points if 
they subtend an angle less than or equal to 120° at the center. Therefore we 
need to prove that this graph has at least 100 edges. It seems that this is a 
reversed form of Turan’s theorem, which maximizes the number of edges in a 
k-free graph. Yet, the reversed form of the reversed form is the natural one. 
Applying this principle, let us look at the “reversed” graph, the complementary 


21 
one. We must show that it has at most Tis 100 = 110 edges. But this is 
immediate, since it is clear that this new graph does not have triangles and 


-1 
= 110 edges, and the problem 





so, by Turan’s theorem, it has at most 
is solved. 


At first glance, the following problem seems to have no connection with the 
previous examples, but, as we will immediately see, it is a simple consequence 
of Zarankiewicz’s lemma. It is an adaptation of an USAMO 1978 problem. 
Anyway, this is trickier than the actual contest problem. 


le -i There are n delegates at a conference, each of them knowing 
at most k languages. Among any three delegates, at least 
two speak a common language. Find the least number n such 
that for any distribution of the languages satisfying the above 
properties, it is possible to find a language spoken by at least 

three delegates. 





Solution. We will prove that n = 2k+3. First, we prove that if there are 2k+3 
delegates, then the conclusion of the problem holds. The condition “among 
any three of them there are at least two who can speak the same language” 
suggests taking the 3-free graph with vertices the persons and whose edges join 
persons that do not speak a common language. From Zarankiewicz’s lemma, 


n 
there exists a vertex whose degree is at most ls | = k+ 1. Thus, it is not 
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connected with at least k + 1 other vertices. Hence there exists a person A 
and k + 1 persons Aj, Ag,...,Apz41 that can communicate with A. Because 
A speaks at most k languages, there are two persons among Aj, A2,..., Ari 
that speak with A in the same language. But that language is spoken by 
at least three delegates and we are done. It remains to prove now that we 
can create a situation in which there are 2k + 2 delegates, but no language is 
spoken by more than two delegates. We use again Turan’s graph, by creating 
two groups of k +1 delegates. Assign to each pair of persons in the first group 
a common language, so that the language associated is different for any two 
pairs in that group. Do the same for the second group, taking care that no 
language associated with a pair in the second group is identical to a language 
associated with a pair in the first group. Persons in different groups do not 
communicate. Then it is clear that among three persons, two will be in the 
same group and therefore will have a common language. Of course, any lan- 
guage is spoken by at most two delegates. 


The following problem turned out to be an upset at one of the Romanian Team 
Selection Tests for 2004 IMO, being solved by only four contestants. The idea 
is even easier than in the previous problems, but this time we need a little 
observation that is not so obvious. 


T Let A1, A2, . . . , A101 be different subsets of the set {1,2,...,n}. 





50 
Suppose that the union of any 50 subsets has more than ai” 


elements. Prove that among them there are three any two of 
which having common elements. 


[Gabriel Dospinescu] Romanian TST 2004 


Solution. As the conclusion suggests, we should take a graph with vertices the 
subsets, connecting two subsets if they have common elements. Let us assume 
that this graph is 3-free. The main idea is not to use Zarankiewicz’s lemma, 
but to find many vertices with small degrees. In fact, we will prove that there 
are at least 51 vertices all of them having degree at most 50. Suppose this is 
not the case, so there are at least 51 vertices whose degrees are greater than 
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51. Let us pick such a vertex A. It is connected with at least 51 vertices, so 
it must be adjacent to a vertex B whose degree is at least 51. Because A and 
B are each connected with at least 51 vertices, there is a vertex adjacent to 
both, so we have a triangle, contradicting our assumption. Therefore, we can 
find A;,,..., Aj,,, all of them having degrees at most 50. Consequently, A;, is 
disjoint from at least 50 subsets. Because the union of these fifty subsets has 


5 
more than i” elements, we infer that |A; | < n — =n = = In a similar 


way, we obtain |A;,| < = for all j € {1,2,...,51} and so 


00 


[Ai U Aj, U -+ U Aisol < [Ail ET |Aisol < 51” 


which contradicts the hypothesis. 
We continue with an adaptation of a very nice and quite challenging problem 


from the American Mathematical Monthly. 


Prove that the complement of any 3-free graph with n vertices 
and m edges has at least 


Me DOD 3 fp E 8) 








triangles. 
[A.W Goodman] AMM 


Solution. Believe it or not, the number of triangles from the complementary 
graph can be expressed in terms of the degrees of the vertices of the graph 
only. More precisely, if G is a 3—free graph, then the number of triangles from 
the complementary graph is 


(3) -3 den -1 - da), 


rEX 
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where X is the set of vertices of G. Indeed, consider all triples (x,y,z) of 
vertices of G. We will count the triples that do not form a triangle in the 
complementary graph G. Indeed, consider the sum ` d(x)(n— 1 — d(x)). It 


rex 
counts twice every triple (x,y,z) in which z and y are connected, while z is 


not adjacent to any of x and y: once for x and once for y. But it also counts 
twice every triple (x,y,z) in which y is connected with both x and z: once for 


x and once for z. Therefore, > ` d(x)(n— 1 -— d(x)) is exactly the number of 
rEX 


€ 
triples (x, y, z) that do not form a triangle in the complementary graph. (Here 
we have used the fact that G is 3-free.) Now, it is enough to prove that 


(3) -1D daa- 1- da) 2 DES 5 2 (m ny, 


n 
rex 





Because Ss” d(x) = 2m, after a few computations the inequality reduces to 
LEX 





But this is the Cauchy-Schwarz inequality combined with pex d(x) = 2m. 
Finally, two chestnuts. The following problem is not directly related to our 
topic at first glance, but it gives a very beautiful proof of Turan’s theorem: 


Let G be a simple graph. To every vertex of G one assigns 
a nonnegative real number such that the sum of the numbers 
assigned to all vertices is 1. For any two vertices connected 
by an edge, compute the product of the numbers associated to 
these vertices. What is the maximal value of the sum of these 
products? 
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Solution. The answer is not obvious at all, so let us start by making a few 
remarks. If the graph is complete of order n then the problem reduces to 


finding the maximum of $` 2,x; knowing that zı + t2 +: + Tn = 1. 
1<i<j<n 
This is easy, since 


` amS =(1- DOE 5 (1-5). 


1<i<j<n 


The last inequality is just the Cauchy-Schwarz inequality and we have equality 
when all variables are + . Unfortunately, the problem is much more difficult in 
other cases, but at least we have an idea of a possible answer: indeed, it is easy 
now to find a lower bound for the maximum: if H is the complete SupErapa 
with maximal number of vertices k, then by assigning these Vertis i and 
to all other vertices 0, we find that the desired maximum is at least ¿(1 — +). 

We still have to solve the difficult part: showing that the desired maximum 
is at most (i — i): Let us proceed by induction on the number n of vertices 
of G. If n = 1 everything is clear, so assume the result true for all graphs 
with at most n — 1 vertices and take a graph G with n vertices, numbered 
1,2,...,n. Let A be a set of vectors with nonnegative coordinates and whose 
components add up to 1 and E the set of edges of G. Because the function 
f(v1,22,...,2n) = >> 2x; is continuous on the compact set A, it attains its 

(i, j)EE 

maximum in a point (£1, £2, ..., £n). Denote by f(G) the maximum value of 
this function on A. If at least one of the z; is zero, then f(G) = f(G1) where 
G, is the graph obtained by erasing vertex į and all edges that are incident 
to this vertex. It suffices to apply the induction hypothesis to G, (clearly, 
the maximal complete subgraph of G; has at most as many vertices as the 
maximal complete subgraph of G ). So, suppose that all x; are positive. We 
may assume that G is not complete, since this case has already been discussed. 
So, let us assume for example that vertices 1 and 2 are not connected. Choose 
any number 0 < a < 2, and assign to vertices 1,2,...,n of G the numbers 
Tı — Q, T2 + Q, T3, ..., Zn. By maximality of f(G), we must have 


> nS) t; 


iE€C] iEC2 
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where C3; is the set of vertices that are adjacent to vertex 2 and not adjacent 
to vertex 1 (the definition of C2 being clear). By symmetry, we deduce that 


we must actually have 
| dri = Dt 
1EC} 1EC2 
which shows that f(z£1, £2, ..., £n) = f(0,21 + £2, £3, ...,2n). Hence we can ap- 
ply the previous case and the problem is solved. Observe that the inequality 
in ‘Turan’s theorem follows by taking all x; to be L, 


The final problem is a very beautiful result on the number of complete sub- 
graphs of a graph: 


A What is the maximal number of complete maximal subgraphs 
that a graph on n vertices can have? 





[Leo Moser, J. W. Moon] 


Solution. Let us suppose that n > 5, the other cases being easy to check. 
Let f(n) be the desired number and G a graph for which this maximum is 
attained. Clearly, this graph is not complete, so there are two vertices x and 
y not connected by an edge. In order to simplify the solution, we need several 
notations. Let V(x) be the set of vertices that are adjacent to z, G(x) the 
subgraph obtained by erasing vertex x and G(x,y) the graph obtained by 
erasing all edges incident to x and replacing them with edges from x to any 
vertex in V(y) . Finally, let a(x) be the number of complete subgraphs with 
vertices in V(x), maximal with respect to G(x) and let c(x) be the number of 
complete maximal subgraphs of G that contain z. 


Now, we pass to serious things: by erasing edges incident to x, exactly c(x) — 
a(x) complete maximal subgraphs vanish, and by joining x with all vertices 
of V(y), exactly c(y) complete maximal subgraphs appear. So, if c(G) is the 
number of complete maximal subgraphs in the graph G, then we have the 
relation 


c(G(x,y)) = c(G) + cly) — (x) + a(z). 
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By symmetry, we can assume that c(y) > c(x). By maximality of c(G), we 
must have c(G(z, y)) < c(G), which is the same as c(y) = c(x) and a(x) = 0. 
Therefore G(z,y) also has f(n) complete maximal subgraphs. In the same 
way, we deduce that c(G(z, y)) = c(G(y, x)) = c(G). Now take a vertex x and 
let £1, £2, ..., £k be the vertices not adjacent to x. By performing the previous 
operations, we change G into G; = G(z1, x), then into G2 = G1(x2,xz) and 
so on until Gk = Gk-1(£k, £), by conserving the number f(n) of maximal 
complete subgraphs. Observe now that Gę has the property that x, £1, ..., £k 
are not joined by edges, yet V (x1) = V (x2) = --- = V (xk) = V(x). Now, we 
know what to do: if V(x) is void, we stop the process. Otherwise, consider a 
vertex of V(x) and apply the previous transformation. In the end, we obtain 
a complete multipartite graph G’ whose vertices can be partitioned into r 
classes with n 1,7, ...,N, vertices, two vertices being connected by an edge if 
and only if they do not belong to the same class. Because G’ has f(n) maximal 
complete subgraphs, we deduce that 


f(n) = max max N{NQ...Nyp. 


r Ny +Nete+Nr=Nn 





(6.2) can be easily computed. Indeed, let (nj, n2, ...,n,) the r-tuple for which 
the maximum is attained. If one of these numbers is at least equal to 4, let 
us say nı, we consider (2, nı — 2,n3,...,n,) for which the product of the com- 
ponents is at least the desired maximum. So none of the n; exceed 3. Even 
more, since 2-2-2 < 3-3, there are at most two numbers equal to 2 among 
11, Ng, ..-; Nr. This shows that f(n) = 33 if nis a multiple of 3, f(n) = 4.3°5° 
if n — 1 is a multiple of 3 and f(n) = 2- 3°" otherwise. 
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6.2 Practice problems 
a 
1. Let 21,22,...,2%n be real numbers. Prove that there are at most — 
pairs (i, j) € {1,2,...,n}? such that i < j and 1 < |x; — 2,| < 2. 
MOSP 2001 


2 
n 
2. Prove that if n points lie on a unit circle, then at most 3 segments 


connecting them have length greater than v2. 
Poland 1997 


3. There are 1999 people participating in an exhibition. Out of any 50 
people, at least two do not know each other. Prove that we can find at 
least 41 people who each know at most 1958 other people. 


Taiwan 1999 


4. We are given 5n points in a plane and we connect some of them so that 
10n?+1 segments are drawn. We color these segments in 2 colors. Prove 
that we can find a monochromatic triangle. 


5. A group of people is called n-balanced if the following two conditions 
are satisfied 


(a) among any three people, there are two who know each other; 


(b) among any n people, there are at least two not knowing each other. 


Prove that there are always at most (n= Unt?) people in an n-balanced 
group. 


Dorel Mihet, Romanian TST 2008 


10. 


11. 
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. Let A be a subset of the set S = {1,2,..., 1000000} having exactly 101 


elements. Prove that there exist t1,to,...,ti99 E S such that the sets 
A; = {x + tj | £z € A} are pairwise disjoint. 


IMO 2003 


. Prove that a graph with n vertices and k edges has at least = (Ak =n’) 


triangles. 


APMO 1989 


. A graph G has n vertices and contains no complete subgraph with four 


vertices. Prove that G contains at most ne triangles. 
Ivan Borsenco, Mathematical Reflections 


(a) Let p be a prime. Consider the graph whose vertices are the ordered 
pairs (x, y) with z, y € {0,1,...,p—1} and whose edges join vertices 
(x,y) and (2’, y’) if and only if x2’ + yy’ = 1 (mod p) . Prove that 
this graph does not contain a 4-cycle . 

(b) Prove that for infinitely many values n there is a graph Gn with at 
least nyn — n edges that does not contain a 4-cycle. 


Hungary-Israel Competition 2001 


A graph with n vertices and k edges has no triangles. Prove that we can 
choose a vertex such that the subgraph obtained by deleting this vertex 


and all its neighbors has at most k { 1 — edges. 


n2 


USAMO 1995 


A graph has 2n vertices and n? +1 edges. Prove that it contains at least 
n triangles. 
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12. 


13. 


14. 


15. 


16. 
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A graph with n?+1 edges and 2n vertices is given. Prove that it contains 
two triangles sharing a common edge. 


Chinese TST 1987 


There are n inhabitants on an island. Any two of them are either friends 
or enemies. One day they receive an order saying that all citizens should 
make and wear a necklace with zero or more stones so that 


(a) for any pair of friends there exists a color such that each of the two 
persons has a stone of that color; 


(b) for any pair of enemies there does not exist such a color. What is the 
least number of colors of stones required (considering all possible 
relationships between the inhabitants of the island)? 


Belarus 2001 


What is the least number of edges in a connected n-vertex graph such 
that any edge belongs to a triangle? 


Paul Erdős, AMM E 3255 


Prove that for every n one can construct a graph with no triangles and 
whose chromatic number is at least n. 


Mycielski’s theorem 
For a finite graph G let f(G) (respectively g(G)) be the number of tri- 
angles (respectively tetrahedra) formed by the edges of G. Find the least 
constant c such that g°(G) < c- f(G)* for any finite graph G. 


IMO Shortlist 2004 
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17. For a pair A = (21,y1) and B = (22, y2) of points on the coordinate 


18. 


plane, let 
d(A, B) = |x — £2| + |y — yal. 


Among all configurations of 100 points in the plane, determine the 
maximum number of pairs (A, B) of (unordered) points such that 1 < 
d(A, B) < 2. 


USA TST 2006 


Let k be a positive integer. A graph whose vertex set is the set of 
positive integers does not contain any complete k x k bipartite subgraph. 
Prove that there exist arbitrarily long arithmetic progressions of positive 
integers such that no two elements of the same progression are joined by 
an edge in this graph. 


Komal 


ay Pp ST oe FS i ee tee 





jiquio> Xe|dwi0> S110: eulquio> 


THEORY AND EXAMPLES 139 


7.1 Theory and examples 


When reading the title, you will perhaps expect a difficult unit, reflecting the 
complexity of combinatorics. But, this was not our intention. We just wanted 
to discuss some combinatorial problems that can be solved elegantly by using 
complex numbers. At this moment, the reader will probably say that we are 
crazy, but we will support our idea and prove that complex numbers can play 
a significant role in solving counting problems, and also in problems related 
to tilings. They also have numerous applications in combinatorial number 
theory, so our purpose is to illustrate a little bit from each of these situations. 
After that, you will surely have the pleasure of solving the proposed problems 
using this technique. To avoid repetition, we will present in the beginning of 
the discussion a useful result 


Lemma 7.1. Ifp is a prime number and ao, @1,...,@p—1 are rational numbers 
satisfying | 
ag + aye + age? a eria Ape?" = 0, 

where 

2x ., r 2ni 

E€ = Cos — + 1sm — =e? , 

p p 

then ag = a1 =: + = Qp-1. 


Proof. We will just sketch the proof, which is not difficult. It is enough to 
observe that the polynomials ao+a1X +a2X?+-- "+ap-1X P-1l and 1+X+X?+ 
.-- + XP! are not relatively prime—because they share a common root-and 
since 1 + X +X? +. --+XP-7! is irreducible over Q (you can find a proof in the 
chapter concerning the irreducibility of polynomials), 1+ X +X2+---+X?7} 
must divide ap + a1 X +a2X? +--+ Ap—-1X?-}, which can only happen if 
ag = a1 = ++: = Qp—1. Therefore, the lemma is proved and it is time to solve 
some nice problems. oO 


Note, in the following examples, m(A) will denote the sum of the elements of 
the set A. By convention m(0) = 0. 


140 7. COMPLEX COMBINATORICS 


The first example is an adaptation from a problem given in the Romanian 
Contest “Traian Lalescu”. Of course, there is a solution using recursive se- 
quences, but it is by far less elegant than the following one. 





ua How many n-digit numbers, all of whose digits are 1, 3, 4, 6, 
7, or 9 have the digit sum a multiple of 7? 


Solution. Let aP be the number of n-digit numbers, all of whose digits are 


1, 3, 4, 6, 7, 9 and whose digit sum is congruent to k modulo 7. It is clear that 


6 
> al) cf = D etitcet--+in 
k=0 


£1 ,£2,...,0n €{1,3,4,6,7,9} 
= (e +E? + et +e? +e +e)”, 
2m .. on ; 2 6 
where € = cos — + isin —. Observing that 1+¢+e«°*+---+e° = 0 and 
e? = e° helps us bring (e + E€ + e4 +e%+e" + 9)” to the simpler form (—e°)”. 


Let us assume, for example, that n is divisible by 7 (the other cases can be 
discussed similarly). Then 


6 
Yaet = (-1)" 


k=0 


and from the lemma we infer that a® —(-1)" = as) Se = a9) Let q 


6 
be the common value. Then 7q = N alt) — (-1)” = 6” — (-1)” - this is 


k=0 
because exactly 6” numbers have n digits, all equal to 1, 3, 4, 6, 7, 9. In this 


(0) _ ¢_yyn 4 8 = (= 1)" . l 
case we have a,’ = (—1)” + 7 . We leave you with the other cases: 


n =1,2,3,4,5,6 (mod 7). 


Following this trick, here is a slightly more difficult problem, which appeared 
on the Balkan Olympiad Shortlist in 2005, and which was used for the selection 
of the Romanian IMO 2005 team: 
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Let (Gn)n>1 be a sequence of distinct positive integers such 
that a, < 4.999n for all n. Prove that there are infinitely 
many n for which the sum of digits of a, is not a multiple of 
5. Does the result remain true if the condition is relaxed to 
an < 5n for all n? 





[Gabriel Dospinescu] 


Solution. Let s(x) be the sum of digits of z, and suppose that for all n > M 


we have 5|s(an). Let n be such that | aoe" | > M +3 and let A be the set of 
the first 10” nonnegative integers. The numbers a, with 1 < k < | Pas | are 
in A because 1 < az < 4.999k < 10” — 1 for these numbers k. It follows that 
A contains at least | oa | — M numbers with digit sum divisible by 5. Now 
fix a number 2 < i < n and observe that if 2; is the number of elements of A 


with į digits and having digit sum congruent to 7 mod 5, then 











To + LE + rE" + T3E° + raet = 5 etitagt +a; — 


O<ag,...,a;<9 
l1<aı <9 


= (e +E? +. HEL +e + eT =0. 
Using the lemma, and taking into account that zo + z1 +--- +24 = 9. 107}, 


n n 
we deduce that there are at most 1+ >> 2-101 = 2. 10”71 — 1 elements of A 
i=2 


with the digit sum a multiple of 5. Thus | Poss | — M < 2-10"! — 1 for all 


sufficiently large n, which is certainly impossible. 





For the second part of the problem, the answer is negative. Indeed, consider 
the sequence starting with 1 and containing the positive integers (in increasing 
order) whose digit sum is divisible by 5. Let us prove that an < 5n for all n. 
Indeed, this is clear for n = 1,2,3 because a; = 1,a2 = 5, a3 = 14. The crucial 
observation is that clearly among any 10 consecutive positive integers, exactly 
two are terms of the sequence. Thus azn < 10n and a2n-1 = adan—5 < 5(2n—1). 
This proves that for an < 5n the statement is no longer true. 


142 7. COMPLEX COMBINATORICS 


The same simple, but tricky, idea can offer probably the most beautiful solu- 
tion for the difficult IMO 1995 problem 6. It is worth mentioning that Nikolai 
Nikolov won a special prize for the following magnificent solution. 


eo Let p > 2 be a prime number and let A = {1,2,...,2p}. Find 
- the number of subsets of A each having p elements and whose 
sum is divisible by p. 





IMO 1995 


2 2 
Solution. Consider £ = cos a +7sin = and let x; be the number of subsets 


p Pp 
X of A such that |X| = p and m(X) = j (mod p). Then it is not difficult to 
see that 


p—i 
X aje! = > c™m(B) bs ` ecitcate tcp. 
0 


BCA,|B|=p 1<c1ı<c2 <- <Cp 2p 


But ` ecitcattep is precisely the coefficient of X? in the poly- 
1<cı<c2 <: <Cp 2p 
nomial (X +€)(X + €?) ... (X + £%). Because 


X? —1=(X—1)(X =€)... (X —e?7), 
we easily find that 
(X +E(X +e?) ... (X +6?) = (X? +1)?. 
p—1 


Thus X orja = 2, and the lemma implies 79 — 2 = z1 = -:: = £p-1. Since 
j=0 


2 
there are ( : ) subsets with p elements, it follows that 


2p 
Lo + Ly + ++ + Tp-1 = $ : 
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Therefore 


and we are done. 


The following problem deals with a little more general case, even though the 
restriction imposed on the cardinality is no longer maintained. 


| Let f(n) be the number of subsets of 1,2,3, ...,n whose ele- 
ments sum to 0 (mod n). The empty set is included, having 
the element sum equal to zero. Prove that 





fin) =—- E o(a)2’. 
n 


Solution. Let 


n 
9(X) = ][ (+X) = > ux" 
i=1 k>0 
and let e =e. It is clear that f(n) = 2 ajn. On the other hand, the 


last sum can easily be computed in terms of A. Indeed, one can verify the 


identity 
ge’) = $ ajn. 
j>0 


he 
iM: 


Now, let us compute g(e’). If d = “ie (that is, eÍ is a primitive d-th root 
of unity), then 


X41 =(X -A(X — e”)... (X — e®) 


and so 
(1+1 +e”). (1+9) =2 
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if d is odd and 0 otherwise. This shows that g(e%) = 24 if d is odd and 0 
otherwise. But there are exactly y(d) values of j for which £? is a primitive 
d—th root of unity, so 


slie 


Sale) ==- E a. 


d|n 
d odd 


With a somewhat different but closely related idea we can solve the following 
nice problem. 


E Let n> 1 be an integer and let a1, a2,...,@m be positive inte- 
gers. Denote by f(k) the number of m-tuples (c1,c2,...,Cm) 
such that 1 < c; < a; for all 2 and c1 t+eg4+-::+ecm = k 
(mod n). Prove that f(0) = f(1) =--- = f(n — 1) if and only 
if there exists an index 7 € {1,2,...,m} such that nla;. 





[Reid Barton] Rookie Contest 1999 


Solution. Observe that 


n—-1 m 
f(k)e* = ys gi teat tem — [Ie +e? +--+. 6%) 

k=0 1<c; <a; i=1 

for any complex number e such that e"~!+e"—-24.--+e+1 = 0. Hence one im- 

plication of the problem is already verified, since if f(0) = f(1) =--- = f(n-1) 

then we can find i € {1,2,...,m} such that e+e7+---+e% = 0 (we have chosen 

here a primitive root £ of unity). We infer that €“: = 1 and so nja;. Now, sup- 


pose there exists an index i € {1,2,...,m} such that n|a;. Then for any zero € 
n—1 n—1 n—1 
of the polynomial ` X" we have ` f(k)e* = 0 and so the polynomial > x 
k=0 k=0 k=0 
n—1 n—1 


divides > f(k)X*. This is because ` X" has only simple roots. By a simple 
k=0 k=0 
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degree consideration, this is possible only if f(0) = f(1) =--- = f(n—1). 


The enthusiasm generated by the above solutions might be inhibited by the 
following problem, where we additionally need several tricky manipulations. 


x mupit Si Let p > 2 be a prime number and let m and n be multiples of p, 
with n odd. For any function f : {1,2,..., m} —> {1,2,...,n} 


m 


m 
satisfying ` f(k) =0 (mod p), consider the product |] f(k). 
k=1 k=1 





m 
Prove that the sum of these products is divisible by (=) , 


[Gabriel Dospinescu] 


2 2 m 
Solution. Let € = cos F +isin F and let x; be the sum of || f(k) over all 
k=1 


m 
functions f : {1,2,..., m} — {1,2,...,n} such that 5° f(i) = k (mod p). It 
i=1 


is clear that 


p—i 
` pe” = ` C1C2... Ce Bod tt Hem 
k=0 


C1,C2,... Cm E{1,2,.. n} 
= (e + 2e7+---+ne")™. 
Recall the identity 


nat! — (n+1)2" +1 


2 —1 _ 
1422+ 32° +---+n2" = G-I? 


Plugging € in the previous identity, we find that 


ne"t? —(n+1je™** +e ne 


Dae ee nr >, 
E+ Ze" + + née (e-1) ae) 
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Consequently, 
m 


p—1 
N ape" = ee, 
a (e —1)™ 


On the other hand, it is not difficult to justify that 


Pla PA tet 1=08 
1 


1 
er = -5 (eR + BP ++ + (p— De +p- 1). 


Considering 
(XP? 4+2XP™ 4.0.4 (p—2)K +p—-1)™ =bo+bıX +- + Din(p—2) XP), 


we have 


mm 


a Lent ee K e p—1 
CE ( = (co + cre +-+++Cp_1€? `), 


where 
Ck = Da bj : 


j=k (mod p) 


m 
Setting r = (-2) , we deduce that 


Lo — rco + (£1 — rci)e +--+ + (£p-1 — TCp—i)eP + = 0. 


From the lemma, it follows that zo — rco = 21 — rey = +++ = Lp-1 — TCp-1 = 
k. Because clearly co,ci,...,Cp—1 are integers, it remains to prove that r|k. 
Because 


pk = £o + z1 +-+-+2p-1 — r(co + c1 ++- + Cp-1) 
=(14+2+---+n)™ —r(bo + bi + +++ + mp2) 


ane be ace 


it is clear that r|k. Here we have used the conditions in the hypothesis. The 
problem is solved. 
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It is now time to leave these kinds of problems and to talk a little bit about 
some nice applications of complex numbers in tilings. Before presenting some 
examples, let us make some conventions: consider a rectangular table with 
edges parallel to two fixed (orthogonal) lines Oz and Oy. An a x b rectangle 
is a figure consisting of ab unit squares, with edges parallel to Ox and Oy and 
such that the edge parallel to Ox has length a and the one parallel to Oy has 
length b. For instance, the rectangle with vertices (0, 0), (2,0), (2,1), (0,1) isa 
2 x 1 rectangle, while the rectangle with vertices (0,0), (1,0), (1,2), (0,2) is a 
1 x 2 rectangle. Now, the idea is to put a complex number in each square of a 
table and then to reformulate the hypothesis and the conclusion of a particular 
tiling problem in terms of complex numbers. We will see how this technique 
works better by solving a few actual problems. First, some easy examples. 





iple f Consider a rectangle that can be tiled by a finite combination 

~~ of 1x mand nx 1 rectangles, where m,n are positive integers. 

Prove that it is possible to tile this rectangle using only 1 x m 
rectangles or only n x 1 rectangles. 


[Gabriel Carrol] BMC Contest 2000 


Solution. Let the dimensions of the initial rectangle be a x b, for the positive 
integers a and b. Now let us partition the rectangle into 1 x 1 squares and 
denote these squares by 


(1,1), (1,2),...,(1,0),..., (a, 1), (a, 2),..., (a,b). 
Next, put the number efe% in the square labeled (x,y), where 
2x |. 2r 2T .. 2n 
€1 = cos — +28IN —, E2 = cos — +1sin —. 
n n m m 
The main observation is that the sum of the numbers in any 1 x m or n x 1 


rectangle is 0. This is immediate, but the consequence of this simple observa- 
tion is really surprising. Indeed, it follows that the sum of the numbers in all 
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the squares is 0, and so 


l<r<a i=1 j=l 
1<y<b 
a b 
Hence at least one of the numbers >. €j and ` e} is 0. But this means that 
i=1 j-1 


nja or m|b. In either case, the conclusion of the problem follows. 
The idea in the previous problem is quite useful, helping many tiling problems 


become straightforward. Here is one more example: 


: Can we tile a 13 x 13 table from which we remove the central 
unit square using only 1 x 4 or 4 x 1 rectangles? 





Baltic Contest 1998 


Solution. Suppose such a tiling is possible, and label the squares of the table 
as in the previous problem. Next, associate to square (k, j) the number i*+?/, 
Clearly, the sum of the numbers from each 1 x 4 or 4 x 1 rectangle is 0. 
Therefore the sum of all labels is equal to the number corresponding to the 
central unit square. Hence 


1331 26 _1 


t= (iti? +o iBA Hite 4 07%) =i. - į. 


— 73 
i—i i2 —1 


t, 





which clearly cannot hold. Thus the assumption we made is wrong, and such 
a tiling is not possible. 


The example we are going to discuss now is based on the same idea, and here 
complex numbers are even more involved. 
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Í On an 8 x 9 table we place 3 x 1 rectangles and “broken” 

1x3 rectangles, obtained by removing their central unit square. 
The rectangles and the “broken” rectangles do not overlap and 
cannot be rotated. Prove that there exists a set S consisting 
of 18 squares of the table such that if 70 unit squares of the 
table are covered, then the remaining two belong to S. 





[Gabriel Dospinescu] 


Solution. Again, we label the squares of the table (1,1), (1,2),..., (8,9) by 
starting from the upper left corner. In the square labeled (k, 7) we will place 
the number i - ef, where i? = —1 and €? +e +1 = 0. The sum of the numbers 
from any rectangle or “broken” rectangle is 0. The sum of all numbers is 


Let us suppose that (a1, b1) and (a2, bg) are the only uncovered squares. Then 
jo1e% 4.452602 — 4. Let z1 = itle and zo = i27 le%2, We have |z1| = |zo| = 


1 1 
l and z1 + zg = —1. It follows that x + ae —1 and so z? = z3 = 1. This 


1 2 
in turn implies the equalities i3(0:—1) = j3(62-1) — 1, from which we conclude 


that b} = b2 = 1 (mod 4). Therefore the relation z1 + z2 = —1 becomes 
E% + ¢%2 = —], which is possible if and only if the remainders of a1, a2 when 
divided by 3 are 1 and 2. Thus we can choose S to be the set of squares that 
lie at the intersection of the lines 1, 2, 4, 5, 7, 8 with the columns 1, 5, 9. 
From the above argument, if two squares remain uncovered, then they belong 
to S. The conclusion is immediate. 


| Let m and n be integers greater than 1 and let a1, a2,- . , an 





be integers, none of which is divisible by m”—!. Prove that we 
can find integers €1, €2,...,€n, not all zero, such that |e;| < m 
for all i and m™|e,a1 + e2a2 +--+ + enan. 


IMO 2002 Shortlist 
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n 
Solution. Look at the numbers >> e;a;, where 0 < e; < m — 1 for all å. 
i=1 
Observe that we have a collection of m” numbers (denote this collection by 
A). We can assume that this is a complete system of residues modulo m” 
(otherwise, the conclusion is immediate). Now, consider f(x) = ` x’. Then 
acA 


k no l — gmi 


m—1 
o= MA eae 
j=0 


1=1 1=1 


Now take € = em", Since the m” numbers we previously considered form a 
complete system of residues modulo m”, we must have f(e) = 0. Therefore 
n 


(the hypothesis ensures that e% # 1) l[a — €") = 0. But this clearly 


i=1 
contradicts the fact that none of the numbers aj,a2,...,@n is a multiple of 
m 


n—l 


Í Let p be a prime number and let f,(21, 22, ...,2n) = agi 21 + 
aAk2£2 +--++ Akn£n be linear forms with integer coefficients 
for k = 1,2,...,p”. Suppose that for all systems of integers 
(£1, T2, .--,Ln), not all divisible by p, 





fi(ai, LQ, e.g Ln), falz, T23.. Ta); Zis fpr (21, T2,» Tr) 


represent every remainder mod p exactly p”—! times. Prove 
that {(ak1, ak2, ---, akn) |k = 1, 2, ..., p” } is equal to 


{lir iz,- In) |1, i2, -in = 0, 1,...,p — 1}. 


Miklos Schweitzer Competition 


2in 
Solution. Let € =e ? and observe that the hypothesis implies the identities 


p” 
e eee = 0 
k=1 
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for all 21,...,Z%n, not all multiples of p. Now fix 11, 79,...,in. By multiplying 
both sides of the equality by 67°17! *2%2—"" "nn we deduce that 


Do OAE is =Q. 
k=1 
By making the sum of all these equalities corresponding to all (£1, £2, ..., Zn) € 


{0,1,...,p—1}” and by taking into account that for (x1, £2, ..., £n) = (0,0, ..., 0) 
the left-hand side equals p”, we deduce that 


n n p—1 


p° = ` I] (>C e7ilakj—t3)), 
k 


=1 j=1 2;=0 





Because the sum in the right-hand side of (7.1) is not zero, at least one term 
is not zero. Observe however that every term of the sum equals 0 or p”. 
Therefore there exists an unique k such that a,; = ij (mod p) for all j. This 
is just another way of saying that 


{(agi,..-,@bn)|k =1,...,pP"} = {(in,.--y Gn) lity. --54n = 0,...,p — 1}. 


The following problem, communicated by Vesselin Dimitrov, is a very special 
one. It concerns a concept introduced by Erdős in a paper dating back to 
1952: the covering systems of congruences. More precisely, the family of 
ordered pairs (a1, dı), (a2, d2),...,(@x,d,), where 1 < dy < dg < ::- < dk 
is called a covering set of congruences if x = a; (mod d;) is solvable for any 
integer x. Erdos immediately realized that this new concept can be a source 
of difficult questions, and that became source of intensive research. Erdős 
conjectured that there exists no covering set of congruences in which all the 
moduli are odd. This remains open. On the other hand, Erdos used covering 
sets (more precisely, the set (0, 2), (0,3), (1, 4), (3, 8), (7, 12), (23, 24)) to prove 
the existence of an infinite arithmetic progression of odd positive integers, 
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none of which is of the form 2” + p. Schinzel also studied these systems in his 
researches concerning the irreducibility of polynomials. Conjectured by Erdős, 
the example that comes next was proved by Sun, and what is really strange 
is that the solution is absolutely elementary. We thank Vesselin Dimitrov for 






2 Let F be a family of k infinite arithmetic progressions a; + 
diZ, where 1 < dı < -:- < dy. Assume that F covers 2% 
consecutive integers (that is, there exists an integer x such 
that every number in the sequence z,z + 1,... £ + 2% — 1 
belongs to at least one member of the family F). Then F is 
a covering system of congruences. 


[Erdős-Sun] 


Solution. The magical idea is to rewrite the condition that a number belongs 
to a union of arithmetic progressions in a more algebraic way. For instance, 
the fact that x + t belongs to the union of members of F can be written in the 
form 


Il (1 E A N 


1<j<k 
Now, all we have to do is to develop this product and observe that the same 
relation can be expressed in the form 


` QJ: e(ett) Br — 0, 


ICS 





where S = {1,2,...,k} (including the void set, in case of which the term is 
0), ay and 8; depending only on the cover itself. Indeed, this is clear, because 


1<j<k IC{1,2,...,k} 
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If we manage to prove that the same relation (7.2) holds for any integer y 
instead of x, we are done, since it would follow that any integer belongs 
to at least one member of F. If we consider zz = e®!, then we know that 
yor arzt = 0 for all 0 < t < 2* — 1. Define un = $- rarz? and observe that 
Un satisfies a linearly recurrent relation of order 2%, the coefficient of un being 
nonzero. Indeed, consider the polynomial [[; (X — zr), which has degree 2* 
and nonzero free term (because all zy are nonzero), and write it in the form 
X? + Aor X?! +--+ A,X + Ao. Then we know that 


Ge Ase gee OE oe AGO: 


By multiplying this relation by a; - z7 (we allow here negative exponents as 
well) and by adding up these relations, we obtain a recurrence relation 


Unpok + Agk_jUnpor_1 +: + Ao = 0. 


And now... we are done: from the hypothesis, 2% consecutive terms of this 
sequence vanish. Since the sequence satisfies a recurrence relation of order 2% 
with nonzero free term, it follows by a trivial induction that all terms are zero. 
This finishes the proof. 
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1. 
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Practice Problems 


Three persons A, B,C play the following game: a subset with k elements 
of the set {1,2,..., 1986} is selected randomly, all selections having the 
same probability. The winner is A,B, or C, according to whether the 
sum of the elements of the selected subset is congruent to 0, 1, or 2 
modulo 3. Find all values of k for which A, B,C’ have equal chances of 
winning. 


IMO 1987 Shortlist 


. We roll a regular die n times. What is the probability that the sum of 


the numbers shown is a multiple of 5? 


IMC 1999 


. Let ax, by, Ck be integers, k = 1,2,...,n and let f(x) be the number of 


ordered triples (A, B, C’) of subsets (not necessarily nonempty) of the set 


S = {1,2,...,n} whose union is S and for which 
` ai + ` bi + > ci =x (mod 3). 
iCS\A icS\B iES\C 


Suppose that f(0) = f(1) = f(2). Prove that there exists i € S such 
that 3 | a; + bi + ci. 


Gabriel Dospinescu 


. Let k be an integer greater than 2. For which odd positive integers n 


can we tile a n x n table by 1 x k or k x 1 rectangles such that only the 
central unit square is uncovered? 


Gabriel Dospinescu 
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. Let n > 2 be an integer. At each point (i, j) having integer coordinates 
we write the number i + j (mod n). Find all pairs (a,b) of positive 
integers such that any residue modulo n appears the same number of 
times on the sides of the rectangle with vertices (0,0), (a,0), (a, b), (0, b) 
and also any residue modulo n appears the same number of times in the 
interior of this rectangle. 


Bulgaria 2001 


. Let p > 2 be a prime. How many subsets of {1,2,...,p — 1} have the 
sum of their elements divisible by p? 


Ivan Landjev, Bulgaria TST 2006 


. Prove that the number of subsets with n elements of {1,2,...,2n} whose 
sum is a multiple of n is 


D E-n (3) (7%). 


Adapted after IMO 1995 





. Let p be an odd prime. Find the number of 6-tuples (a, b,c,d,e, f) of 
integers between 0 and p — 1 such that 


a +b? +c? =d*+e%4+ f? (mod p). 
MOSP 1997 
. Let d and n be positive integers such that d | n. Consider all sequences 


(£1, £2, ..., Zn) such that 0 < z1 < £2 <---< Zn < Nn and d | £1 + £2 + 
---+2,. Prove that among these sequences, exactly half satisfy £n = n. 


Chinese IMO training program 
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Let p be an odd prime and n > 2. For a permutation o of the set 
{1,2,...,n} define 


S(o) = o(1) + 20(2) +---+no(n). 


Let A; be the set of even permutations ø such that S(o) = j (mod p) 
and B; be the set of odd permutations ø for which S(a) = j (mod p). 
Prove that n > p if and only if A; and B; have the same number of 
elements for all j. 


Gabriel Dospinescu 


Let p be an odd prime. Prove that the 2°7 numbers +142+---+ a 
represent each nonzero residue class mod p the same number of times. 
Compute this number. 3 


R. L. McFarland, AMM 6457 


Each element of the set M = {1,2,...,n} is colored in one of three 
colors. Let A be the set of triples (x, y, z) of elements of M such that n 
divides x + y + z and x,y,z have the same color. Define B similarly, by 
asking that x,y,z have pairwise distinct colors. Prove that 2|A| > |B]. 


Chinese TST 2010 


Color the numbers 1, 2,...,.N using 3 colors such that there are at most 
N numbers of each color. Let A be the set of 4-tuples (a,b,c,d) € 
{1,2,...,n}* such that a+b+c+d = 0 (mod N) and a,b,c,d have the 
same color. Let B be the set of 4-tuples (a,b,c,d) € {1,2,...,n}* such 
that a+b+ c+ d = 0 (mod N), a,b and c,d have the same color, but 
these colors are distinct. Prove that |A| < |B|. 


Komal 
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14. (a) Letn bean odd integer. Find the number of sequences (ao, @1,..., an) 
such that a; € {1,2,...,n} for all i, a, = ag and a; — a;_1 # i 
(mod n) for all i = 1,2,...,n. 


(b) Let n be an odd prime. Find the number of sequences (ag, @1, ..., @n) 
such that a; € {1,2,...,n} for all i, an = ap and a; — aj_; Æ i, 21 
(mod n) for all i = 1,2,...,n. 


USA TST 2004 


15. Let p > 3 be a prime number and let f(X) be the number of sequences 


(a1, @2,...,@p—1) such that a; € X for all j and p divides ee jaj. Here 


X is a nonempty subset of {0,1,...,p— 1}. Prove that f({0,1,3}) > 
f({0, 1, 2}), with equality if and only if p = 5. 


IMO 1999 Shortlist 
16. Is there a positive integer k such that p = 6k + 1 is a prime and 


(P) =1 (mod p)? 
k 

USA TST 2010 
17. Let p be an odd prime and let a,b, c,d be integers not divisible by p such 


ORORGRDE 


for all integers r not divisible by p (here {} is the fractional part). Prove 
that at least two of the numbers a+ b,a+c,a+d,b+c,b+d,c+d are 
divisible by p. 


Kiran Kedlaya, USAMO 1999 
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18. Let p be a prime and let S C (Z/pZ)4 be a subset containing no line 


of the affine space (Z/pZ)*. Prove that S has at most 23° elements. 
2d _4 


However, prove that we can find such a set with at least 3 3 ~~ elements. 


Meshulam-Roth theorem 


J Salas euog POISON E E CTE Gy snog sonos euio Poon 
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8.1 Theory and examples 


We start with a riddle and a challenge: what is the connection between the 
following problems? 
1. The set of nonnegative integers is partitioned into n > 1 infinite arithmetical 


sequences with common differences r1,7r2,...,7n and first terms aj, @2,...,Qn. 
Then i 

ai 42 Gn n- 

ri T2 Tn 2 


2. The vertices of a regular polygon are colored such that each set of vertices 
having the same color is the set of vertices of a regular polygon. Prove that 
there are two congruent polygons among them. 


The first problem was discussed during the preparation of the USA IMO team, 
but it seems to be a classical result. As for the second one, well, it is a 
famous problem given at a Russian Olympiad, proposed by N. Vasiliev. If 
you have no clue, then we will give you a small hint: the methods used to 
solve both problems are very similar and can be included into a larger field, 
that of formal series. What are those? Well, given a commutative ring A, 
we can define another ring, called the ring of formal series with coefficients in 
A and denoted A[[|X]]. An element of A[[X]] is of the form >D An X”, where 
n>0 
an € A, and it is also called the generating function of the sequence (an)n>o. 
The addition and multiplication are the natural ones, defined as the similar 
operations with polynomials: 


No anX” |+| X nX") =Y (an + bn) X” 


n>0 n>0 n>0 
and 
Lax) (Dr) = er” 
n>0 n>0 n>0 
where cn = È, apbg. Yet, for an entire function g(z) = >> gnz” and a formal 


p+Hq=n n>0 
series f(X) = $` an X” we can define the formal series g(f(X)) = >> mX” 
n>0 n>0 
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obtained “formally” from the formula g(f(X)) = >> gnf”(X) by developing 
n>0 


f(X) and grouping terms according to successive powers of X. You can (and 
you should, if it is the first time you encounter this object) easily prove that all 
formulae of the type ef -e9 = ef +9, sin(f+g) = sin( f) cos(g)+sin(g) cos(f) and 
so on are valid in the ring of formal series. Also, one can define a derivative on 
this ring, similarly defined as the usual derivative of polynomials, by f’(X) = 
Y na,X"—* and check that all the properties that the derivative has on the 
n>1 

space of polynomials are preserved. Actually, all operations that are allowed 
on polynomials can be transferred formally to the ring of power series, and 
preserve their properties, as long as they are expressed purely in terms of the 
coefficients (this excludes of course speaking about zeros of a formal series). 
As we will see in what follows, formal series have some very nice applications 
in different fields: algebra, combinatorics, and number theory. But let’s start 
working now, assuming familiarity with some basic analysis tools. We warn the 
reader that from time to time we will insist on some questions of convergence 
or continuity, but at other times we will work only in this ring of formal series, 
therefore adopting only the operations of this ring, with no further reference 
to questions of convergence. 


n Let a1,...,a@n be complex numbers such that ak ++ ak = 0 
forall 1 <k <n. Then all numbers are equal to 0. 





Solution. The experienced reader has already noticed that this problem is an 
immediate consequence of Newton’s relations. But what can we do if we are 
not familiar with these relations? Here is a nice way to solve the problem (and 
a way to prove Newton’s relations, too). First of all, observe that the given 
condition implies 
aj tas+---+ae=0 
for all positive integers k. Indeed, let 
n 
f(X) = X” +bn-1 X"! +--+ bX + bo = [x — Qj). 
i=1 
Then 


a® + bn_1a; +-+ boas” = 0 
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for all k > n+ 1. It suffices to add these relations and to prove the statement 
by strong induction. Now, let us consider the function 


fe) = 9 


i=1 





Developing it by using 


M =l+a24+27+--- (for |z| < 1), 

La 
we obtain that f(z) = n for all sufficiently small z (meaning for such z that 
satisfy |z| max<j<n{|a;|} < 1). Assume that not all numbers are zero and take 
@1,..-,@s (1 < s < n) to be the collection of numbers of maximal absolute va- 
lue among the n numbers and let this maximal absolute value be r. By taking 


a sequence 2p —> — such that |z,-r| < 1, we obtain a contradiction with the 
r 


l 1 
relation `S pa l (indeed, it suffices to observe that the left-hand side 


is unbounded, while the right one is bounded). This shows that all numbers 
are equal to 0. 


We are going to discuss a nice number theory problem whose solution is prac- 
tically based on the same idea. This result is an important step in proving 
that the order of any finite subgroup of GL,(Z) divides (2n)!. Indeed, it is 
not difficult to prove that if G is a finite subgroup of GL,(Z) then |G| divides 


Š Tr(g) (all you need is to note that a Š> g is idempotent, which is an 
gEG gEG 
immediate consequence of the fact that in a finite group the translations are 


actually permutations; or, the trace of an idempotent matrix is just its rank, 

and thus an integer). Working with the tensorial product matrices A & A 

where A € G and repeating the above argument yields |G| | >> (Tr(g))* for 
EG 


all k > 0. Now, all we need is to apply the result below in order to conclude 
that 


|G] | (n — Tr(g91))(n — Tr(g2)) +++ (n — Tr(gs)); 
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where Tr(gi), Tr(g2),..., Ir(gs) are the distinct traces that appear in the list 
(Ir(g))geG,g4I,- Because n — Tr(g;) are distinct integers between 1 and 2n, it 
follows that |G| divides (2n)!. 


| Let a1,@2,...,@g,2%1,22,-..,Zq and m be integers such that 
mlaz? + agrs ++ agr for all k > 0. Then 





q 
mia [[@ — Zi). 
i=2 
Solution. Consider this time the formal series 


q š 
td=5 
i=1 5 


By using the same formula as in the first problem, we obtain 


q q 
f(z) =) a+ (Eaa) apoti 
i=1 i=} 


which shows that all coefficients of this formal series are integers divisible by 
m. It follows that the formal series 


` a; [a — £52) 


i=1 jži 





also has all of its coefficients divisible by m. Now consider S; (i) , the t-th funda- 
mental symmetric sum in z; (j 4 i). Because all coefficients of a ai [Tj 44(1— 
xzjz) are multiples of m, a simple computation shows that we have the divisi- 
bility relation 


mei Daaf asl? + 5 1)" rt as s®.. 
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This can also be rewritten as 
q . M 
m| N alag — xf? gl) treet (HSL. 
i=1 


Now, the trivial identity 
(vj — z1)... (£1 — Ti-1)(£1 — Ti+1) --. (£1 — Tn) =0 
gives us the not-so obvious relation 
ott — r97? s ++ (-yr is), = 0 
for i > 2. Therefore 
gf? — xf 2g) ++ (-1)71s®, = (£1 — T2)... (£1 — Tn) 


and we are done. 


In order to solve the problem announced at the very beginning of the presen- 
tation, we need a lemma, which is interesting itself, and which we prefer to 
present as a separate problem. 


ft TON Po ae FS È eats A 


Ample aa Suppose that the set of nonnegative integers is partitioned 





into a finite number of infinite arithmetical progressions with 
common differences r1, T2,...,Tn and first terms a1, a9,...,Qn. 
Then 

1 1 1 

=+ tal. 

ri 12 Tn 


Solution. Let us observe that for any |x| < 1 we have the identity: 


` gutkri 4 ` gl2+tkr2 as Seats ` gantkrn e > gk. 


k>0 k>0 k>0 k>0 


Indeed, all we did was to write the fact that each nonnegative integer is in 
exactly one of the arithmetical sequences. The above relation becomes: 
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a 


=a. We find 





Let us multiply (8.1) by 1 — x and use the fact that lim TA: 
r—> — 
the desired relation 
1 1 1 
= +> fee foal 
ri 12 Tn 


It is now time to solve the first problem. We will just take a small, but far 
from obvious, step and we’ll be done. The fundamental relation is again (8.1). 


> é # The set of nonnegative integers is partitioned into n > 1 infi- 
nite arithmetical progressions with common differences rj,..., 








Tn and first terms a1, @2,...,@,. Then 
a) ag an n-li 
ri T2 Tn 2 


MOSP 


Solution. Let us write the relation (8.1) in the more appropriate form: 


ai an 
7 = =1 (8.2) 


14r pant TT gy patel 





Now, let us differentiate (8.2) and then make x — 1 in the resulting expression. 
An easy computation, which is left to the reader, shows that 


ri (rj = 1) 


2 
2 
r; 


n Qiri — 
i=l 


It suffices now to use the result proved in example 3 in order to conclude that 


a a a 


n— i1 
Ti 12 Tn 2o: 
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Some comments about these two relations are necessary. First of all, using a 
beautiful and difficult result due to Erdős, we can say that the relation 


1 1 1 

Z + a + ee + —— «= 1 

ri 12 Tn 
implies that max(r1,T2,...,Tn) < ge" Indeed, this remarkable theorem 
due to Erdos asserts that if 71, £2,..., £k are positive integers whose sum of 


reciprocals is less than 1, then 


1 1 1 1 1 1 
SN tp Ee a es al eh thal el 


== ? 


Dy T2 Lk ui u2 Uk 


where ui = 2, Un+1 = ue —Un + 1. But the reader can verify immediately by 
induction that 


1 1 1 1 
— + —+---+ — =] — l. 
ui U2 Uk ULU? . . . Uk 
Thus we can write 
1 1 
1—-—<1- 
Tn ULU? .. . Un—1 


or, even better, rn < U1U2:'''Un—1 = Un — 1 (the last relation following again 
by a simple induction). Another inductive argument proves that un < gen" 
Hence max(r1,T2,..., Tn) < 22”-!_ Using the relation proved in example 4, we 
also deduce that 


max(ai, @2,...,an) <(n—1)- ia 


This shows that for fixed n not only is there a finite number of ways to parti- 
tion the set of positive integers into n arithmetical progressions, but we also 
have some explicit (even though huge) bound on the common differences and 
first terms. 


It is now time to solve the remarkable problem discussed at the beginning 
of this chapter. We will see that using the previous results proved here, the 
solution becomes natural. However, the problem is still really difficult. 
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si fea The vertices of a regular polygon are colored in such a way 
that each set of vertices having the same color is the set of ver- 
tices of a regular polygon. Prove that there are two congruent 
polygons among them. 





[N. Vasiliev] Russian Olympiad 


Solution. Let us assume that the initial polygon (which we will call big from 
now on) has n edges, and that it is inscribed in the unit circle, the vertices 


x Qin 
having as coordinates the numbers 1,¢,e*,...,€”~!, where e = e » (of course, 
we will not lose generality with all these restrictions). Let n,,n2,...,nz be 


the number of edges of the monochromatic polygons, and assume that all 
217 


these numbers are distinct. Let Ej =e" and observe that the coordinates of 
the vertices of each monochromatic polygon are z;, 2;€; zie. 
polyg oa ha ate Mae a 


complex numbers z; on the unit circle. First, a technical result. 


—1 
, for some 


2in 
Lemma 8.1. For any complex number z and Ç =e?” we have the identity 


e E E tse 
l-z 1-z¢ 1—z¢P-1 ie 


Proof. Proving this lemma is a simple task. Indeed, it suffices to observe that 
z,2¢,...,2CP— are exactly the zeros of P(X) = X? — 2P. Or, observe that 


P'(X) 1 1 
= he tis eae e 
P(X) X-z X — z¢p-! 








thus by taking X = 1 we obtain the desired result. 
Now, the hypothesis of the problem and lemma allow us to write 


nı n2 nk n 


1 — (zz1)™ 7 1 — (zz2)"2 a 1 — (zz,)™ lsz 
Also, the simple observation nı + n2 +: + nk = n yields the new identity 


n n hk 
NIZ on N22" m Neže nk nz” (1) 


eae "I-e °° "T=@yye To 
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Let us assume now that nı < min(n2,...,nx) and divide (1) by z™!. It follows 
that for any nonzero z we have 
NZ,” nz 


nız’ Nn2Z3” gn2—ni EEEE E a eM — : 
1—(zz1)™ | 1—(zz)™ 1 — (zz) l-z” 





(2) 


We are done: it suffices to observe that if we make z — 0 (by nonzero values) 
in (2), we obtain z;? = 0, which is clearly impossible, since |zı| = 1. The 
proof ends here. O 


The problem that we are going to discuss now has appeared in various contests 
in different forms. It is a very nice identity that can be proved in quite messy 
but elementary ways. Here is a magical proof using formal series. 





For any complex numbers aj, @2,...,@n, the following identity 
holds: 


n n n £ 
(sou) -5 (Za 
i=1 i=1 \ j#i 


n 


n n 
+ ` Noa -+ (1) X af =n! | [a 
i=1 i=1 


l<i<j<n \kH4i,j 


Solution. Consider the formal series 


We are going to compute it in two different ways. First of all, it is clear that 


n 2,2 
fe) =T] (20+ ten), 


i=1 
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n 
hence the coefficient of z” is I] ai. On the other hand, we can write 


i=1 


n 
z J ai be 


f(z) —e i=l — Se a” oe = el pas + (-1)”. 


i=1 i=1 


Indeed, you are right: everything is now clear, since the coefficient of z” in ef? 
n 


is = The conclusion follows. 


Here are two applications of this formula. The first one is a recent Putnam 
problem (2004), which asked competitors to prove that for any n there exists 
N and some rational numbers cj, c2, ..., cy such that 


N 
TIL2 -En = X G(T + aig +--+ + dinn)” 

i=1 
holds identically in complex variables x1, £2, ..., £n, and a;; are equal to —1,0 
or 1. It is clear that the above identity furnishes an answer N = 2” where we 
have even more, a;; € {0,1}. Some twenty years before the Putnam Competi- 
tion, the following problem was proposed at the Saint Petersburg Olympiad: 
A calculator can perform the following: add or subtract two numbers, divide 
any number by any nonzero integer and raise any number to the tenth power. 
Prove that using this calculator one can compute the product of any ten num- 
bers. As you can immediately see, the solution follows by the above identity. 
Without using it, it is really difficult to solve this problem. 


Not only algebra problems can be solved in an elegant manner using formal 
series, but also some beautiful number theory and combinatorics problems. 
We shall focus a little more on each type of problem in the sequel. 


He Ty Let 0 = ap < ai < a2 < ... be a sequence of nonnegative 
integers such that for all n the equation a; + 2a; + 4a, = n has 
a unique solution (i, j, k). Find a1998. 





IMO 1998 Shortlist 
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Solution. Here is the very nice answer: 9817030729. Let A = {ao,a1,...} 
and let bn = 1 if n € A and O otherwise. Next, consider the formal series 
fiz) = S. bnan, the generating function of the set A (we can write it in a 





n>0 
more intuitive way f(x) = > any: The hypothesis imposed on the set A 
n>0 
translates into j 
FEEDS) = —. 


Replace x by 2". We obtain the recursive relation 


f(a") f(a") f(a") = — 


= l-r% 


Now, observe that 


re = Eea) = T] r 


k>0 k>0 k>0 l-z 


and 


TT flo") = TT (rE e e) = T] n: 


k>1 k>0 k>0 


Therefore (you have observed that rigor was not the strong point in establi- 
shing these relations), 


93k+1 


t= ser = Ta +2") 


k>0 k>0 


This shows that the set A is exactly the set of nonnegative integers that use 
only the digits 0 and 1 when written in base 8. A quick computation based 
on this observation shows that the magical term asked for by the problem is 
9817030729. 


The following problem is an absolute classic. It has appeared under different 
forms in Olympiads from all over the world. We will present the latest one, 
given at the 2003 Putnam Competition: 
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{d Find all partitions with two classes A, B of the set of nonne- 
gative integers having the property that for all nonnegative 
integers n the equation z +y = n with xz < y has as many 
solutions (x,y) € Ax A as in Bx B. 





Solution. Let f and g be the generating functions of A and B respectively. 


Then 
f(a) = rans”, gle) = > bna” 
n>0 n>0 
where, as in the previous problem, a, equals 1 if n € A and 0 otherwise. The 
fact that A and B form a partition of the set of nonnegative integers can be 


also rewritten as i 


l-r 





f(x) +ga) =Y" = 


n>0 


Also, the hypothesis on the number of solutions of the equation z +y = n 
implies that 
f?(x) — f(2*) = g° (z) — g(z°). 


Hence ( 
f(a?) - g(a?) = ED 
which can be rewritten as 
f(z)-9(@) _,_, 


f (a?) — g(a?) 


Now, the idea is the same as in the previous problems: replace x by z” and 
iterate. After multiplication, we deduce that 


f(x) — g(x) = [] (1 - 2”) lim (f(@”") - g(a”). 
k>0 


Let us assume without loss of generality that 0 € A. You can easily verify 
that 
. Qn — ° Qn — 
jim f(z" )=1and lim g(x" ) = 0, 
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which follows from the observation that 1 < f(z) < 1 + 75 and 0 < g(x) < 
Tz fO<2<1l. 
This shows that actually 


f(x) — g(x) = [[0 - 2”) = S-(-1)2z*, 


k>0 k>0 


where so(z) is the sum of the digits in the binary representation of x. Taking 
into account the relation 





f(z) + g(x) = 


1-2’ 


we finally deduce that A and B are respectively the set of nonnegative integers 
having even (respectively odd) sum of digits when written in base 2. 


We will discuss a nice problem in which formal series and complex numbers 
appear in a quite spectacular way: 


Is Let n and k be positive integers such that n > 2°! and let 
S = {1,2,...,n}. Prove that the number of subsets A of 
S for which Siz = m (mod 2") does not depend on m € 


rEA 
{0,1,...,2* — 1}. 





Solution. Let us consider the function (call it formal series, if you want): 


n 


f(x) =| [0 +°). 


i=1 


If we prove that 1 + x +--+ + z?”-! divides f(x), then we have certainly 
done the job. In order to prove this, it suffices to prove that any 2*th root 
of unity, except for 1, is a root of f. But it suffices to observe that for any 
le {1,2,...,2*-1 — 1} we have 


2l7 2lr DRRR 
(cos FF + isin = | = —] 
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and so 


2l 2 
f (cos 2 +isin | = 0, 


which settles our claim. 


Finally, it is time for a tough problem, solved by Constantin Tanasescu. 


i ; Let S be the set of all words which can be formed using m > 1 
~ given letters. For any w € S, let I(w) be its length. Also, let 
W CS be a set of words. We know that any word in S can 

be obtained in at most one way by concatenating words from 


W. Prove that 
y are 
mlw) Sa 


wEW 





[Adrian Zahariuc] 


Solution. Let A be the set of all words which can be obtained by concatenating 
words from W. Let 


fe)= al, g(a) = Yo al, 
wEW wEA 
By the definition of A, 


1 


ga) =1+ fle) + f le) + = Ta: 


Hence 





Now, A (and W) has at most m* elements of length k, thus g(x) < oo and 
1 1 
f(x) < œ for z < Thus for all x € (o z) the expression in (8.3) is less 
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than g(x) and so f(x) < 1 for all x € (o. 2), All we need now is to make 


1 1 
x tend to and we will obtain f (=) < 1, which is precisely the desired 


inequality. Indeed, observe that f can be written as f(z) = ` anx” for some 


n>0 
nonnegative real numbers an. Fix a positive integer N. Because 
N 
X apr" < f(x) <1, 
k=0 


N 
for all 0 < z < 1, by continuity of the polynomials it follows that X` 4% < 1, 


ko” 


and because N is arbitrary, we have >) “4 < 1, that is f (4) <1. 
k>0 


There is a very short solution for the following result using group theory. 
However, this is not the natural approach. The following solution may seem 
very involved and technical, but it was written in order to convince the reader 
that from time to time we need to work with composition of formal series, not 
merely with their sum and product. 


So 


eexamp Let c(o) be the number of cycles (including those of length 
1) in the decomposition of o into disjoint cycles. Prove that 


1 min-l 
Suey e(o) _ 
m! De É =( m ), 





where Sm is the set of permutations of the set {1,2,...,m}. 
[Marvin Marcus] AMM 5751 


Solution. Let us start with a Lemma: 


Lemma 8.2. For given nonnegative integers kı, ko,...,kn such that kı +2k2 + 
---+nkn =n, the number of permutations of {1,2,...,n} which have ki cycles 
of length i for alli is 
n! l 
ki!ko! +++ kn!1512F2 . nfn ` 
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Proof. Indeed, there are n! ways to fill in the elements of all cycles, but observe 
that every cycle of length j can be rotated around j ways and be the same 
cycle (so we must divide n! by j*/) and also there are kj! ways to permute 
the cycles of length 7 in order to obtain the same permutation. All these 
operations being independent, the statement of the lemma follows. O 


Thus the sum we need to evaluate is 


| 
y he pkitkot thm 


ki+2ko+---+mkm=m Be ve 


You will probably say that this is much more difficult than the initial problem, 
but you are not right, because the latter sum can also be written as 


1 p! n\ki ø/n\k2 n \ km 

m- XO. 5 ao (F) (GG) Co 

| lpol... | 

5 P: EE E E EEA kı!kə! km! 1 2 m 
kit+ket+---+km=p 

Now, observe that the multinomial formula implies that 


Sa a 


ki+2koq+--+mkm=m 
ky tket+--+km=p 


m p 
is the coefficient of X™ in the formal series nx + n a nx are -) 
Therefore the sum to be evaluated is the coefficient of X™ in the formal series 


2 m p ‘ = 
P: 


= 1 2 m 
Finally, observe that rx F nx* ae ee na +- = —nln(1 — X), so 
oE HaT po aT p.. = 1 


a 
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But using the binomial formula for (1 — x)” we easily find the coefficient of 
X™ in day to be (as This finishes the solution. 


We should also mention the beautiful solution using group theory. Remember 
that when a group G is acting on a set Y (that is, we can define for all g € G 
and x € Y an element g-x € Y such that for all g, h, x we have g-(h-x) = (gh)-x 
and 1-x = x), the number of orbits for the action of G on Y, that is the number 
of distinct sets of the form {g-z|g E G}, is equal to 


5i > |Fix(g), 


gEG 


where Fix(g) is the set of x € Y such that g-x = x. This is called Burnside’s 
lemma and it is very useful, even though its proof is really simple: all you need 
to do is to count in two ways the pairs (g, x) such that g-x = x. Now, consider 
Y the set of the first m positive integers, and G the set of permutations of 
its elements. G acts obviously on the set of colorings of Y with n colors 
C1, C2, ..., Cn (that is, on the set Y of functions from Y to {1,2,...,n}). The 
number of orbits is just the number of pairwise inequivalent classes of colorings, 
where two colorings are equivalent if they can be obtained by a permutation 
of G. Clearly, there are ("*™*) such classes of equivalence (because they 
are determined by the nonnegative integers (kj, k2, ..., kn) which add up to m, 
where k; is the number of objects colored with the color C;; there are (Re) 
solutions of the equation kı +k2+---+ky, = m in nonnegative integers). On the 
other hand, we can use Burnside’s lemma to count these pairwise inequivalent 
colorings. Observe that a permutation g fixes a coloring if and only if the 
numbers belonging to the cycles of g have the same color. Therefore, Fix(g) 
is the set of colorings which are constant on each cycle of g. There are n°) 
such colorings. Thus, there are 


= S neto) 
m: 


gEG 


classes of colorings, and this finishes the proof of the identity. 


In order to see whether you understood this type of argument, try to show 
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n 

(using this technique) that n divides Y N84") for all integers N. (Hint: 
k=1 

count the number of classes of colorings of the vertices of a regular n-gon, 


two colorings being equivalent if they are obtained by a rotation keeping the 
polygon invariant.) 


8.2 


1. 
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Practice problems 


Let aj, a2,...,@n be relatively prime positive integers. Find an equi- 
valent as k — oo for the number of positive integral solutions of the 
equation a12%1 + @o%g + '** + anTn = k. 


. Prove that if we partition the set of nonnegative integers into a finite 


number of infinite arithmetical sequences, then there will be two of them 
having the same common difference. 


. For n > 3and AC {1,2,...,n}, say A is even if the sum of the elements 


of A is an even number. Otherwise, say that A is odd. By convention, 
the empty set is even. 


(a) Find the number of even, respectively odd subsets of {1,2,...,n}. 


(b) Find the sum of the elements of the even, respectively odd subsets 
of {1,2,...,n}. 


Romanian TST 1994 


. Prove that for each positive integer n 


n 

n+k-1\ 
y(n) = 
k=1 


where Fn is the Fibonacci sequence (with Fi = Fo = 1). 


Iran 2008 


. For positive integers m and n, let f (m,n) denote the number of n-tuples 


(£1, £2, ..., £n) of integers such that |x1| + |zq| +--+ |£n| < m. Show 
that f (m,n) = f (n,m). 


Putnam 2005 
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6. 


10. 
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Let A be a finite set of nonnegative integers. Define a sequence of sets 
by Ap = A and for all n > 0, an integer a is in A,4, if and only if exactly 
one of the integers a — 1 and a is in An. Prove that for infinitely many 
positive integers k, A; is the union of A with the set of numbers of the 
form k +a witha E€ A. 


Putnam 2000 


How many polynomials P with coefficients 0, 1, 2, or 3 satisfy P(2) = n, 
where n is a given positive integer? 


Romanian TST 1994 


Let n and k be positive integers. For any sequence of nonnegative inte- 
gers (a1, 4@2,...,@,) which adds up to n, compute the product a ,a2- -- ag. 
Prove that the sum of all these products is 


n(n? — 12) (n? — 2?) ---(n* — (k — 1)?) 
(2k — 1)! 


. In how many different ways can we parenthesize a non-associative pro- 


duct a1@2...Qn? 
Catalan 


Let F(n) be the number of functions f : {1,2,...,n} —> {1,2,...,n} 
with the property that if 2 is in the range of f, then so is j for all j < i. 


Prove that 
kn 
k>0 


L. Lovasz, Miklos Schweitzer Competition 


11. 


12. 


13. 


14. 


15. 
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Let p be a prime and let d € {0,1,...,p}. Prove that 


3 oa =r (mod p), 


k=0 


where r = p — d (mod 3), r € {—1,0, 1}. 
Mathlinks Contest 


For which positive integers n can we find real numbers aj,a2,..., an 
such that 


{lai aj] |1<i<jsn}={1,2,...,(0) be 
Chinese TST 2002 


Find all positive integers n with the following property: for any real 
numbers @1,@2,...,@n, knowing the numbers a; + aj, i < j, determines 
the values a1, @2,...,@n, uniquely. | 
Erdos and Selfridge 
Let A; = 0, By = {0} and 
An+1 = {1 + z| tE Br}, Bayi = (An \ Bn) U (Bn \ Án). 
Find all positive integers n such that B, = {0}. 


Chinese Olympiad 


Suppose that ag = a; = 1 and (n + 3)an+ı = (2n + 3)an + 3nan_1 for 
n > 1. Prove that all terms of this sequence are integers. 


Kömal 
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17. 


18. 


19. 


20. 
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Let m,n be positive integers with m > n, and let S be the set of all 
n-term sequences of positive integers (a1, a2, ...an) such that a, + ag + 
--» +a, =m. Show that 


n 
SO 129%... = Y-t (") im. 
(a1, an)ES i=l1 á 


Palmer Mebane, USA TST 2010 


Is it possible to partition the set of all 12-digit numbers into groups of 
four numbers such that the numbers in each group have the same digits 
in 11 places and four consecutive digits in the remaining place? 


St. Petersburg Olympiad 


Consider (bn)n>ı1 a sequence of integers such that bı = 0 and define 
a, = 0 and a, = nb, + aibn-1 + +: + an-1b1 for all n > 2. Prove that 
p|ap for any prime number p. 


Komal 
Let p be a prime and let n > p and aj,a2,...,an be integers. Define 
fo = 1 and fg the number of subsets B C {1,2,...,n} having k elements 


and such that p divides }°,., ai. Show that fo — fit fo—-:-+(-1)"fn 
is a multiple of p. 


Saint Petersburg 2003 


Let A be an infinite set of positive integers. Let f(n) be the number 
of pairs (a,b) E A x A such that a < b and a +b = n. Prove that the 
sequence (f(n))n is not eventually constant. 


Donald J. Newman 


21. 


22. 


23. 
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Let n be a positive integer. Prove the equivalence of the following sta- 
tements: 


(a) there exists S C {1,2,...,n} such that each of the numbers 0, 1,2,... 


1 has an odd number of representations as x — y with z,y € S; 
(b) 2n — 1 has a multiple of the form 27*+! — 1. 


Miklos Schweitzer Competition 


Let p > 3 be a prime. Prove that 
p?-1 
2k 
X o =0 (mod p°). 
k=1 
David Callan, AMM 11292 


Let z and y be noncommutative variables. Express in terms of n the 
constant term of the expression (x + y + x7! +y7!)". 


M. Haiman, D. Richman, AMM 6458 
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9.1 Theory and examples 


We have already seen some topics where algebra, number theory and combi- 
natorics were mixed in order to obtain some beautiful results. We are aware 
that such topics are not so easy to digest by the unexperienced reader, but 
we also think that it is fundamental to have a unified vision of elementary 
mathematics. This is why we have decided to combine algebra and number 
theory in this chapter. Your effort and patience will be tested again. The 
purpose of this chapter is to survey some classical results concerning algebraic 
numbers and their applications, as well as some connections between number 
theory and linear algebra. 


First, we recall some basic facts about matrices, determinants, and systems of 
linear equations. For example, the fact that any homogeneous linear system 


44121 + a12£2 + `: + AinLn = 0 
a21£1 + aq2%2 +++: + ann = 0 


An1L1 + Ang®2 +++: + aAnnTn = 0 


in which 
Qi1 aig... Qin 
a21 a22 ... Q2n £ 
0 
an1 aAn2 cee Qnn 


has only the trivial solution. Second, we need Vandermonde’s identity 
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Finally, when studying the algebraic numbers, we will need two more specific 
results. The first one is due to Hamilton and Cayley, while the second one is 
known as the fundamental theorem of symmetric polynomials 


Theorem 9.1. For any field F and any matrix A E M,(F), if pa is the cha- 
racteristic polynomial of A: pa(X) = det(XI, — A), then pa(A) = On. 


Theorem 9.2. Let A be a ring and let f € A[X,, Xo,..., Xn] be a symme- 
tric polynomial with coefficients in A, that is for any permutation o € Sn we 
have f(X1, Xo,....Xn) = f (Xo) Xol)» ++ Xo(n))- Then we can find a poly- 
nomial g E A[X,, X2, ..., Xn] such that f(X1, Xe,..., Xn) = g(X1+ X2 +-+ 
Xn, X1Xq + X1 X3 +- + Xn-1Xn, -X1 X2 Xn). 


This means that any symmetric polynomial with coefficients in a ring is a 
polynomial (with coefficients in the same ring) in the symmetric fundamental 
sums: 
Sk(Xi, --, Xn) = ` Xi, Xig.- 
1<i1 <ig<...<i,<n 
As usual, we start with some easy examples. Here is a nice (and direct) 
application of theorem 2: 


= Given a polynomial with complex coefficients, can one decide 
if it has a double zero only by performing additions, multipli- 
cations, and divisions on its coefficients? 





Solution. Yes, one can, even though at first glance this does not seem natural. 
Let f(x) = ao + aix +--+ anz”. Then this polynomial has a double zero if 
and only if 
F (21, 22, cee in) = 0, 
where F(z1,£2,...,£%n) = [| (zi-— zx;)? and z1,£2,...,£n are the zeros 
1<i<j<n 
of the polynomial. At the same time 


F(21,22,... ey) 
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is symmetric with respect to £1, £2, ..., Zn, SO by theorem 2 it is a polynomial in 
the fundamental symmetric sums in 21, %2,...,2n. By Vieta’s formulas, these 
fundamental sums are just the coefficients of f (up to a sign), so 


F(z£1,£2,..., £n) 
is a polynomial on the coefficients of f. Consequently, we can decide whether 
F(21,22,. oe Zn) = 0 


only by using the operations on the coefficients of the polynomial mentioned 
in the hypothesis. This shows that the answer to the problem is positive. 


You may know the following classical problem: if a,b,c € Q satisfy a + b#/2 + 
c44 = 0, then a = b= c= 0. Have you ever thought about the general case? 
This cannot be done with only simple tricks. We need much more. Of course, 
there is a direct solution using Eisenstein’s criterion applied to the polynomial 
f(X) = X” — 2, but here is a beautiful proof using linear algebra. This time 
we need to be careful and work in the most appropriate field. 


Prove that if a9,a1,...,@n—1 E€ Q satisfy 





ao tay V2 +--+ an1 V2"! = 0, 


then agp = aj = +- = an-1 =Q. 


Solution. If ap + a1 V2 +--+ + an-1 V2"! = 0, then 
kao + kay V2 +--+ + kan V2"-! = 


for any real number k. Hence we may assume that ao, a@i,...,@n—-1 E€ Z. The 
idea is to choose n values for k to obtain a system of linear equations having 
nontrivial solutions. Then the determinant of the system must be zero, and 
this will imply ao = aj = --- = @n_-1 = 0. Now, let us fill in the blanks. What 
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are good values for k? This can be seen by noticing that 72"-!. 7/2 =2 €Z. 
So, the values (k1, ko,...,kn) = (1, 72,..., ¥2"-!) are good, and the system 


becomes 
ao tay: V2 +--+ an1: V2" 1=0 
QQ ° 72+ a1- V22 +.. +2an-1 = 0 


ag: V2"-14 Qa, +--+ 2an—1 : V2"-2 = 0. 


Viewing (1, 7/2,..., 727-1) as a nontrivial solution to the system, we conclude 
that 


ao ai ... An-1 
2QAn—1 a0 vee Gn—-2 | __ 
= 0. 
2a} 2a2 ele ao 


But what can we do now? Expanding the determinant leads nowhere. As 
we said before passing to the solution, we should always work in the most 
appropriate field. This time the field is Z/2Z, since in this case the determinant 
can be easily computed; it equals aj = 0, where z means the residue class of 
the integer x modulo 2. Hence ag must be even, that is ag = 2bọ and we have 


bo Qj ... QAn-1 
an-1 ao coe An—2 _ 0 
ai 2a9 eae ao 


Now, we interchange the first two lines of the determinant. Its value remains 
0, but when we expand it in Z9, it yields a? = 0. Similarly, we find that all 
a; are even. Let us write a; = 2b;. Then we also have bo + bi- 72+4+---+ 
ba—1 © ~V¥2"-1 = 0 and with the same reasoning we conclude that all b; are 
even. But of course, we can repeat this as long as we want. By the method of 
infinite descent, we find that ag = a1 = --- = an-ı = Q. 

The above solution might seem exaggeratedly difficult compared with the one 
using Ejisenstein’s criterion, but the idea was too nice not to be presented here. 
The following problem can become a nightmare despite its apparent simplicity. 
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Sa ple Ge Let A = {a?+b? +c? —3abc| a,b,c € Z}. Prove that if x,y € A, 
= then zy € A. 





Solution. The observation that 


a? +b’ + @ — 3abc = 


Qa om & 
o~ & Oo 
ge 0 œ 


leads to a quick solution. Indeed, it suffices to note that 


b 
c 
a 


ace, 
~R OO 
xe g8 
S R 
| 


Z 
x 
y 


ax +cy+bz az+by+cr ay+ bzr + cz 
= | ay+br+cz axr+cy+bz az+by+cr 
az +by+cr ay+br+cz az + cy+bz 


and thus 
(a? +b + c® — 3abc)(x? + y? + z3 — 3zyz) = AÌ + B® + C? — 3ABC, 


where A = az +bz + cy, B = ay+br+cz, C = az+by+czx. You see, identities 
are not so hard to find... 


We all know the famous Bezout’s theorem, stating that if a1,a2,..., an are 
relatively prime, then one can find integers kı, k2,...,kn such that kya, + 
k2a2 +---+knan = 1. The following problem claims more, at least for n = 3. 


Prove that if a,b, c are relatively prime integers, then there are 
integers x,y,z, u,v,w such that 





a(yw — zv) + b(zu — rw) + c(xv — yu) = 1. 
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Solution. The given condition can be written in the form det A = 1, where 


A= 


aoe 
xe g 
€ e œg 


So, let us prove a much more general result. 


Theorem 9.3. Any vector v whose integer components are relatively prime is 
the first column of an integral matrix with determinant equal to 1. 


Proof. We induct on the dimension n of the vector v. Indeed, for n = 2 
it is exactly Bezout’s theorem. Now, assume that it is true for vectors in 
Z”—i and take v = (v1, v2,..., Un) such that v; are relatively prime. Consi- 


U1 V2 Un—1 í aa 
der the numbers —, —,..., , where g is the greatest common divisor of 





g g 
V1, V2,...,Un—1. They are relatively prime and the matrix 


— a2 .-. An-1 





GQn—1,2 +--+ Q@n-I1,n-1 


has determinant equal to 1. We can find a, such that ag + Gun = 1 and 
verify that the following matrix has integral entries and determinant 1: 


v 
V1 a12 PRA Q1n-1 apen 
E 
Un—1 Onela ++» Gn—-in-1 (- 1n- gta 
Un, 0 ak 0 (—1)"-ta 


0 


In the chapter Look at the Exponent we have seen a rather complicated 
solution for the following problem. This one is much easier, but difficult to find: 
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kampl Sq Prove that for any integers a1, a2, ..., an, the number 


i a 


l<i<j<n 





is an integer. 
[Armond Spencer] AMM E 2637 


Solution. With this introduction, the way to proceed is clear. What does the 


expression II (a; — ai) suggest? It is the Vandermonde’s identity (9.1), 
1<i<j<n 

associated with a1,@2,...,@n. But we have a hurdle here. We might want to 

use the same formula for the expression I] (7 — i). This is a dead end. 





1<i<j<n 
But it is easy to prove that I] (7 — i) equals (n — 1)!(n — 2)!---1!. Now, 
1<t<j<n 
we can write 
1 1 1 1 
Il aj — aj = 1 ai a2 a3 sas an 
Li j—i 1t-2!---(n—-1)! T e se 
1<i<j<n ( ) an! gh! aft} qn! 


As usual, the last step is the most important. The above formula can be 
rewritten as 


1 1 1 1 
a1 a2 3 an 

i<icj<n J ' an} an} qn} Ba qr} 
1 2 3 n 


194 9. A BRIEF INTRODUCTION TO ALGEBRAIC NUMBER THEORY 


And now we recognize the form 


HOTE 
BO G) 
eT) oe Ly 


1<i<j<n 2 
; . : : Qi 
which can be proved easily by subtracting lines. Because each number 


J 
is an integer, the determinant itself is an integer and the conclusion follows. 


At this point, you might be disappointed because we did not keep our promise: 
no trace of algebraic numbers appeared until now! Yet, we considered that a 
small introduction featuring easy problems and applications of linear algebra 
in number theory was absolutely necessary. Now, we can pass to the real 
purpose of this chapter, a small study of algebraic numbers. But what are 
they? Let us start with some definitions: we say that a complex number z is 
algebraic if it is a zero of a polynomial with rational coefficients. The monic 
polynomial of least degree, with rational coefficients and having x as a zero 
is called the minimal polynomial of x. Its other complex zeros are called the 
conjugates of x. Using the division algorithm, it is not difficult to prove that 
any polynomial with rational coefficients which has x as zero is a multiple of the 
minimal polynomial of x. Also, it is clear that the minimal polynomial of an 
algebraic number is irreducible in Q|X]. We say that the complex number z is 
an algebraic integer if it is zero of a monic polynomial with integer coefficients. 
You can prove, using Gauss’s lemma, that an algebraic number is an algebraic 
integer if and only if its minimal polynomial has integer coefficients. In order 
to avoid confusion, we will call the usual integers “rational” integers in this 
chapter. There are two very important results concerning algebraic integers 
that you should know: 
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Theorem 9.4. The sum or product of two algebraic numbers is algebraic. The 
sum or product of two algebraic integers is an algebraic integer. 


Proof. This result is extremely important, because it shows that the algebraic 
integers form a ring. Denote this ring by AJ. None of the known proofs 
is really easy. The one that we are going to present first uses the funda- 
mental theorem of symmetric polynomials. Consider two algebraic numbers 
x and y and let 21,%9,...,%n and y1, Y2, ..., Ym be the conjugates of x and y 
n m 
respectively. Next, look at the polynomial f(z) = [] [[ (X — zi -— y;). We 
i=1 j=1 

claim that it has rational coefficients. (The fact T x+y is a zero of f 
being obvious.) This follows from the fundamental theorem of symmetric po- 
lynomials applied twice. Let R = Zly1, yo,..., Ym] be the ring considered in 
the statement of the Theorem 9.2. Because the coefficients of f are sym- 
metric polynomials in 21, 22,...,Zn, it follows that every coefficient of f is of 
the form B(01, 09, .--;On;Y1;Y2)---;Ym), where c; are the symmetric sums in 
£1,22,..-)£n, and B is a polynomial with rational (respectively integer, if x, y 
are algebraic integers) coefficients. But the coefficients of f are also symmetric 
in Y1,Y2,---) Ym, so by taking R = Z[oy, 02, ..., Cn] in Theorem 9.2, we deduce 
that A is a polynomial with rational (or integer). coefficients in the symmetric 
sums in £1, T2, ..., 8n and Y1, y2,.--,Ym- Thus f has rational coefficients if x, y 
are algebraic and f has integer coefficients if x,y are algebraic integers. 

oO 


There is also a solution which uses only the most elementary linear alge- 
bra! Indeed, we claim that a complex number z is an algebraic integer if and 
only if there exists a finitely generated commutative subring of C containing 
z. Indeed, if z is an algebraic integer, the division algorithm immediately 
shows that Z[z] is a finitely generated commutative subring of C. Now, sup- 
pose that R is a commutative subring of C which is finitely generated and 
contains z. Take v1,v2,...,Un that generate R and observe that the num- 
bers zv1, 2U2,...,ZUn are in R, thus they are linear combinations with integer 
coefficients of v1, V2, ..., Un. Let zu; = aj1v1 + ajgve +... + GinUn for some in- 
tegers a;; and let A be the matrix with entries a;;. The above system of 
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equations can be written as (zI — A)v = o, where v is the vector whose 
coordinates are U1,U2,...,Un. Because v is not zero, the last relation implies 
det(zI, — A) = 0 and thus z is a root of the characteristic polynomial of 
A, (which is unitary and has integer coefficients), because so does A. This 
proves the claim. Now, consider two algebraic integers x,y. By the previous 
characterization and the fact that clearly y is an algebraic integer over Z|], 
it follows that Z|x,y] = (Z|x)) ly] = Z[azju. + ---+ Z[x]um, and since x is an 
algebraic integer there exist u1, .., Up such that Z[z] = Zu, + --- + Zup. The- 
refore Z[z, y] C 5 Zuku. Because Z[x + y] and Z[zy] are subsets of 
1<k<p,1<l<m 
Z|z,y], by applying the characterization again it follows that x+y and zy 
are algebraic integers. Note however (and it is very important) that the set 
of algebraic integers is not a field (the following theorem will make this state- 
ment obvious), while the set of algebraic numbers is a field: if P(x) = 0 for 
some non-zero polynomial with integer coefficients P, then Q (4) = 0, where 


Q(X) = xe8l) . P (4). 


The next result is also very important, and we will see some of its applications 
in the following examples. 


Theorem 9.5. The only rational numbers which are also algebraic integers 
are the rational integers. 


Proof. The proof of this result is much easier. Indeed, suppose that x = F 
is a rational number (with gcd(p,q) = 1) which is also a zero of the monic 
polynomial with integer coefficients f(X) = X"+an_1X" 14+---+a,X +a. 
Then p” + an-1ıp"7tq +--+ apq”! + aoq” = 0. Therefore q divides p” and 
since gcd(q, p”) = 1, we must have q = +1, which shows that x is a rational 
integer. Clearly, any rational integer x is an algebraic integer. 

O 


Here is a very nice and difficult problem that appeared in AMM in 1998, and 
which is a consequence of these results. We prefer to give two solutions, one 
using the previous results and another one using linear algebra. A variant of 
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this problem was given in 2004 at a Team Selection Test in Romania, and it 
turned out to be a surprisingly difficult problem. 


Consider the sequence (Zn,)n>0 defined by £o = 4, 21 = £2 = 0, 
£3 = 3 and n44 = Ln41+ £n. Prove that for any prime p the 
number zp is a multiple of p. 





AMM 


Solution 1. Naturally, we start by considering the characteristic polynomial 
of the recursive relation: X4 — X — 1. It is easy to see that it cannot have 
a double zero. Using the theory of linear recursive sequences, it follows that 
the general term of the sequence is of the form Arf + Br? + Cr3 + DrZ for 
some constants A, B,C, D. Here r; are the distinct zeros of the caracteristic 
polynomial. Because this polynomial has no rational zero, it is natural to 
suppose that Ar? + Bry + Cr3 + Dr? is symmetric in 71,72,73,74 and thus 
A = B = C = D. Because xp = 4, we should take A= B=C=D=1. 
Now, let us see whether we can prove that zn = rf +rs +r3 +r} for all n. 
Using Viete’s formulae, we can check that this holds for n less than 4. But 
since r?+4 = r?t! 4 r?, an inductive argument shows that the formula is true 
for any n. Hence we need to prove that p divides r? + r$ + r$ + r} for any 
prime number p. This follows from the more general result (which is also a 
generalization of Fermat’s little theorem): 


Theorem 9.6. Let f be a monic polynomial with integer coefficients and let 
11,12, ---5Tn be its zeros (not necessarily distinct). Then A = (r1 +r2 +--+ 
Tn)? — (r? +r +- +rh) is a rational integer divisible by p for any prime 
number p. 


Proof. Theorem 9.2 shows that A is a rational integer because it is a symmetric 
polynomial in 71,72,...,%, and thus a polynomial with integer coefficients in 
the coefficients of f. The difficulty is to prove that it is a multiple of p. First 
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of all, let us prove by induction that if a1, a2, ..., an are algebraic integers then 
; . ((a1 + ag + +++ +n)? — (af + a5 +---+))) is also an algebraic integer. 
For n = 2, this follows from the binomial formula > . ((a + b)? — aP — bP) = 


5 : - (£) -a?-*b'. Indeed, 5 °C) is an integer, and we obtain a sum of products 
of algebraic integers, which is an algebraic integer. Now, if the assertion is true 
for n—1, consider a1, a2, ..., @n algebraic integers. By the inductive hypothesis, 
(ai + ag +--+ + an-ı) — (af +ah+---+a5_,) €p- AI. The case n = 2 
shows that (a; + ag +- + an)? — (ay + a2 +++: + an-ı} — ah E p- Al. 
Therefore, (a1 + ag +--+: +n)? — (af +a, +---+ah) € p- Al (as being the 
sum of the above expressions), which is exactly what we needed to finish the 
inductive step. Now, finishing the proof of the theorem is easy: we know that 
> . ((a1 +a2 +::: +an}? — (af + a5 +---+a))) is a rational number which is 
also an algebraic integer. By theorem 4, it must be a rational integer. 

a 


Solution 2. Let us consider the matrix 


oo = © 
O. © © 
m O 0O © 
O O mme 


and let Tr( X) be the sum of the entries of the main diagonal of the matrix X. 
We will first prove that £n = Tr(A”) (here A? = I4). This is going to be the 
easy part of the solution. Indeed, for n = 1,2,3 it is not difficult to verify it. 
Now, assume that the statement is true for all į = 1,2,...,n — 1 and prove 
that it is also true for n. This follows from 


Tn = Tn—4 + Tn-3 = Tr(A™™*) + Tr(A® 9) = Tr( A74 (A + I4)) = Tr(A”). 


We have used here the relation A* = A + I4, which can be easily verified by a 
simple computation. Hence the claim is proved. 

Now, let us prove an important result-that is, Tr( AP) = Tr(A) (mod p) for 
any integral matrix and any prime p. The proof is not trivial at all. A 
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possible advanced solution is to start by considering the matrix A obtained 
by reducing all entries of A modulo p, then by working in a field in which 
the characteristic polynomial of A has all its zeros Ay, A2,...,An. This field 
clearly has characteristic p (it contains Zp) and so we have (using the binomial 


formula and the fact that all coefficients J 1 < k < p-— 1 are multiples of 
p) 


n n p 
Tr(A?) =X X = B x) = (TrA)’, 
i=l i=l 


from where the conclusion is immediate, using Fermat’s little theorem. 
But there is a beautiful elementary solution. Let us consider two integral 
matrices A, B, and write 


A B p pita A; Ao eee A e 
| P 
Aj,...ApE{A,B} 


Observe that for any A, B we have Tr(AB) = Tr(BA), and, by induction, for 
any X1, X2,..., Xn and any cyclic permutation ø, 


Tr(X1X2...Xn) = Tr(Xo(1)Xo(2) --- Xo(n))- 





P_I 
Now, note that in the sum ` A,A2...Ap we can form 
A},....ApE{A,B} P 
groups of p-cycles and that we have two more terms, A? and B?. Thus 


S°> ss Tr(Ay Az... Ap) = Tr(A?) + Tr(B?) 
Aj,....ApE {A,B} 


modulo p (you have already noticed that Fermat’s little theorem comes in 
handy once again), since the sum of Tr(A; Ag... Ap) is a multiple of p in any 
cycle. Thus we have proved that 


Tr(A + B)? = Tr(A?P) + Tr(B®) (mod p) 
and by an immediate induction we also have 


Tr(A; +--+ + Ak)? = Tr(A?) +---+ Tr(AZ) (mod p). 
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Next, consider the matrices E;; that have 1 in the position (i, j) and 0 elsew- 
here. For these matrices we have Tr(A?) = Tr(A) (mod p) and by using the 
above result we can write (using Fermat’s little theorem one more time): 


p 
TrA’ = Tr X aij Eig 
i,j 


= X Tr(a, EP.) = ` aij TrE;; = TrA (mod p). 
ij ij 
The result is proved, and with it the fact that zp is a multiple of p. 


The example we are about to discuss next generated a whole mathemati- 
cal theory and even an important area of research in transcendental number 
theory. Let us start by introducing a definition: for a complex polynomial 


F(X) = nX” +an-1 X" +- - -+01 X +00 = an(X — 21): (X — 22) +- (X — Tn) 
define the Mahler measure of f to be 
M(f) = |an| : max(1, |z1]) -+ : max(4, |zn]). 


You can immediately see that M(fg) = M(f)- M(g) for all polynomials f 
and g. Using complex analysis, we can prove the following identity: 


M(f) = al In |f (e?*"*) dé 


The next problem shows that a monic polynomial with integer coefficients and 
Mahler measure 1 has all of its zeros roots of unity. That is, the only algebraic 
integers all of whose conjugates lie on the unit disk of the complex plane are 
roots of the unity. This result is the celebrated Kronecker’s theorem. 





i fe Me Let f be a monic polynomial with integer coefficients such that 
f(0) 40 and M(f) =1. Then for each zero z of f there exists 
an n such that z” = 1. 


[Kronecker] 
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Solution. What you are going to read now is one of those mathematical je- 
wels that you do not come across every day, so enjoy the following proof. Let 
f(X) = (X — z1) - (X — 22)---(X — Tn) be the factorization of f in C[X]. 
Consider now the polynomials f(X) = (X — xf) - (X — x8) --- (X — zf). The 
coefficients of these polynomials are symmetric polynomials in £1, £2, ..., En, 
and since all symmetric fundamental sums of £1, £2, ..., £n are integers, all fk 
have integer coefficients (we used Theorem 9.2 here). What is really awesome 
is that there is a uniform bound on the coefficients of fk. Indeed, because 
all x; have absolute values at most 1, all symmetric fundamental sums in 
ak, ak als soe have absolute values at most (21): Therefore, all coefficients of 


all polynomials fg are integers between — (21) and (r21): This shows that 
2 2 


there are two identical polynomials among f1, fo, f3,- Let i > 7 be such 
that fi = fj. C OE there is a permutation o of 1,2,...,n such that 
7 = ee i Zi (ny: An easy eA shows that zf = Sa zr) for all 
r > 1. Because o™(1) = 1, we deduce that x J — 1 and so 2 is a root of the 
unity. Clearly, we can similarly prove that x2, £3, ..., £n are roots of the unity. 
After this example, a natural question appears: are there algebraic integers on 
the unit circle that are not roots of unity? The answer is yes, as the following 
example shows. Actually, part a) was known much before its publication in 
AMM. We invite the reader to take a look at the last chapter of this book 
for a proof of this more general result. Burnside proved a much more general 
result, which is left as exercise in the Problems for Training section, as 
a lemma in his famous theorem stating that any group whose cardinality is 


of the form p%q° for some primes p, q and some positive integers a, b is solvable. 





— ple 3 r a) If a is a root of unity whose real part is an algebraic integer, 
then a* = 1. 
b) There are algebraic integers of absolute value 1 and which 
are not roots of the unity. 


[H. S. Shapiro] AMM 4656 


Solution. The proof of a) is very ingenious. Let b = Re(a) = atat be the 
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real part of a, and consider aj, @2,...,a,% the conjugates of a. We claim that 
the conjugates of b are distinct numbers among Re(a1), Re(az),..., Re(a,). In- 
—1 
deed, the polynomial I (x — | has b as a zero and its coefficients are 
j=l 

symmetric polynomials in a; (because aÑ = 1 for a suitable N), and rational 
by the theorem of symmetric polynomials. Thus all conjugates of b are among 
the zeros of this polynomial. On the other hand, if a* 4 1 then a$ Æ 1 for all 
j and so 0 < |Re(a;)| < 1, which means that the absolute value of the product 
of all conjugates of b is smaller than 1. Let h be the minimal polynomial of 
b over Q. Because b is an algebraic integer, h has integer coefficients, thus 
h(0) is an integer. But |h(0)| is also the absolute value of the product of all 
conjugates of b, which is smaller than 1. It follows that h(0) = 0, and because 
h is irreducible in Q|X], it follows that h(X) = X and so b = 0, which is 
impossible if at # 1. Now b) is not so difficult. We will take a a zero of a 
polynomial of the form (X + 1)* — uX? for some integer u. We need to have 
la| = 1 and also Re(a) needs to be an algebraic integer. If we also manage 
to ensure that at Æ 1, then we are done by a). You can easily check that by 
taking u = 8 all conditions are satisfied, and so J/2—-1+4+ iV 2/2 -2 is an 
algebraic integer on the unit circle which is not a root of the unity. 


Some more comments on the previous examples are needed. First of all, it 
is not difficult to deduce from this result that the only monic polynomials 
with integer coefficients whose Mahler measure is 1 are products of X and 
some cyclotomic polynomials. A famous conjecture of Lehmer says that there 
exists a constant c > 1 such that if a polynomial with integer coefficients 
has Mahler measure greater than 1, then its Mahler measure is actually grea- 
ter than c. The polynomial with least Mahler measure found up to now is 
X04 X? — X7 — Xô — X5 — X4 — X34 X +1, whose Mahler measure is 
about 1.176. For some upper bounds of the Mahler measure in terms of the 
coefficients of the polynomial, we refer the reader to example 16 of chapter 
Pigeonhole Principle Revisited. 


Showing that a sum of square roots of positive integers is not a rational number 
is not difficult as long as the number of square roots is less than 3. Otherwise, 
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this is much more complicated. Actually, one can prove the very beautiful 
result that if a1,...,@, are positive integers such that //a1 +-::+./@n is a 
rational number, then all a; are perfect squares. The following problem claims 
much less, but is still not simple. We will see how easy it becomes in the 
framework of the above results. 





10017 + 1+ v 10022 + 1 + --- + v 20002 + 1 


is irrational. 
Chinese TST 2005 


Solution. Let us suppose that the number is rational. Because it is a sum of 
algebraic integers, it is also an algebraic integer. By theorem 4, it follows that 


v10012 + 1 + v10022 + 1 + - - -+ vV20002 + 1 is a rational integer. Hence 
10012 + 1 + v10022 + 1 + - - - + /20002 + 1 — (1001 + 1002 + --- + 2000) 
is a rational integer. But this cannot hold, because 

10012 + 1 + v10022 + 1+--- + \/20002 + 1 — (1001 + 1002 + --- + 2000) = 


1 1 1 
1001 + v1001? +1 1002+ v10022 +1 2000 + v 20002 + 1 


is greater than 0 and smaller than 1. 


The following example is very elegant, and you can easily check that the result 
is sharp: 


| Let x, y be complex numbers such that the expression os 
is an integer for some 4 consecutive positive integers n. Prove 
that it is an integer for any positive integer n. 





[Clark Kimberling] AMM E 2998 


204 9. A BRIEF INTRODUCTION TO ALGEBRAIC NUMBER THEORY 


Solution. Let an be the given expression and let S = x+y, P = xy. Observe 
that an+2 — San+ı + Pan = 0 for all n. Also, it is not difficult to prove that 
An+1An—1 — a2 = —P""!, Thus if an_1, an, Qn41,4n42 are all integers, so are 
P"”—! and P”. Thus P is an algebraic integer which is also rational (because 
| i); so that P is an integer. On the other hand, it is immediate to 
prove by induction that an = fn( S) for some monic polynomial fn with integer 
coefficients, of degree n — 1. This shows that S is a zero of the monic polyno- 
mial with integer coefficients f,,(X )— an, so S is an algebraic integer. Because 
S= Grp et Ten S is also rational. Thus S is an integer, and in this case it 
is abrieu: lia all terms of the sequence are integers, by the recursive relation. 


Here is a beautiful and difficult problem, where properties of algebraic integers 
come to the spotlight. 


; ii Let a1, a2,...,aķk be positive real numbers such that 7/a, + 
Yaz +: + va, is a rational number for all n > 2. Prove 
that aj = a2 = -= ak =l. 





Solution. First of all, we will prove that a1,a2,...,ak are algebraic numbers 
and that a; -ag---a, = 1. Take an integer N > k and put 


gy = Mant = Wass te = A/a. 


Then clearly a] + a) ++ a is rational for all 1 < j < N. Using New- 
ton’s formulae, we can easily deduce that all symmetric fundamental sums of 
T1, T2, ..., £k are rational numbers. Hence z1, £2, ..., £k are algebraic numbers, 
and so aj = aN ' a2 = ra | iy Ok = N ' are algebraic numbers as well. Also, 


by the argument above, we know that 


£1’: £2°°- £k = N/a a2'*' ap 


is rational, and this happens for all N > k. This implies immediately that 
ai -a2 àk = 1. Now let f(x) = bX" + bp_1X" 1 +- - -+ bo be a polynomial 
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with integer coefficients which vanishes at a1, az2,...,a,. Clearly, bra, ..., brak 
are algebraic integers. But then 


br( a1 + Yaz +: + ax) = Ybr- (Vbrai + VW brag +--+ + Vbrar) 


is also an algebraic integer. Because it is also a rational number it follows that 
it is a rational integer. Consequently, (b,( yai + %/a2+---+ %/a@x))n>1 is a se- 
quence of positive integers. Because it converges to kbr, it eventually becomes 
equal to kb, (from a rank). Thus there is n such that ņ/a1 + Yag+---+ Vak = 
k. Since a, -ag--:a, = 1, the AM-GM inequality implies aj = ag = --- = 
ay, = 1 and the problem is solved. 
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Practice problems 


. Let a,b,c be relatively prime nonzero integers. Prove that for any relati- 


vely prime integers u, v, w satisfying au + bv + cw = 0, there are integers 
m,n, p such that 


a = nw — pv, b = pu — mw, c= mv — nu. 


Octavian Stanasila, Romanian TST 1989 


. Prove that for any integers a1, a@2,...,@n 


Iem(a1,@2,...,@ 
lem(a1, d2,--- , an) II (a; — ai) 


a eee 
ed a a l<i<j<n 


is an integer divisible by 1!2!.--(m — 2)!. Moreover, we cannot replace 
1!2!.--(m — 2)! by any other multiple of 1!2!--- (n — 2)!. 


. Let A,B,C be lattice points such that the angles of triangle ABC are 


rational multiples of 7. Prove that triangle ABC is right and isosceles. 


. Let a be a rational number with 0 < a < 1 and cos(37a) + 2 cos(27a) = 


0. Prove that a = 2, 


IMO Shortlist 1991 


(a) Let P,R be polynomials with rational coefficients with P Æ 0. 
Prove that there exists a non-zero polynomial Q € Q|X] such that 
P(X)|Q(R(X)) 

(b) Let P, R be polynomials with integer coefficients and suppose that 


P is monic. Prove that there exists a monic polynomial Q € Z[X]| 
such that P(X)|Q(R(X)) 


Iran 2006 
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6. Let k and n be positive integers and let P(X) be a polynomial of degree 


8. 


n with coefficients in the set {—1,0,1}. Suppose that (X — 1)* | P(X) 
and that there is a prime q such that 


q k 


lnq ` In(n +1) 


Prove that the complex roots of unity of order q are roots of P. 


IMC 2001 


. Prove that none of the numbers yn + 1 — yn for positive integers n can 


2kr 


be the written in the form 2cos (=) for some integers k, m. 


Chinese Olympiad 


(a) Let a1, a2,...,@m, bi, b2,..., 6, be complex numbers such that 


n 


(X — ai), fo(X) = | [(X - bi) € ZX] 


ea 
bs 
| 
=; 


i=1 1=1 
and for which there are gi,g2 € Z|X] such that fig: + fogo = 1. 
Prove that 
m n 
| [I] = b,)| z 
=1j=1 


(b) If a;,b; are integers and 
m n 
Ie- b) = 1, 
i=1 j=1 


prove that there are polynomials g1, g2 € Z[|X] such that fig: + 
foge = 1. 


Ibero-American Olympiad 
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12. 


13. 
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. Let p be a prime and let aj, a2,..., ap41 be real numbers such that no 


matter how we eliminate one of them, the rest of the numbers can be 
divided into at least two nonempty pairwise disjoint subsets each having 
the same arithmetic mean. Prove that a, = ag = +--+ = ap+1- 


Marius Radulescu, Romanian TST 1994 


Let a,b be two positive rational numbers such that for some n > 2 the 
number ņa + Vb is rational. Prove that ņa is also rational. 


Marius Cavachi, Gazeta Matematica 


Let m,n be relatively prime numbers and x > 1 be a real number such 
that 2™ + n and x2” + + are integers. Prove that x + 1 is also an 
integer. 

Darij Grinberg, Peter Scholze 
Let a,b,c be integers. Define the sequence (£n)n>0 by £o = 4, £1 = 0, 


T2 = 2c, £3 = 3b and n43 = a£n—1 + b£n + CX¥n41. Prove that for any 
prime p and any positive integer m, the number 2pm is divisible by p. 


Calin Popescu, Romanian TST 2004 


Let 0 € (0,7/2) be an angle such that cos@ is irrational. Suppose that 
cos kô and cos(k + 1)0 are rational for some positive integer k. Prove 
that 0 = 7/6. 

USA TST 2007 


Find the least positive integer n such that cos Ê cannot be written in 
the form p+ y/q + ¥/r with p,q,r € Q. 


O. Mushkarov, N. Nikolov, Bulgaria 


15. 


16. 


17. 


18. 
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Let s1,52,... and t;,t2,... be two infinite nonconstant sequences of ra- 
tional numbers such that (s; — s;)(t; — tj) is an integer for all i,j > 1. 
Prove that there exists a rational number r such that (s; — s;j)r and tt 
are integers for all i, j. 


USAMO 2009 


Let p be a prime and let n1, n2,..., Nk be integers. Define 


27; 
S= cos Ly 
2 p 


p—il 
) 2 





Prove that either S=QOorS>k (4 
Holden Lee 


Let k be a positive integer and let aj,...,a, and b),...,b, be two se- 
quences of rational numbers with the property: for any irrational num- 
bers z1, £2,...,£k > 1 there exist positive integers n1, n2,..., Nk and 
M1,.-., Mpk such that 


alei] +azlez’] +---+a%|2,"] = bi ley] + bleg” ] +: + bkleg"]. 
Prove that a; = b; for all i. 


Gabriel Dospinescu, Mathlinks Contest 


Prove that if pı, p2,...,Pn are distinct primes and if 
aiy Pı + azy p2 + +++ + anyPn =Q 
for some rational numbers aj, d@2,--- , an, then a; = 0 for all 2. 


Besicovitch’s theorem 
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20. 


al. 


22. 


23. 
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Let the sequence (an)n be defined by ap = 2 and ani = 2a2 — 1. Prove 
that if p > 2 divides an, then 2”*? divides p? — 1. 


IMO Shortlist 2003 


Let p,q be prime numbers and r a positive integer such that q | p—1, q 


does not divide r and p > r97}. Let aj, a2,...,@, be integers such that 
pol pol pi 
a,7 +a? +::-+a," is a multiple of p. Prove that at least one of 


the a,;’s is a multiple of p. 
AMM 


Let a1,a@2,...,@n be positive rational numbers and let kı, k2,...,kn be 
integers greater than 1. If ay! fa Fa ore gl! kn is a rational number, 


then any term of the previous sum is also a rational number. 


Let a1, @2,...,@n, be complex numbers such that a7’ +a5’+---+ a? is an 
integer for all positive integers m. Prove that (X — a,)(X — a2) --- (X — 
An) € Z[X]. 


Chinese IMO training program 


(a) Suppose that a1,a2,...,a@, are rational numbers and (1, ¢2,..., Cx 
are roots of unity such that a1¢; + @o¢o +---+a,¢C, = 0. Moreover, 
suppose that J jez ai¢; # 0 for any proper subset I of {1,2,...,k}. 
Prove that ¢7" = ¢;" for all 7,7, where m is the product of primes 
smaller than or equal to k. 


(b) Let z be a complex number. Prove that there are at most 94k? Kk k- 
tuples (C1, ¢2,...,¢,) of roots of unity with the following property: 
there exist rational numbers aj, a2,...,a, such that z = S AiG; 
and z Æ Š er iĝi for any proper subset J of {1,2,...,k}. 


Mann’s theorem 
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24. Say a sequence of integers (a,,),, is linearly recursive if there exist integers 
r and 21,22,...,2, such that 


Ontr = Z1An4+r—1 + L2AQn4+r—2 + °°: + Tran 


for all n. Prove that if (an), is linearly recursive and n divides a, for all 
n, then $% is also linearly recursive. 


Polya 


ic Properties of P 


TICF.: laid met 


« 


ynom 


iE] Arithmetic Propertie- x) gf) 
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10.1 Theory and examples 


Another topic with old tricks... you will probably say. Yet we might spend 
time on a problem just because we ignore obvious clues or basic aspects of it. 
This is why we think that talking about these “old fashioned tricks” is not 
because of lack of imagination, but rather an imperious need. In this note we 
combine some classical arithmetic properties of polynomials. This is just an 
introduction to this field, but some basic things should become second nature, 
and among them there will be some problems we discuss further. As usual, 
we keep some chestnuts for the end of the chapter, hoping that the hard-core 
solver will appreciate these extremely difficult problems. 

Recall that if f € Z|X] and a, b are integers, then a—b divides f(a)— f(b). This 
is the essential result which we will use relentlessly. Here are two applications: 


Let f,g be relatively prime polynomials with integer coeffi- 
cients. Define the sequence a, = gcd(f(n),g(n)). Prove that 
this sequence is periodic. 





AMM 


Solution. As we have seen in previous problems, there exist polynomials F G 
with integer coefficients and a positive integer A such that fF'+gG = A. Thus 
an is a divisor of A for all n. Actually, we will prove that A is a period for the 
sequence (@n)n>1. Let us prove that an|an44. We know that f(n+A) = f(n) 
(mod A), and since a, divides A and f(n), it will also divide f(n + A). Simi- 
larly, an divides g(n + A) and so an|an+a. But the same relations show that 
Qn+A divides an and so an = Ani A. 





e-2 | Let p € Zz] be such that deg p > 1, and let A = {p(n)|n € Z}. 

~~ Prove that there exists an infinite arithmetical Sequence none 

of whose terms can be expressed in the form f(x) for some 
integer z. 
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Solution. We will argue by contradiction: suppose that for all d > 2 and all n 
at least one of the numbers f(x) with x integer gives remainder n when divided 
by d. This means that for all n and d, the numbers p(n), p(n+1), ..., p(n+d—1) 
give all remainders mod d. Indeed, because n,n+1,...,n+d—1 are a complete 
system mod d, it follows that for any x, p(x) gives the same remainder mod 
d as one of p(n), p(n + 1),...,p(1 +d -— 1). In particular, any residue mod d 
appears as a residue mod d of one of the numbers p(n), p(n+1),..., p(n+d—1). 
Because deg(p) > 1, there exists n such that d = p(n + 1) — p(n) > 2. In this 
case, p(n) = p(n+1) (mod d) and so the numbers p(n), p(n+1), ..., p(n+d—1) 
give at most d — 1 distinct remainders mod d, which is a contradiction. 


We continue with an important result, due to Schur, that appears in many 
variations in contests. Even though in the topic At the Border of Analy- 
sis and Number Theory we prove an even more general result based on a 
nice analytical argument, we prefer to present here a purely arithmetical proof. 


mq Let f € Z[X] be a non-constant polynomial. Then the set of 
prime numbers dividing at least one nonzero number among 


FA), f(2),..-,f(n),.-- 





is infinite. 
[Schur] 


Solution. First, suppose that f(0) = 1 and consider the numbers f(n!). For 
sufficiently large n, they are nonzero integers. Moreover, f(n!) = 1 (mod n!) 
and so if we pick a prime divisor of each of the numbers f(n!), the conclusion 
follows (since in particular any such prime divisor is greater than n). Now, 
if f(0) = 0, everything is clear because in this case n divides f(n) for all n. 


Suppose that f(0) 4 0 and consider the polynomial g(x) = a Clearly, 
g € ZX] and g(0) = 1. Applying now the first part of the solution, the 


problem is solved. 
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This result has, as we have already said, important consequences. Here is a 
nice application. 





i RA Suppose that f,g € Z[X] are monic nonconstant irreducible 
polynomials such that for all sufficiently large n, f(n) and g(n) 
have the same set of prime divisors. Then f = g. 


Solution. Indeed, by Gauss’s lemma, the two polynomials are irreducible in 
Q[X]. In addition, if they are not equal, then the above remark and the fact 
that they have the same leading coefficient implies that the two polynomials 
are relatively prime in Q|X]. Using Bezout’s theorem we conclude that there 
is a nonzero integer N and P,Q € Z[X] such that fP + gQ = N. This shows, 
that for n large enough, all prime factors of f(n) divide N. But, of course, 
this contradicts Schur’s result. 


The result of Example 2 remains true if we assume the same property is valid 
for infinitely many numbers n. Yet the proof uses some highly non-elementary 
results of Erdős. The interested reader will find rich literature on this field. 
A refinement of Schur’s theorem is discussed in the following example. The 
key additional ingredient is the Chinese remainder theorem. 


be Let f € Z[X] be a non constant polynomial and let n,k be 
positive integers. Prove that there exists a positive integer a 
such that each of the numbers f(a), f(a+1),...,f(atn-—1) 
has at least k distinct prime divisors. 





Bulgarian Olympiad 


Solution. Let us consider an array of distinct prime numbers (p;;)1<i,;<% such 
that f(z;;) =0 (mod pij) for some positive integers xij. This is just a direct 
consequence of Schur’s theorem. Now, using the Chinese remainder theorem, 
we can find a positive integer a such that a+%7-—1 = 24; (mod p,;) for all 
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indices 1 and j. Using the fundamental result mentioned in the beginning 
(namely that f(a) — f(b) is always divisible by a — b), it follows that each of 
the numbers f(a), f(a+1),..., f(a+n—1) has at least k distinct prime divisors. 


We continue with two more difficult examples of problems whose solutions are 
based on combinations of Schur’s theorem with various classical arguments. 


ye For integral m, let p(m) be the greatest prime positive divisor 
of m. By convention we set p(1) = p(—1) = 1 and p(0) = oo. 
Find all polynomials f with integer coefficients such that the 
sequence (p(f(n)) — 2n)n>0 is bounded above. 





[Titu Andreescu, Gabriel Dospinescu] USAMO 2006 


Solution. When searching for the possible answer, one should start with easy 
examples. Here, the quadratic polynomials might give an insight. Indeed, 
observe that if u is an odd integer then the polynomial f(X) = 4X — u? is 
a solution to the problem. This suggests that any polynomial of the form 
c(4X — a?)(4X — a3)...(4X — a?) is a solution if c is a nonzero integer and 
a1, Q2,...,@,% are odd integers. Indeed, any prime divisor p of f(n?) is either a 
divisor of c (and thus in a finite set) or a divisor of some (2n — a;)(2n + aj). 
In this case p — 2n < max(aı, a2, ..., ak) and so f is a solution of the problem. 
We deal now with the much more difficult part: showing the converse. Take 
f a polynomial that satisfies the conditions of the problem, and suppose that 
p(f(n?)) —2n < 2A for some constant A. Using Schur’s theorem for the poly- 
nomial f(X?), we deduce the existence of a sequence of different prime num- 
bers p; and nonnegative integers k; such that p,|f (k2). Define the sequence 
rj =min(k; (mod p;), pj— kj (mod p;)) and observe that pj divides f(r?) 
and also that 0 < rj < Pi, Hence 1 < p; — 2r; < A and so the sequence 
(p; —2r;)j;>1 must take some value a; infinitely many times. Let p; — 2r; = ay 
for j in an infinite set X. Then, if m = deg(f), we have p;|4™ - f((5—)?) 
for all j € X and also the polynomial 4™ . f((5%+)*) has integer coefficients. 


2 2 
This shows that p; divides 4™ - f (+) for infinitely many j. Hence i is a root 
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of f. Because f(n?) does not vanish, aj must be odd. This means that there 
exists a polynomial g with integer coefficients and a rational number r such 
that f(X) = r(4X — a?)g(X). Of course, g has the same property as f, and 
applying the previous arguments finitely many times we deduce that f must 
be of the form c(4X — a?)(4X — a3)...(4X — a2) for a certain rational number 
c and odd integers a1, a2,...,a,. But do not forget that all coefficients of f are 
integers! Therefore the denominator of c is a divisor of both 4” and a?a3...a?, 
thus it is 1. This shows that c is an integer and the solution finishes here. 


The next problem, which uses Schur’s theorem, also needs a classical result, 
a very particular case of Hensel’s lemma. Let us first state and prove this 
result and then concentrate on the following problem. So, let us first prove 
the following: 


Lemma 10.1 (Hensel’s lemma). Let f be a polynomial with integer coeffi- 
cients, p a prime number and n an integer such that p divides f(n) and p does 
not divide f'(n). Then there exists a sequence (nk)k>ı of integers such that 
nı =n, p? divides nyy1 — Nk and pë divides f (nx). 


Proof. The proof is surprisingly simple. Indeed, let us suppose that we have 
found i and search for nj41 = n;+b-p' such that p’*! divides f(nji1). Because 
21 >1+1, using the binomial formula yields 


f(ng +b- p) = f(n) + bp’ f'(ni) (mod ptt). 


Let f (n;i) = cp for some integer c. Because n; = n (mod p), we have f'(n;) = 
f'(n) (mod p) and so f'(n;) is invertible modulo p. Let m be the inverse 
of f’(n;) modulo p. It is enough to choose b = —mc in order to finish the 
inductive step. 

E 


We can now discuss a difficult problem used for the preparation of the Iranian 
IMO team: 
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z Find all polynomials f with integer coefficients such that n|m 
whenever f(n)| f(m). 





[Mohsen Jamali} Iranian TST 


Solution. [Adrian Zahariuc] With this preparation, the solution will be short, 
which does not mean that the problem is easy (as we already said). First of 
all, observe that for a nonconstant polynomial with integer coefficients such 
that f(0) Æ 0 and for any k there are infinitely many prime numbers p such 
that p*|f(n) for some integer n. Indeed, by working with an irreducible divisor 
of f, we can assume that f is irreducible. Thus f and f’ are relatively prime 
in the ring of polynomials with rational coefficients. Bézout’s theorem shows 
in this case that there exist integer polynomials S, Q and an integer A #4 0 
such that Sf +Q f' = A. Therefore, if p is a sufficiently large prime such that 
p| f(n) for some n (the existence of infinitely many such primes follows from 
Schur’s theorem), p will not divide f'(n), and we can apply Hensel’s lemma 
to finish the proof of this result. 

Next, observe that X|f(X). Indeed, we have f(n)|f(n + f(n)) for all n, 
so nin + f(n) for all n, which easily implies f(0) = 0. So, let us write 
f(X) = X*g(X) with g(0) # 0. Assume that g is nonconstant. By the 
previous result, there exists a prime p such that p > |g(0)| and p*|g(m) for 
some integer m. Clearly, p does not divide g(p), so by the Chinese remain- 
der theorem there exists an integer n such that n = m (mod p*) and n = p 
(mod g(p)). Thus p*|g(n) and g(p)|g(n), and thus f(p)|f(n). This implies 
that p|n, and this is impossible, because it would follow that p|g(0). Thus g 
is constant and the answer is: all polynomials of the form aX”. 


Here is another application of Hensel’s lemma. The example below is quite a 
difficult problem, especially because examples of small degree cannot be found: 





| Is there a polynomial f with integer coefficients that has no 
rational zeros, but has a zero modulo any positive integer? 


Komal 


THEORY AND EXAMPLES 221 


Solution. The answer is yes; but it is not obvious why such polynomials 
exist. A very difficult theorem of Chebotarev implies that such polynomials 
with small degree (smaller than 5) do not exist. It can be proved that there are 
such polynomials of degree 5, but the example we have chosen has degree 6: 
define f(X) = (X*+3)(X*—13)(X?+39). We will prove that for any n there 
exists m such that n|f (m). Observe first of all that it is enough to prove this if 
n is a power of a prime. Indeed, if we can find m1, m2 such that nı|f (mı) and 
n2|f (m2) for some relatively prime integers nı, n2 then by taking m such that 
m = m; (mod nı) and m = mz (mod ng) (which is possible by the Chinese 
remainder theorem) we have an m such that nin2|f(m). Let us now deal with 
powers of 2. We will prove by induction the existence of a sequence £n such 
that 2"|r2 + 39. For n = 1 we take zı = 1, for n = 2 we take z2 = 1, as well 
as 23 = 1. Now assume that T + 39 = 2” . k for some integer k and n > 3. 
Then (2”-1x + £n)? + 39 = 2” (££n + k) (mod 2”+!). If k is even we define 
Ln+1 = Ln. Otherwise, we define x = 1 and so £n4+1 = 2, + k. In either case, 
at et 41 + 39. Now, let us deal with powers of 3 and 13; actually, this case 
follows immediately from Hensel’s lemma applied to the polynomials X? — 13 
and X*+3, with n = 1 and n = 6 respectively. Finally, take p a prime number 


different from 2,3,13 and observe that the identity (=22) (22) (2) = 


(where (2) denotes the Legendre symbol) implies that one of the numbers 


(=),(2) and (2) equals 1. This shows the existence of an integer m 


such that for some a equal to 3, —13, 39 we have pļm? +a. It is now enough to 
apply Hensel’s lemma for the polynomial X? +a in order to obtain a sequence 
£n such that p"|x2 +a for all n. This shows that f has a root modulo p” for 
any prime p and any positive integer n, and by the remark in the beginning 
of the solution this polynomial is a solution of the problem. 





Find all polynomials f with integer coefficients and the follo- 
wing property: for any relatively prime positive integers a,b, 
the sequence (f(an + b))n>o contains an infinite number of 
terms, any two of which are relatively prime. 


[Gabriel Dospinescu] 
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Solution. Clearly, constant polynomials can be eliminated. We will prove 
that the only polynomials with this property are those of the form X” and 
—X", with n a positive integer. Because changing f with its opposite does 
not modify the property of the polynomial, we can assume that the leading 
coefficient of f is positive. Hence there exists a constant M such that f(n) > 2 
for all n > M. From now on, we consider only n > M. Let us prove that 
we have gcd(f(n),n) Æ 1 for any such n. Suppose that there is ann > M 
such that gcd(f(n),n) = 1. The sequence (f(n + kf(n)))k>o would contain 
at least two relatively prime numbers. Let them be s and r. Because f(n) | 
kf(n) =kf(n)+n -n | f(kf(n) +n) — f(n), we have f(n) | f(n+ kf (n)) for 
any positive integer k. It follows that s and r are both multiples of f(n) > 2, 
which is impossible. We have shown that gcd(f(n),n) Æ 1 for any n > M. 
Thus for any prime p > M we have p|f(p) and so p|f(0). Because any nonzero 
integer has a finite number of divisors, we conclude that f(0) = 0. Hence 
there is a polynomial q with integer coefficients such that f(X) = Xq(X). 
It is clear that q has positive leading coefficient and the same property as f. 
Repeating the above argument, we infer that if q is nonconstant, then q(0) = 0 
and q(X) = Xh(X). Because f is nonconstant, the above argument cannot 
be repeated infinitely many times, and thus one of the polynomials g and h 
must be constant. Consequently, there are positive integers n,k such that 
f(X) = kX”. But since the sequence (f(2n + 3))n>0 contains at least two 
relatively prime integers, we must have k = 1. We obtain that f is of the form 
X”. Because f is a solution if and only if —f is a solution, we infer that any 
solution of the problem is a polynomial of the form +X”. 


Now let us prove that the polynomials of the form X”, —X” are solutions. It 
suffices to prove it for X” and even for X; but this follows from Dirichlet’s theo- 
rem. There is another more elementary approach. Suppose that 71, 72,...,2p 
are chosen such that the numbers az; + b are pairwise relatively prime. We 
prove that we can add zp41 so that az, + b,azq+5,...,a%p41 +b are pairwise 
relatively prime. Clearly, az; +b, ax2 +b, ...,a£p+b are relatively prime to a, 
so we can apply the Chinese remainder theorem to find an £p+1 greater than 
T1, T2,- Zp, such that tp41 = (1 — b)a;* (mod az; + b), i € {1,2,...,p}, 
where a, l is a’s inverse in Zoe.+b Then gcd(a£p+ı + b,ax; +b) = 1 for 
i E€ {1,2,...,p} and thus we can add 2541. 
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ple 1 Ie Find all polynomials f with integer coefficients such that 





7 f(n)|n"—! — 1 for all sufficiently large n. 
[Gabriel Dospinescu] 


Solution. Clearly, f(X) = X —1 is a solution, so let us consider an arbitrary 
solution and write it in the form f(X) = (X—1)"g(X) withr > 0 and g € Z[X] 
with g(1) #0. Thus there exists M such that g(n)|n”—! — 1 for all n > M. 
We will prove that g is constant. Assuming the contrary, we may assume 
without loss of generality that the leading coefficient of g is positive. Thus 
there is k > M such that g(n) > 2 and g(n)|n”—! —1 for all n > k. Now, since 
n+g(n) —nig(n+g(n)) — g(n), we deduce that g(n)|g(n + g(n)) for all n. In 
particular, for all n > k we have 


g(n)|g(n + g(n))|(n + g(n))r*9™-1 — 1 


and g(n)|n”-! — 1. Of course, this implies that 
gln) n tI- _ 1 = (n?-1 — 1)n9™ 4 n9™ — 1, 


that is g(n)|n9~ — 1 for all n > k. Now, let us consider a prime number p > k 
and let us look at the smallest prime divisor q of g(p+ 1) > 2. We clearly have 
qlg(p + 1)|(p+ 1)9?t) — 1 and q|(p+1)% + —1. Since ged(g(p + 1),q-1) =1 
(by minimality) and 


gcd((p + 1)9(P+1) —1,(p+1)% 1-1) = (p + 1)8ed(o(@P+1),4-1) —l=p, 


it follows that we actually have p = q. This shows that p|g(p + 1) and thus 
(again using the fundamental result) p|g(1). Because this occurs for any prime 
number p > k, we must have g(1) = 0. This contradiction shows that g is 
indeed constant. 

Let g(X) = c. Thus cl2”2@"-)) — 1 for all n > M. Given that ged(2° — 
1,2? — 1) = 28¢4(4) _ 1, in order to show that |c| = 1, it suffices to exhibit 
k <m < n such that ged(m(2™ — 1),n(2” — 1)) = 1. This is easy to achieve. 
Indeed, it suffices to take a prime number m greater than M,k and to choose 
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a prime number n greater than m(2™ — 1). A simple argument shows that 
ged(m(2™ — 1), n(2” — 1)) = 1 and so |c| = 1. 
Finally, let us prove that r < 2. Assuming the contrary, we deduce that 


(n —1)3|n™-1 -1 6 (n-1) n? 4 n™ 3 4.---4n41 
for all sufficiently large n, and since 
nr? +n? 4.--4+n4+1= 


= (n — 1)[n 3 + 2t +--+ (n—3)n4 (n— 2) + 1], 
we obtain n — 1|n"—3 + 2n”74 +--+ (n —3)n + (n — 2) + 1 for all sufficiently 
large n, which is clearly impossible, since 


n?3 Em h mnnt enan 


—~1)\(n— 
= Se i (mod n — 1). 
Hence r < 2. The relation 
nl _ 1 = (n — 1)? n’ 4+ Qn” 4 +--+ (n — 3)n + (n — 2) + 1] 


shows that (n — 1)?|n"—! — 1 for all n > 1 and allows us to conclude that all 
solutions are the polynomials +(X — 1)", with r € {0,1,2}. 


After reading the solution of the following problem, you might think that the 
problem is very simple. Actually, it is extremely difficult. There are many 
possible approaches that fail and the time spent for solving such a problem 
can be significant. 


1 Let f € Z[X] be a nonconstant polynomial, and let k > 2 be 


i an integer such that ¥/ f(n) € Z for all positive integers n. 
Then there exists a polynomial g € Z[X] such that f = g“. 
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Solution. Let us assume the contrary, and let us factor f = ps ... p&sg* where 
1 < k; < k, and p; are different irreducible polynomials in Q|X]. Suppose that 
s > 1 (which is the same as negating the conclusion). Because pı is irreducible 
in Q[X], it is relatively prime with p\ p2 ...ps and thus (using Bezout’s theo- 
rem and multiplication by integers) there exist polynomials Q, R with integer 
coefficients and a positive integer c such that 


Q(x)pi(x) + R(x)p\(x)po(x)...ps(x) = c. 


Now, using the result from Example 1, we can take a prime number q > |c| 
and a number n such that g|pi(n) # 0. We have of course g|pi(n + q) (since 
pı(n +q) = pi(n) (mod q)). The choice q > |c| ensures that q does not divide 
po(n)...ps(n) and so vg(f(n)) = v¢g(pi(n)) + kug(g(n)). But the hypothesis 
implies that k | ug(f(n)), so vg(pi(n)) > 2. In a similar manner we obtain 
vg(pı(n + q)) > 2. Yet, using the binomial formula, 


pi(n+q) =pi(n) + gpi(n) (mod 4°). 
Hence we must have q|pi(n), which contradicts the fact that q > |c| and 
Q(x)pi(x) + R(x)p;(z)pe(z)...ps(x) = c. 


This contradiction shows that s > 1 is false and the result follows. 


The next problem was given at the USA TST 2005 and uses a nice combination 
of arithmetic considerations and complex number computations. We take 
advantage of many arithmetical properties of polynomials in this problem, 
although the problem itself is not so difficult (if we find a good way to solve 
it, of course...). 


if A o A polynomial f € Z[X] is called special if for any positive in- 

© teger k > 1, the sequence f(1), f (2), f(3),... contains num- 
bers which are relatively prime to k. Prove that for any 
n > 1, at least 71% of all monic polynomials of degree n with 
coefficients in the set {1,2,...,n!} are special. 





[Titu Andreescu, Gabriel Dospinescu] USA TST 2005 


226 10. ARITHMETIC PROPERTIES OF POLYNOMIALS 


Solution. Of course, before counting such polynomials, it would be better to 

find an easier characterization for them. 

Let p1,p2,...,pr be all the prime numbers not exceeding n, and consider 

the sets A; = {f € M| pi|f(m), V m € N*}, where M is the set of monic 

polynomials of degree n with coefficients in the set {1,2,...,n!}. We will 
r 


prove that the set T of special polynomials is exactly M \ U A;. Clearly, 
i=1 
TCM\ U A;. The converse, however, is not that easy. Let us suppose that 
w<r 


i 
f € ZX] belongs to M \ U A; and let p be a prime number greater than 


n. Because f is monic, Tar tE theorem ensures that we can find m such 
that p is not a divisor of f(m). It follows that for any prime number q at 
least one of the numbers f(1), f(2), f(3),... is not a multiple of q. Let k > 1 
and let q1,q2,...,qs be its prime divisors. Then we can find u1,...,us such 
that q; does not divide f(u;). Using the Chinese remainder theorem, there is 
a positive integer x such that x = u; (mod q;). Consequently, f(x) = f (ui) 
(mod q;) and thus q; does not divide f(x), so gcd(f(x),k) = 1. The equality 
of the two sets is now proved. 

Using a raw estimation, we obtain 


r 


Ja 


i=1 


IT| = |M| — 








n 
> |M|- ` |A;l. 
i=l 


!\7 
Let us now compute |A;|. Actually, we will show that |A;| = (n') . Let f be 


pr’ 





a monic polynomial in Aj, 
f(X) = X" + ani X! +--+ aX +a. 
Then, for any m > 1, 
0 = f(m) = ao + (a1 + Gp + Gap_-1 + A3p-2 +... )M 


+(ag + Apt+1+aap+... )m? ees oe (Qp-1 + A2p—2 + A3p—-3 +... Jm”! (mod p), 
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where, for simplicity, we put p = p;. Again, using Lagrange’s theorem it 
follows that p | ao, p | a1 + ap + Gap-1 + °°: °°: ,p | Gp-1 + Gap-2+°°-. 
We are going to use this later, but a small observation is still needed. Let 
us count the number of s-tuples (£1, 2%2,...,2%5) E {1,2,...,n!}* such that 
£1 +29+-++++2, =u (mod p), where u is fixed. Let 


2n .. 2r 
€ = cos — +2SIn — 
P P 


and observe that 
O=(et+e7+--- +e)? 


p—1 
SS Aera ea (mod p)}}. 
k=0 


A simple argument related to the irreducibility of the polynomial 1+ X +X? + 


-.. + XP-! shows that all numbers that appear in the above sum are equal, 
1\s 





and that their sum is (n!)°, thus each number equals 


We are now ready to finish the proof. Assume that among the numbers 














a1, Qp,A2p—1,... there are exactly vı numbers, and so on, finally there are 
Vp—1 numbers among @p_1, Q2p_2,.... Using the above observations, it follows 
that 
Ail n! (n!) (n!) r- (n) 
* p p p P 
Hence re 
n! 
IT| > (nl)? — ` ( ) 
p prime p” 


But 
o P EE a 
55 v 55 5 52 1000 
and so the percent of special polynomials is at least 


1 1 1 100 1 
100 (1 Me Oye os O ai) = - Geog 
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Just a few more observations about this problem. The authors discovered 
(after the problem was submitted and given in the TST) that this question 
was the object of Jan Turk’s article The fixed divisor of a polynomial publi- 
shed in the fourth issue of the American Mathematical Monthly, 1986. In this 
article, with a completely different idea and technique, much more involved 
and precise estimations are obtained. For instance, the author proves that the 
probability for a random polynomial with integer coefficients to be special is 


I] (1 — 4), which is approximately 0.722. This shows that even though our 
p 


estimations were very elementary, they were not far from reality. We invite 
the reader to read this fascinating article. 


e 13 Suppose that a polynomial f with integer coefficients has no 

~ double zeros. Then for any positive integer r there exists an 
n such that in the prime decomposition of f(n) there are at 
least r distinct prime divisors, all of them with exponent 1. 





Iranian Olympiad 


Solution. Already for r = 1 the problem is in no way obvious. So let’s 
not attack the general case directly, but rather concentrate first on the case 
r= 1. Suppose the contrary, that is for all n the prime divisors of f(n) have 
exponent at least 2. Because f has no double zero, gcd(f, f’) = 1 in C[X] and 
thus also in Q|X] (because of the division algorithm and Euclid’s algorithm). 
Using Bèzout’s theorem in Q|X], we can find polynomials P,Q with integer 
coefficients such that P(n)f(n) + Q(n)f’(n) = c for some positive integer c. 
Using the result in the first example, we can take q > c a prime divisor of 
some f(n). Our hypothesis ensures that q?|f(n). But then, also, q|f(n + q) 
and so q’|f(n+q). Using Newton’s binomial formula, we deduce immediately 
that f(n+q) = f(n) + qf'(n) (mod q?). We finally find q|f’(n) and so qlc, 
which is impossible, since our choice was q > c. Thus the case r = 1 is proved. 
Let us now try to prove the property by induction and suppose it is true for r. 
Of course, the existence of P, Q such that P(n) f(n) + Q(n)f'(n) = c for some 
positive integer c did not depend on r, so we keep the above notations. By 
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the inductive hypothesis, there is n such that at least r prime divisors of f(n) 
have exponent 1. Let these prime factors be pj, p2,...,p,. But it is clear that 
n+ kp? p2 ... p2 has the same property: all prime divisors p1, p2,..., pr have 
exponent 1 in the decomposition of f(n+kp?p3 . .. p2). Because at most a finite 
number among them can be zeros of f, we may assume from the beginning that 
n is not a zero of f. Consider now the polynomial g(X) = f(n+(p1...pr)*X), 
which is obviously nonconstant. Thus using again the result in Example 1, we 
find a prime number q > max{|c|, p1,..., Pr, |p(n)|} and a number u such that 
q\g(u). If vg(g(u)) = 1, victory is ours, since a trivial verification shows that 
q,P1,---,Pr are different prime numbers whose exponents in f(n+(p1... pr)7u) 
are all 1. The difficult case is when vg(g(u)) > 2. In this case, we will consider 
the number 


N=n+u(p1..-pr)? + uq(pi--- Pr)”. 


Let us prove that in the decomposition of f(V), all prime numbers q, pj,..., Dr 
have exponent 1. For any p;, this is true since f(N) = f(n) (mod (p ...p,)?). 
Using once again the binomial formula, we obtain 


FIN) = f(n + (pı... . Pr)”u) + uqg(pı .. Pr) f'(N) (mod q’). 


Now, if vg(f(n)) > 2, then since vg(f(n + (pi... pr) u)) = vg(g(u)) > 2, we 
have g|u(p1...pr)*f’(N). Recall that the choice was q > max{|c|,pi,..., Dr, 
Ip(n)|} so necessarily q|u (if a| f'(N) => qal( F(N), f'(N))|c > q < |c], contradic- 
tion). But since q|g(u), we have q|g(0) = f(n). Fortunately, we ensured that 
n is not a zero of our polynomial and also that q > max{|c|,p1,..., pr, |p(n)|} 
so the last divisibility cannot hold. This finishes the inductive step and solves 
the problem. 


Did you like Erdős’s Corner in chapter Look at the Exponent? We repeat 
the experience, with a series of difficult problems related to prime divisors 
of polynomials. When we say difficult, we say however solvable, because one 
should know that most of the problems concerning quantitative estimates for 
prime divisors of polynomials are still unsolved and will probably remain so 
for very long time. Let us recall a few terrible results that have been obtained 
so far, of course without proofs. Let P(n) be the greatest prime divisor of n. 
Even the fact that P(f(n)) tends to oo for any polynomial f of degree at least 
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2 is a very difficult result (even the case deg( f) = 2 requires the Thue-Siegel 
theorems). An extremely difficult theorem of Erdős shows that the largest 
prime divisor of f(1)f(2)...f(n) is greater than n - e”)? for some absolute 
constant c > 0. All these results require very deep results in algebraic and ana- 
lytic number theory. Another is the famous open question of prime-producing 
polynomials: any polynomial f without a fixed divisor should produce prime 
numbers infinitely many times. All these questions are far beyond the known 
results. But, of course, we will discuss just a few results with elementary (more 
or less) solutions. 


The first problem investigates Schur’s theorem for a family of polynomials. 
The following solution was suggested to us by Vesselin Dimitrov. The beauty 
of the result can be easily seen when studying the second part of the problem, 
where we prove by elementary means a result that usually was proved using 
Galois theory. Even though we haven’t found the first article studying this pro- 
blem, we did find one signed by T. Nagell, so we will call this Nagell’s theorem. 


z a) Let fi, fo,--- , fn be nonconstant polynomials with inte- 
= ger coefficients. Prove that there are infinitely many primes 
numbers p with the property that fi, fo,--- , fn have a zero 
in Z/pZ (that is, there exist integers kı, ko,--- , kn such that 
p| fi(ki) for all i). 

b) Prove that for any nonconstant polynomial f with inte- 
ger coefficients and any positive integer k there are infinitely 
many primes of the form 1 + qk that divide at least one of 
the numbers f(1), f(2), f3), 





Nagell’s theorem 


Solution. For n = 1, a) is just Schur’s theorem. Actually, the idea is to 
reduce the study to this special case, by proving the existence of polynomials 
91, 92;+--;9n such that f;(g;(X)) have a common nontrivial divisor. This is 
not immediate, however. Let us see what we are asking for: of course, if there 
exists a common nontrivial divisor, it must have a complex root z, so first of all 
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we should see whether we can find g; with rational coefficients and some z such 
that f;(g;(X)) have common root z. In this case, g;(z) would be all the zeros 
of fi, so it is more than natural to start by fixing some roots £1, £2,...,£n of 
fi, f2, - - - , fn respectively and trying to find some z and some g; with g;(z) = 
zi. And now, a very useful theorem from algebraic number theory (but whose 
proof is completely elementary) helps us: actually, any finite extension of the 
field of rational numbers is generated by one element. T hat is, if a1, a9,..., az 
are algebraic numbers (over the field of rational numbers), then there exists an 
algebraic number a@ such that Q(a1, a2, . .., ak) = Q(a). We will leave the proof 
of this theorem as a beautiful exercise for the reader (in case you do not manage 
to solve it alone, any introductory book to algebraic number theory gives a 
proof of this result). Now, x; are clearly algebraic, since they are roots of fi. 
Thus there exists some algebraic number z for which Q(z1, £2,...,2%n) = Q(z). 
By multiplying z by a suitable integer, we may assume that z is actually an 
algebraic integer. This means that each x; can be written in the form g;(z) 
for some polynomial g; with rational coefficients. Of course, there exists some 
integer N for which h; = Ng; have integer coefficients and there exists some 
large d for which F;(X) = Nô fi (29) also has integer coefficients. Now, all 
F; are divisible by P, the minimal polynomial of z in Q[X]. Because z is an 
algebraic integer, P is a monic polynomial with integer coefficients, and thus 
primitive. From Gauss’s lemma, it follows that F; are divisible by P in Z[X]. 
Finally, let us apply Schur’s theorem to this polynomial. There are infinitely 
many prime p > N for which F has a zero np in Z/pZ. Fix such a prime p 
and note that x = np. Let f;(X) = AsX° + As_1X* 1 +--+ Ap. We know 
that p divides 


A,N%*hj(z)> + Ag-1N4-9*1hj(x)9-1 +--+ + AN’. 
Of course, p is relatively prime to N, so p will actually divide 
Ash,(x)° + As—1Nh;(x)>—! +--+ ApN®. 


Thus, if N’ is the inverse of N in Z/pZ, N'h;(x) is a zero of f; modulo p. Since 
i was arbitrary, it follows that all f; have a zero in Z/pZ for any such prime 
p. The conclusion follows. 


232 10. ARITHMETIC PROPERTIES OF POLYNOMIALS 


Part b) is actually a fairly immediate consequence of a). The idea is that for 
n > 1, any prime divisor of ¢,(a), the nt? cyclotomic polynomial, is either 
congruent to 1 modulo p or divides n. The proof of this result is not very 
difficult. Indeed, consider p such a prime divisor. Then p|a” — 1 and thus, if d 
is the order of a modulo p, we have d|n and d|p — 1. Clearly, if d = n, we are 
done, so assume that d < n. Then since p\ja? — 1 = I Ikja ?x(@), there exists a 
divisor k of d such that p|¢,(a). However, X” — 1 is the product of all cyclo- 
tomic polynomials whose orders divide n, so it is a multiple of ¢k( X) -dn(X). 
Therefore, X” — 1 will have a as a double root in Z/pZ. This is impossible 
unless p|n, because in this case a would be a root of nX”~! and thus pin 
(since p is not a divisor of a). This proves the claim. Now, using a) for the 
polynomials ¢,(X) and f(X), we know there are infinitely many primes p 
such that both these polynomials have roots in the field with p elements. But 
the observation made in the beginning of b) shows that only finitely many of 
these prime numbers are not congruent to 1 modulo k. Thus, infinitely many 
are of the form 1 + kq and the proof finishes here. 


The next example concerns the very classical problem of square free numbers 
among polynomial values. More generally, one defines k-free numbers as non- 
zero integers which are not divisible by any k-th power of a prime. One can 
prove (the idea is exactly the same as in the problem that we will discuss) 
that if f is a primitive polynomial of degree d and if f is not the d-th power 
of a linear polynomial, then a positive proportion of positive integers n have 
the property that f(n) is d-free. A more difficult result was proved by Erdős: 
under some natural conditions imposed on f, there are infinitely many n for 
which f(n) is d—free. Needless to say, the proof if highly nontrivial. We will 
discuss a closely related problem concerning square free numbers of a special 
form. 


The next result is a lot stronger than the one proved by Laurentiu Panaitopol, 
stating that there are infinitely many triples of consecutive numbers, all square 
free. The solution is adapted from a beautiful argument due to Ravi Boppana. 
Before passing to this problem, let us give a definition: we say that a set A of 
positive integers has positive density if there exists a constant c > 0 such that 
for all sufficiently large x there are at least cx elements of A less than zx. 
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> Prove that the set of positive integers n such that 


mad 





1 
x(n + 1)(n + 2)(n* +1) 
is square free has positive density. 
[Vesselin Dimitrov] 


Solution. Let us search for such numbers of the form n = 180k + 1 for some 
positive integer k. By this choice, n(n + 1)(n + 2)(n? + 1) is not divisible by 
4 or 9 or 25. So we can ignore the prime factors 2, 3 and 5. Let p be a prime 
greater than 5. There is exactly one k (mod p?) such that n = 180k + 1 is 
divisible by p?, exactly one k (mod p?) such that n + 1 is divisible by p*, and 
exactly one k (mod p?) such that n + 2 is divisible by p?. Also, there are at 
most two k (mod p?) such that n? + 1 is divisible by p*. Indeed, if p*|a* + 1 
and p*|b? + 1, then p*|(a — b)(a + b). Then p?|a — b or p*|a + b (otherwise, 
p divides a — b and a + b, thus it divides a too, which is clearly impossible). 
Altogether there are at most five k (mod p°) such that one of n, n+1,n+2, 
or n* +1 is divisible by p?. Let N be a large positive integer. By the previous 


observation, there are at most 5 2y values of k between 1 and N such that 
n, n+1,n+2, or n? +1 is divisible by p?. If p > 180N +1, then p is too large 
for n, n+ 1, n+ 2, or n? +1 to be divisible by p?. Altogether the number of 


k between 1 and N such that one of n, n+ 1, n + 2, or n? + 1 is not square 
; 180N+1 ¢ | N 
free is at most J p-7 5 x| 


We can bound the last sum by 


180N+1 5N 1 
` (+57) < 5r(180N +1)+5N X = 
p=7 P pat P 


a oe oe eee, ee 
5 7 7 9 ~ 10’ 


and since 


23 D3 


p27 m>3 


1 Z 1 
(2m +1)(2m—1) 7 2 
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we infer that the number of “bad” k is at most x +o(N). We used here the 


classical fact that m(x) = o(x), where r(x) = 5 > 1 is the counting function of 
pír 


the prime numbers (for a proof of this result, see the chapter At the Border 
between Analysis and Number Theory). 


Therefore, the number of 1 < k < N for which all numbers n, n+1,n+2,n?+1 
(where n = 180k +1) are squarefree is at least N +o(N). For any such number 
k, n(n + 1)(n + 2)(n? + 1) is squarefree (the only common prime divisors of 
two numbers among n, n+1,n+2,n?+1 are 2,3,5 and we saw that the choice 
of n ensures that 4, 9, 25 are not divisors of 5n(n+1)(n+2)(n?+1)). Thus, the 
number of n < 181N such that 5n(n+1)(n+2)(n?+1) is squarefree is at least 
X +0(N), which means that the set of n for which $n(n + 1)(n + 2)(n? + 1) 
is squarefree has positive density. 
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10.2 Practice problems 


1. 


Let fi, f2,..., fk be nonconstant polynomials with integer coefficients. 
Prove that for infinitely many n all numbers fi(n), fo(n),..., f(n) are 
composite. 


. Let f € Z[X] and n > 3. Prove that there are no integers 11, 22,...,2n 


such that f(z;) = 2;-1, i = 1,2,...,n, indices being taken mod n. 


. Let f € Z[X] bea polynomial of degree n > 2. Prove that the polynomial 


f(f(X)) — X has at most n integer zeros. 


Gh. Eckstein, Romanian TST 


. Find all integers n > 1 for which there is a polynomial f € Z[X] with 


the property: for any integer k one has f(k) = 0 (mod n) or f(k) = 1 
(mod n) and both these equations have solutions. 


. Find all polynomials f with integer coefficients such that f(n) | 2” — 1 


for all positive integer n. 


Polish Olympiad 


. Let p be a prime and let f € Z|X] be a polynomial such that the numbers 


f(0), f(1),..., f(p? — 1) give distinct remainders when divided by p?. 
Prove that the numbers f(0), f(1),..., f(p?—1) give distinct remainders 
when divided by p°. 


Putnam 2008 


. Is there a nonconstant polynomial f € Z[X] and an integer a > 1 such 


that the numbers f(a), f(a’), f (aè), ... are pairwise relatively prime? 


St Petersburg 1998 
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10. 


11. 


12. 


13. 
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. Let f € Z[X] be a nonconstant polynomial. Prove that the sequence 


f(3") (mod n) is not bounded. 


. Find all polynomials f with integer coefficients, having the following 


property: there exists k such that for all primes p, f(p) has at most k 
prime factors. 


Find all polynomials f € Z[|X] with the property that for any relatively 
prime integers m,n, the numbers f(m), f(n) are also relatively prime. 


Iran TST 


Let f be a polynomial with integer coefficients and let ag = 0 and ay = 
f(an—1) for all n > 1. Prove that (an)n>0 is a Mersenne sequence, that 
is gcd(am, an) = Aged(m,n) for all positive integers m and n. 


Romanian TST 


Find all integers k such that if a polynomial with integer coefficients f 
satisfies 0 < f(0), f(1),..., f(A +1) < k then f(0) = f(1) =--- = f(k) = 
f(kK+1). 


IMO 1997 Shortlist 


(a) Let f be a polynomial with real coefficients. Prove the equivalence 
of the following two assertions: 
i. for any integer n one has f(n) € Z; 
ii. There exist integers n and do, a1, a2,...,@,, such that 


X(X -1 
f(X) = aota X +a E D. e : 


(b) Let n be a positive integer. What is the least degree of a monic 
polynomial f with integer coefficients such that n | f(k) for any 
integer k? 


X(X —1)---(X-n+1) 


14. 


15. 


16. 


17. 


18. 
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Let f be a polynomial with rational coefficients such that f(n) € Z for all 


n € Z. Prove that for any integers m, n the number Icm/1, 2,..., deg(f)]- 


f(m)-f(n) ; 
an is an integer. 


MOSP 2001 


Let f be a polynomial of degree d such that f(Z) C Z and Hn)— fon) EZ 
for all 0 < m,n < d. Prove that Ln)— fon) € Z for all integers m £ n. 


Holden Lee 
Let P be a polynomial with integer coefficients such that P(0) = 0 and 
gcd(P(0), P(1), P(2),...,) =1. 
Show there are infinitely many n such that 
gcd(P(n) — P(0), P(n+1) — P(1), P(n + 2) — P(2),...) =n. 
USA TST 2010 


Let d,r be positive integers with d > 2. Prove that for any non- 
constant polynomial f € R[X] of degree smaller than r, the numbers 
f(0), f(1),..., f(d — 1) can be divided into d groups such that the sum 
of the numbers in each group is the same. 


J. O. Shallit, AMM E 3032 


Let (an)n>ı be an increasing sequence of positive integers such that for 
some polynomial f € Z[X] we have a, < f(n) for all n. Suppose also 
that m — n | am — an for all distinct positive integers m,n. Prove that 
there exists a polynomial g € Q|X] such that an = g(n) for all n. 


USAMO 1995 
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| 
19. (a) Prove that for each positive integer n there is a polynomial f € Z[X] 
such that f(1) < f(2) <---< f(n) are primes. 
(b) As above, but now the numbers are powers of 2, not primes. 


(c) Let a > 1 be an integer and let n be a positive integer. Prove that 
there exists a polynomial f of degree n, having integer coefficients 
such that f(0), f(1),..., f(n) are pairwise distinct positive integers, 
all of the form 2a* + 3 for some integer k. 


Chinese TST 2004 


20. Let p > 5 be a prime and let a,b,c be integers such that p does not 
divide any of the numbers a — b,b — c,c — a. Let i,j,k be nonnegative 
integers such that i + j + k is divisible by p — 1 and such that for all 
integers x, the number 


(x — a)(x — b)(x — o)[(x — a} (z — b} (z — c)* — 1] 


is divisible by p. Prove that each of 7,7, k is divisible by p — 1. 
Kiran Kedlaya and Peter Shor, USA TST 2009 


21. Consider all sequences (f(1) (mod n), f(3) (mod n),..., £(1023) (mod n)), 
where n = 1024 and f is an arbitrary polynomial with integer coeffi- 
cients. Prove that among these sequences there are at most 2%° that are 
permutations of the numbers 1, 3,5,..., 1023. 


USA TST 2007 
22. Prove that for all n there exists a polynomial f with integer coefficients 


and degree not exceeding n such that 2” divides f(x) for all even integers 
x and 2” divides f(x) — 1 for all odd integers z. 


P. Hajnal, Komal 


23. 


24. 


20. 


26. 


27. 


28. 
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Let n be an even positive integer. Find the least positive integer k for 
which one can find polynomials with integer coefficients f,g such that 


F(XX +1)" 4+ g( X)(X°4+- 1) =k. 
IMO Shortlist 1996 


Let f € Z[X] be a polynomial of degree at least 2, with positive leading 
coefficient. Show that there are infinitely many n such that f(n!) is 
composite. 


IMO Shortlist 2005 


Suppose that n is a positive integer not divisible by the cube of a prime 
number. Consider all sequences (21, £2,..., £n) with z; E€ Z/nZ. For 
how many of these can we find a polynomial f with integer coefficients 
such that f(i) (mod n) = z; for all i? 


USA TST 2008 


Prove the existence of a number c > 0 with the following property: for 
any prime p, there are at most cp?/3 positive integers n such that p 
divides n! + 1. 


Chinese TST 2009 


Find all polynomials f € Z[X] such that f(p) | 2? — 2 for any prime 
number p. 


Gabriel Dospinescu, Peter Scholze 
Let f € Z[X] be a polynomial and let a be an integer. Consider the 
sequence ao = @,@ni1 = f(an). If an — oo and if the set of prime 


divisors of {an} is finite, prove that f(X) = AX®@ for some A, d. 


Tuymaada Olympiad 2003 





wm Bee Fi 


W408 Ñ 
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11.1 Theory and examples 


Almost everyone knows the Chinese Remainder Theorem, which is a remar- 
kable tool in number theory. But does everyone know the analogous form for 
polynomials? Stated like this, this question may seem impossible to answer. 
Then, let us make it easier and also reformulate it: is it true that given some 
pairwise distinct real numbers Zo, £1, £2,..., £n and some arbitrary real num- 
bers ao, @1,@2,...,Q@n, we can find a polynomial f with real coefficients such 
that f(z;) = a; for i € {0,1,...,n}? The answer turns out to be positive, 
and a possible solution to this question is based on Lagrange’s interpolation 
formula. It says that an example of such polynomial is 


f(z) =) a II 


i=0 





(In what follows along this unit, a product like the above one will be written, 
for simplicity, just as |] ¥., arr 

Indeed, it is immediate to see that f(z;) = a; for i € {0,1,...,n}. Also, the 
above expression shows that this polynomial has degree less than or equal to 
n. Is this the only polynomial with this supplementary property? Yes, and 
the proof is not difficult at all. Just suppose we have another polynomial g of 
degree less than or equal to n and such that g(z;) = a; for i € {0,1,...,n}. 
Then the polynomial g— f also has degree less than or equal to n and vanishes 
at 29,21,...,X%n. Thus, it must be null, and the uniqueness is proved. 

What is Lagrange’s interpolation theorem good for? We will see in the follo- 
wing problems that it helps us to immediately find the value of a polynomial 
in a certain point if we know the values in some given points. And the reader 
may have already noticed that this follows directly from the formula (1), which 
shows that if we know the value in 1+ deg f points, then we can find the value 
in any other point without solving a complicated linear system. Also, we will 
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see that it helps in establishing some inequalities and bounds for certain spe- 
cial polynomials, and will even help us in finding and proving some beautiful 
identities. Now, let us begin the journey through some nice examples of pro- 
blems where this idea can be used. As promised, we will first see how we can 
rapidly compute the value in a certain point for some polynomials. This was 
one of the favorites problems in the old Olympiads, as the following example 
illustrates. 


L Let Fy = Fo = 1, Foye = Fn + Fn+1 and let f be a polynomial 
of degree 990 such that f(k) = Fk for k € {992,...,1982}. 
Show that f(1983) = Figg3 — 1. 





[Titu Andreescu] IMO 1983 Shortlist 


Solution. So, we have f(k + 992) = Fk+992 for k = 0,1, ...,990 and we need 
to prove that f(992+991) = Fi983— 1. This simple observation shows that we 
don’t ‘have to bother too much with k + 992, since we could work as well with 
the polynomial g(x) = f(z+992), which also has degree 990. Now, the problem 
becomes: if g(k) = Fk+992, for k = 0,1,...,990, then g(991) = Fig9g3 — 1. But 
we know how to compute g(991). Indeed, looking again at the interpolation 
formula (as we name equation (1)), we find that | 


990 991 990 991 
(991) = > g(k) (-1)* = F+992(—1)* 
a(901) = Yo ott) (Pp JEDE = Se (7p) Fes 


k=0 


which shows that we need to prove the identity 


990 

991 
` ( k ) Fessna(—1)* = Fig83 — 1. 
k=0 


We know that 
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V54+1 1- v5 
and b = 5 


try a direct approach: 


where a = . Bearing this in mind, we can of course 


990 
991 
> ( k )Frrooa( 1) 


k=0 
990 990 
1 991 991 
a b3 ( ; Jane-t = > ( A J-a ; 
k=0 k=0 


But using the binomial theorem, the above sums vanish: 


990 e 
S 7) gh +992(_1)k = a2 Y + (—a)* = 0992[(1 — a) 99! + 0991}. 
k=0 


k=0 


2 


Since a“ = a + 1, we have 


a??? [(1 — a)?! + a) = a(a — a2)?! + a183 = —a + 1983, 


Since in all this argument we have used only the fact that a? = a+ 1 and since 
b also satifies this relation, we find that 


990 
991 1 
` ( ) Asl)" = —— (a™?®3 — 988 — a + b) 
k=0 i v5 
1983 _ 21983 
a — b a — b 
= ——__.—— — —— = F983 — 1. 
Z VB 1983 
And this is how, with the help of a precious formula and with some smart 
computations, we could solve this problem and also find a nice property of the 
Fibonacci numbers. 


The following example is a very nice problem proposed for IMO 1997. Here, 
the steps following the use of Lagrange’s interpolation formula are even better 
hidden in some congruences. It is the typical example of a good Olympiad 
problem: no matter how much the contestant knows in that field, one may 
have great difficulties in solving it. 
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i Let f be a polynomial with integer coefficients, and let p be a 
prime such that f(0) = 0, f(1) = 1 and f(k) is congruent to 
either 0 or 1 modulo p, for all positive integers k. Show that 
the degree of f is at least p — 1. 





IMO 1997 Shortlist 


Solution. Such a problem should be solved indirectly, arguing by contradic- 
tion. So, let us suppose that deg f < p—2. Then, using the Interpolation 
Formula, we find that 





f(z) = S s(a) [= 


k=0 jÆk k — j 


Now, since deg f < p — 2, the coefficient of z?—! in the right-hand side of the 
identity must be zero. Consequently, we have 
s 


2+ ki(p-1- mit *) =" 


From here we have one more step. Indeed, let us write the above relation in 


the form 
S- DP *) £8) =0 


and let us take this amas. modulo p. Since 
| L= 1 = = —k o — (_1)Fp 
RY") = (p—k)@—k+1)..-(P-1) = (1°! (mod p) 


we find that i 
(P7 =D" (moa p) 
and so 


p—1 
S- DEPT AOSE (moa p) 
k=0 
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Thus, 
p—1 
X _J(k)=0 (mod p), 


k=0 

which is impossible, since f(k) = 0,1 (mod p) for all k and not all of the 
numbers f(k) have the same remainder modulo p (for example, f (0) and f(1)). 
This contradiction shows that our assumption was wrong and the conclusion 
follows. 

It’s time now to see how some formidable identities are simple consequences of 
the Lagrange interpolation formula, although in these problems polynomials 
do not appear at first sight. 





Let @1,@2,...,@n, be pairwise distinct en integers. Prove 
ak 
that for any positive integer k the number ee Th 
a; 


jfi 
an integer. 


United Kingdom 


Solution. Just by looking at the expression, we recognize the Lagrange In- 
terpolation formula for the polynomial f(z) = xë. But we may have some 
problems when the degree of this polynomial is greater than or equal to 
n. This can be solved by working with the remainder of f modulo g(x) = 
(x—a)(x—a2)...(x—ay,). So, let us proceed by writing f(x) = g(x)h(x)+r(z), 
where r is a polynomial of degree at most n — 1. This time we don’t have to 
worry since the formula works, and we obtain 


r(x) — r(a;) Lo 
i=1 ja” 


Now, we need three observations. The first one is r(a;) = af, the second one 
is that the polynomial r has integer coefficients, and the third one is that 
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n 
as is just the coefficient of z”~! in the polynomial 
=1 Ie — aj) 
j#t 





5 eed A ree az 


i=1 jAt 


Combining these observations, we find that Par Te is the coefficient 
(a; — 


j#t 
of z”—! in r, which is an integer. Thus, not only have we solved the problem, 
but we have also found a rapid way to compute the sums of the form 
n k 


ai 


2 Ijz; (ai — aj) 


The following two problems concern some combinatorial sums. If the first 
one is relatively easy to prove using a combinatorial argument (it is a very 
good exercise for the reader to find this argument), for the second problem a 
combinatorial approach is much more difficult. But we will see that both are 
immediate consequences of the interpolation formula. 


n 


Í Let f(z) = X. a,2"—*. Prove that for any non-zero real num- 





k=0 
ber h and any real number A we have 
So e st K (A+ kh) =ag-n!-h”. 


Solution. Since this polynomial has degree at most n, we have no problems 
in applying the interpolation formula 


A— jh 
f(a) = Do scat bh econ 
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Now, let us identify the leading coefficients in both polynomials that appear 
in the equality. We find that 


ao = ss : _4\n—-k( ™ 
0 = Dr Aakhe TEN nT 2 1) (p) AA+ Bh), 
j#k 


which is exactly what we had to prove. Simple and elegant! Notice that the 
above problem implies the well-known combinatorial identities 


zones 


n 
for all p € {0,1,2,...,n — 1} and S (-1)"-* (r) k” = n!. (Notice that the 
k=0 
identity remains valid for h = 0, too!) 


As we promised, we will discuss a much more difficult problem. The reader 
might say after reading the solution: but this is quite natural! Yes, it is 
natural for someone who knows the Lagrange Interpolation formula very well 
and especially for someone who thinks that using it could lead to a solution. 
Unfortunately, this isn’t always so easy. 





S Prove the identity 


n 


S G kotl — i 


k=0 


Solution. We take the polynomial f(z) = x”. (Why don’t we take the po- 


lynomial f(z) = z”+!? Simply because (—1)"—* appears when writing 


k 
the formula for a polynomial of degree at most n.) We write the Interpolation 
Formula 


" n ng(z—1)--(x—k-—1)(rz—-k+1)---(x-n ints 
-e SEE MG bn) ye 
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Now, we identify the coefficient of zx”~! in both terms. We find that 
k n 
0 = ea | Jea +2+:---+n—hk). 
k=0 k 


And now the problem is solved, since we found that 


n 


PaA da a 


k=0 


and we also know that 


yy (z) k” =n! 


k=0 


from the previous problem. 


If the Lagrange interpolation formula was good only to establish identities and 
to compute values of polynomials, it would not have been such a great disco- 
very. Of course this is not the case—it plays a fundamental role in analysis. 
However, we are not going to enter this field, and we prefer to concentrate on 
another elementary aspect of this formula and see how it can help us establish 
some remarkable inequalities. And some of them will be really tough. 

We begin with a really difficult inequality, originally published by H.S. Shapiro 
in the American Mathematical Monthly, in which the interpolation formula is 
really well hidden. But denominators can give valuable indications from time 
to time. 


“am Prove that for any real numbers z1, £2,...,£n € [—1,1] the 
following inequality is true: 





n—2 


ks 1 
en ae 5 
Te n | 
j#i 


[H. S. Shapiro] Iranian Olympiad 
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Solution. The presence of I] |x; — z;| is the only hint to this problem. But 


j#t 
even if we know it, how do we choose the polynomial? The answer is simple: 


we will choose it to be arbitrary, and only in the end we will decide which 
n—1 


one is optimal. So, let us proceed by taking f(z) = y az" an arbitrary 


k=0 
polynomial of degree n — 1. Then we have 


f(z) = fe I 


=] ET 


Combining this with the triangle inequality, we get 


|f(2)| < 3 f(a) T] |= 
k=1 jÆk 











Tk — 


Only now comes the beautiful idea, which is in fact the main step. From the 
above inequality we find that 


a Zi 
j 


fF)| < 


gr-l 








and since this is true for all non-zero real numbers x, we may take the limit 
when x — oo and the result is pretty nice: 


lan—1| < . lf (zx)| 


= I] |Z — zyl 


This is the right moment to decide what polynomial to take. We need a po- 
lynomial f such that |f(x)| < 1 for all x € [—1,1] and such that the leading 
coefficient is 2"—2. This time our mathematical culture will decide. And it says 
that Chebyshev polynomials are the best, since they are the polynomials with 
the minimum deviation on [—1, 1] (the reader will wait just a few seconds and 
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will see a beautiful proof of this remarkable result using Lagrange’s interpola- 
tion theorem). So, we take the polynomial defined by f(cosz) = cos(n — 1)z. 
It is easy to see that such a polynomial exists, has degree n — 1, and leading 
coefficient 2”72, so this choice solves our propio 


|f (rx) 
1 [[ ler- 231 


jfk 
identifying the leading coefficients in the identity 


f(z) = Sea 7 


k=1 jÆk 


Note also that the inequality |a,_1| < a ean can be proved by 





and then using the triangle inequality. 

The following example is a fine combination of ideas. The problem is not 
simple at all, since many possible approaches fail. Yet, in the framework of 
the previous problems and with the experience of Lagrange’s interpolation 
formula, it is not so hard after all. 


Tee i Let f € R[X] be a polynomial of degree n with leading coef- 
ficient 1, and let £o < £1 < £2 < --- < Zn be some integers. 
Prove that there exists k € {0,1,...,n} such that 





n! 
Crux Matematicorum 


Solution. Naturally (but would this be naturally without having discussed so 
many related problems before?), we start with the identity 


f(z) = > sen T= am 


j#k 





THEORY AND EXAMPLES 203 


Now, repeating the argument in the previous problem and using the fact that 
the leading coefficient is 1, we find that 


“. fle) =" 


k=0 II Ik — X5| g 


jfk 


It is time to use the fact that we are dealing with integers. This will allow us 
to find a good lower bound for I] |£ķ — 2;| This is easy, since 
j#k 


[| lee - 25] = \@ee — 20) (ee — £1) ++ (Ek — te-1)(teH1 — tk) +++ (£n — te) 
jŻk 


> k(k —1)(k—2)---2-1-1-2---(n—k) = k!(n — k}!. 
And yes, we are done, since using these inequalities, we deduce that 
rae | f(ze)| 
6 k!(n — KI = E 


Now, since 


it follows that 


for sme 0< k <n. 


The following example is an answer to a conjecture of F. J. Dyson (1962). The 
elegant proof presented here, based on an identity obtained by Lagrange’s in- 
terpolation formula, is due to I. J. Good (1970): 
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Let a1, a2, ..., dn be nonnegative integers and let f (a1, aa, ..., dn) 
be the constant term of the “polynomial” 


II (. E) 
Ti l 
1<t,j<n 


i£j 
Prove that 


a, + a2 + +a | 
f (a1, a2, egy) = es 
Q1-Q2: 


Solution. Define 


g(a}, a2, ...,A@n) = iat x 


We will prove by induction on a; + a2 +--+ + an that f(a1,a2,..., an) = 
g(a1,42,...,4n). If ay = ag = --- = Gy = O the claim is obviously true. 
Now, observe that 


g(a, a2, +4) On) g g(a g 1, a2, ++) On) ep Seer g(a, G2, +++, On — 1) 
if all a; are positive and 
g(a, 2, ---) Ak—-1; 0, Ak+15 +++) an) = g(a, 2, +++) Ak—1, Bk41) ++) an) 


if a, = 0. Therefore it would be enough to prove the same relation for f. If 
ay, = 0 it is clear that 


f (a1, a2, ..., Qp—1, 0, ak+1, ---, an) = f (a1, Ga, ..., Qk—1, W415 <- An); 
so assume that all a; are positive. In order to prove that 

f (a1, G2, ...,@n) = f(a, — 1, @9,...,@n) +--+: + f(@1, a2, ..-,@n — 1) 
it is enough to prove the identity 


n(-2)"-Em0-s) e-a 


1<i,j<n i=] jži jżi 
tfj 


THEORY AND EXAMPLES 255 


which reduces of course to 


-En(-2)" 


i=l ji 


But this is just Lagrange’s interpolation formula written for the polynomial 
f(X) =1 with nodes z1, £2, ..., £n and evaluated at x = 0. 


We will discuss one more problem before embarking on a more detailed study 
of Chebyshev polynomials and their properties. This was given in the Ro- 
manian Mathematical Olympiad and is a very nice application of Lagrange’s 
interpolation formula. It is sufficient to say that it follows trivially using a 
little bit of integration theory and Fourier series. 


§ Prove that for any polynomial f of degree n and with leading 
- coefficient 1 there exists a point z such that 





|z| = 1 and |f(z)| > 1. 
[Marius Cavachi] Romanian Olympiad 


Solution. Of course, the idea is always the same, but this time it is necessary 
to find the good points for which we should write the interpolation formula. 
As we did before, we will be blind at the beginning and we will try to find 
these points in the end. Until then, let us call them 29, £1, 72,...,2n and write 


3 |f (rx)| >] 
k=0 I] [£k — z3| 
j#k 
This inequality was already proved in Example 6. Now, consider the polyno- 


mial 
n 


glz) = [[@ - 2). 


7=0 
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We have then 


\9'(xs)| = ||] @ - 25) 
jži 


n 
1 
Now, we would like, if possible, to have |x;| = 1 and also ` a] <1. In 
k=0 


Tk )| 
lf) > 1 that at least one of the 
k=0 Il [£k — zyl 


numbers | f(z;)| is greater than or equal to 1 and the problem would be solved. 
Thus, we should find a monic oo g of degree n+ 1 with all roots of 


this case it would follow from 


modulus 1 and such that es a f 7 J| $ < 1. This is trivial: it suffices, of course, 


to consider g(x) = z”+! — i The conclusion follows. 


We have an explanation to give: we said the problem follows trivially with a 
n 


little bit of integration theory tools. Indeed, if we write f(x) = ` agx" then 


one can check with a trivial computation that 


1 20 
= | flete dt 
T JO 


and from here the conclusion follows since we will have 


27 
ox=|/ flete "tdt 


2m 
<j f(e")|dt < 27 max |f(2)] 








Of course, knowing this already in 10°" grade (since the problem was given to 


10t? grade students) is not something common... 


Before passing to the next more computational problem (which does not mean 
less interesting, of course), let us recall some properties of the Chebyshev’s po- 
lynomials of the first kind. They are defined by Ta (x) = cos(n arccos(x)), or 
equivalently, T,,(cosz) = cos(nz). You can easily check by induction, using 
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the obvious relation Tn+1ı(x£) = 22T;,(x) — Tn—-ı (x) that this gives you a poly- 
nomial of degree n, having leading coefficient 2”—! and all of whose coefficients 
are integers. Among hundreds of interesting and useful properties of these po- 
lynomials, let us state a few, the proof of which is left as a very useful exercise 
for the interested reader. 


Theorem 11.1. The polynomials Tn have the following properties: 


e An explicit formula for Tn is 
(x + vzr? —1)"4+ (4 -— Vax? -1)” 
7 ; 


e The polynomials T, and Tm commute, that is Tn(Tm(£)) = Tm(Tn(£)) 
for all m,n and all x. 


Ta(£) = 


e The generating function of these polynomials is given by: 


` Irl = L 


= 2 
Er l1—2zr +z 


for all |z| < 1 and |z| < 1. 


e They seat an orthogonal system on the interval |—1,1] for the weight 


v(x) = ; that is for alli £ j positive integers the following relation 
holds i 
f PORD =o 
=i 1 — z? 


The following problems will be based on a very nice identity that will allow 
us to prove some classical results about norms of polynomials, to find the 
polynomials having minimal deviation on [—1,1], and also to establish some 
new inequalities. In order to do all this, we need two quite technical lemmas, 
which are not difficult to establish, but very useful. 
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Lemma 11.2. If we let tg = cos =, O0<k<n, then 
: (1... jas a 
f(z) = [[@ — tk) = =o le + Va? —1)" — (x — Va? — 1)". 
k=0 


Proof. The proof is pa Indeed, if we consider 


g(x) = z+ vaz? — 1)” — (x — vz? — 1)”, 


using the binomial Meat we can establish immediately that it is a polyno- 
x 
mial. Moreover, from the obvious fact that lim gz) = 1, we deduce that it 
zoo ntl 


is actually a monic polynomial of degree n+ 1. The fact that g(t,) = 0 for 
all 0 < k < n is easily verified using de Moivre’s formula. All these prove the 
first lemma. O 


A little bit more computational is the second lemma. 


Lemma 11.3. The following relations are true: 


_1\k 
i) ] [te - ts) = Cor if 1 < k<n-1; 
Jrk 


ii) I to — tj) = = ——; 


(—1)"n 
«THe n — t;) = To 





Proof. Simple computations, left to the reader, allow us to write: 


f'(z) = om (x + Vx? — 1)" + (z — V2? -— 1)"]+ 
tggal e+ VAD" - e- V" 


Using this formula and de Moivre’s formula we easily deduce i). 
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To prove ii) and iii) it suffices to compute lim f'(x) and lim f'(x), using the 
zr r—>— 


above formula; we let the reader to do the dirty job. o 


Of course, you hope that all these computations have an honorable purpose; 
and you’re right, since these lemmas will allow us to prove some very nice 
results. The first one is a classical theorem of Chebyshev, about minimal de- 
viation of polynomials on [—1, 1]. 


; : (Chebyshev’s theorem) Let f € R[X] be a monic polynomial 
of degree n. Then 





1 
Sr 
ae If(@)| aa 


and this bound cannot be improved. 


Solution. Using again the observation from Problem 7, we obtain the identity: 





Thus, we have 
zi 


1 < max |f Cts) do LLG - t) 


k=0 |jÆk 
Now, it suffices to apply Lemma 2 to conclude that we actually have 
1 


Sii- =2"7. 


k=0 |j4k 


1 
This shows that max |f(z)| => =—; and so the result is proved. To prove 
xre[—1,1] 7 


that this bound is optimal, it suffices to use the polynomial Tp. Then the 
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1 
polynomial mitn is monic of degree n and 


max 
xé[—1,1] |2771 





There are many other proofs of this result, a lot of them are much easier, but 
we chose this one because it shows the power of Lagrange interpolation theory. 
Not to mention that the use of the two lemmas allowed us to prove that the 
inequality presented in Example 7 is actually the best. 


Some years ago, Walther Janous presented in Crux the following as an open 
problem. It is true that it is a very difficult one, but here is a very simple 
solution using the results already achieved. 


Suppose that ao, aı,...,đ@n are real numbers such that for all 
x € |[—1, 1] we have 





lao +aiız +: +anz”| <1. 


Then for all z € [—1, 1] we also have 


lan + Qn—1£ +- + aoz”| < 2t, 
[Walther Janous] Crux Matematicorum 


Solution. Actually, we are going to prove a stronger result, that is: 


Lemma 11.4. Denote, for f € R|X], 


IfI = max |f(x) 


xEe|—1,1] 
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Then for any polynomial f € R[X] of degree n the following inequality is 
satisfied: 
IF(x)| < [Tn(x)|- FI] for all |x| > 1. 


Proof. Using Lagrange’s interpolation formula and the triangle inequality, we 
deduce that for all u € [—1,1], u #0, we have: 


ORDR ma 


k=0 74k 
The brilliant idea is to use the Lagrange interpolation formula again, this time 
for the polynomial Tn. We shall then have (also for u € [—1, 1], u 4 0) 


t (=) = 


(the last identity being ensured by lemma 11.2). By combining the two results, 


we obtain 
f (=) < 
u 


and the conclusion follows. O 








n 


— utj l Š 
pa [at >I tk — tj al 
k= k=0 j£k 














E 





ie (=) \|f|| for all u € [—1,1],u 40 


Coming back to the problem and considering the polynomial f(x) = Y a,x", 
the hypothesis says that || f|| < 1 and so by the lemma we have 

|f(z)| < |Tn(x)| for all |x| > 1. 
We will then have for all x € [—1,1], x £0: 


70 


P= 


IA 


lan + Qn-10 +--+: + aot 
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en (i)a 
x 
which can be also written as 
(1+ V1—22)"4+(1-— V1—-<2?)” < 2”. 


But this inequality is very easy to prove: just set a = v1 — x? € [0,1] and 
observe that h(a) = (1 — a)" + (1 + a)” is a convex function on [0,1], thus 
its superior bound is attained at 0 or 1 and there the inequality is trivially 
verified. Therefore we have 


It suffices to prove that 





lan + Qn—12 +--+ + aoz”| < 7 


and the problem is solved. 


Since we are here, why not continuing with some classical, but very important 
results of Riesz, Bernstein and Markov? We unified these results in a single 
example because they have the same idea, and moreover they follow one from 
another. We must mention that a) is a result of M. Riesz, while b) was 
obtained by S. Bernstein and finally c) is a famous theorem of A. Markov, 
the real equivalent of an even more celebrated Bernstein’s complex theorem 
(whose proof you will surely enjoy: it is among the training problems). 


apis. 1 ; L a) Let P be a polynomial with real coefficients of degree at 
most n — 1 such that v1 — x2|P(x)| < 1 for all x € [—1,1]. 
Prove that |P(z)| < n for all x € [—1, 1]. 
b) Let 





n 
Tu= ` (a, cos(kx) + by sin(kx)) 
k=0 

be a trigonometric polynomial of degree n with real coeffi- 
cients. Suppose that |f(x)| < 1 for all real numbers x. Prove 
that | f’(2)| < n for all real numbers z. 

c) Prove that if P has degree n and real coefficients and mo- 
reover |P(x)| < 1 for all z € [—1,1] then |P’(x)| < n? for all 
x € [—1, 1]. 
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Solution. a) Let us write the Lagrange interpolation formula for P with the 
points £1, 22,...,2%n, where x; = cos( {22s Dr) are the zeros of the nth Cheby- 
shev’s polynomial T,,. We obtain the important identity 


n 


(aye. 1-a? P(e) 22), 


i=1 


Take now x € [—1,1]. Observe that if x € [z,,21] = [—x1,21] then by the 
: 1 1 : : ; : 
hypothesis |P(x)| < Ta < Fina = < n, the last inequality being equivalent 








to sin(= ) > i =, which is clear by a convexity argument. So, assume that 
x£ > x1, the case x < —2, being identical. In this case the triangle inequality 


applied to the previous identity shows that 


poe y a, 


n T — T; 
i=1 k 


But the last sum is exactly +T} (x). Because Ta (cosu) = cos(nu), we have 
T} (cosu) = nntu) However, an easy induction shows that |sin(nu)| < n < 
|sinu| for all u and all positive integers n. This implies that |T! (x)| < n? 
for all z € [—1,1]. Combining this with the inequality |P(z)| < 4 - T4 (x) we 
deduce that |P(x)| < n for all x > zı. This finishes the proof of the first part. 


b) First of all, let us see what happens when all a; are zero, that is 
f(x) = bising + bz sin(2x) +--- +b, sin(nz). 


Observe that in exactly the same way as you could have proved the existence 
of the polynomial Tn (that is, by induction), you can prove the existence of a 
polynomial Rn of degree n — 1 such that R,(cos xz) = sin(nz) Therefore there 


exists a Calon P of degree at most n — 1, with real coefficients, and such 
that Le) P(cosz). Observe that this polynomial satisfies the conditions 
of a), because |sinz - P(cosx)| < 1 for all real x. Therefore we can apply a) 
to deduce that |P(x)| < n for all x € [—1,1], that is |f(z)| < n - |sin x| for 


all x. Dividing by x and letting x — 0 we deduce that |f’(0)| < n. Now, 
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let us come back to the general problem and fix a real number zp. Define 
g(x) = Leteo) deto Using standard trigonometric formulae, we deduce 
that g(x) is of the form cı sing + cgsin(2z) + --- + cn sin(nx) for some real 
numbers c;. The triangle inequality also ensures that |g(x)| < 1 for all real 
numbers x. Thus, by the result that we have just obtained, we must have 
|g'(0)| < n. Because g'(0) = f'(£o) and because zo was arbitrary, b) is proved. 


c) Let us consider this time f(z) = P(cosxz). An immediate induction based 
on the most elementary product formulae for trigonometric functions shows 
that (cosz)J is a trigonometric polynomial of degree at most n. Thus by b) 
we must have |f’(x)| < n for all x. This means that |sinxz- P’(cosx)| < n 
for all x, which shows that the polynomial 1p! satisfies the conditions of a). 
Thus it has values not exceeding n on [—1,1], which means that P’ does not 
exceed n? on [—1, 1], and this finishes the proof of this beautiful theorem. 


We end this topic with a very difficult problem, which refines an older one 
given in a Japanese mathematical Olympiad in 1994. The problem has a nice 
story: given initially in an old Russian Olympiad, it asked to prove that 


= a [I — a;| < 108” br „IIi — a;l 


for any real numbers aj, da2,...,@n. The Japanese problem asked only to prove 
the existence of a constant that could replace 108. A brute force choice of 
points in the Lagrange interpolation theorem gives a better bound of approxi- 
mately 12 for this constant. Recent work by Alexandru Lupas reduces this 
bound to 1+ 2/6. In the following, we present the optimal bound. 


fe $ For any real numbers aj, 42,...,@n, the following inequality 
holds: 





n 


a [le zaha Sen CSO” max TT je- =), 


ne|0.2 2] > 


[Gabriel Dospinescu] 
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Solution. Let us denote 
[Flos = max LF) 
for a polynomial f and let, for simplicity, 
(8+ 272)" + (3 — 2/2)" 
A ge 


We thus need to prove that || flljo,2) < cnllflljo,1) where 


n 


f(x) = | [ (2 - ai). 


i=1 


We shall prove that this inequality is true for any polynomial f, which allows 
us to suppose that ||f\||/o,1; = 1. We shall prove that for all x € [1,2] we have 


1+t 
\f(x)| < cn. Let us fix x € [1,2] and consider the numbers rz, = T A 





where tẹ’s are as in Lemma 11.2. Using the Lagrange interpolation formula, 
we deduce that 





co I] = => 22% m a 
T Ti T 
k=0 jzk E “I| k= JA k — 25 


n 


2— Tj 
p2 on he SE i 


k=0 k=0 74k 


Using Lemma 11.3, we can write 





on-l % 
(3 — tj)+ 
Slp i n N 4 
-= n—1 





Ile — tj) + IIe — t;)| . 
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Based on the expression of the derivative from the proof of Lemma 11.3, we 


obtain: 
STe- t) “Te-s +T[6-1)= 


k=1 j7#k 


= (8 + 2V2)" + (3 — 2V2)"] + (3 +22)" — (3 — 2v2)", 


A 
All we have to do now is to compute 
n 


n—i n— 
[[@-+4)+][@-+t) = sle- 
j=0 j=1 


But, according to Lemma 11.2, we deduce immediately that 
n—l1 1 
[6 -t;)= EWG + 2/2)" — (3 — 2V2)”]. 
j=l 


Putting all these observations together and making a small computation, that 
we leave to the reader, we easily deduce that |f(x)| < cn. This proves that 
IZ llo, < en||fllfo,1; and solves the problem. 
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11.2 Practice problems 


1. A polynomial p of degree n satisfies p(k) = 2" for all 0 < k < n. Find 
its value at n + 1. 


Murray Klamkin 


2. A polynomial f of degree n satisfies 





for all 0 < k <n. Find f(n+1). 
Titu Andreescu, IMO Shortlist 1981 


3. Prove that for any real number a we have the following identity 
n n 
X (-1)*( (a —k)”=nl. 
k 
k=0 


Tepper’s identity 


4. Prove that . 


n oe n 
> =) tr 
k=0 [| — Tj) k0 

j#k 
and compute 
n+2 
Tk 
k=0 [| (: — Tj) 
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. Let a,b,c be real numbers and let f(z) 
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= az? + br + c such that 
max{|f(+1)|,|f(0)|} < 1. Prove that if |x| < 1 then 


aG) 


(e)l < > and <2. 


8 |= 








Spain 1996 


. Find the greatest possible value of the expression a? + b? + c? if jax? + 


bx + c| < 1 for all z € [-1, 1]. 


Laurentiu Panaitopol 


. Define F(a, b,c) = an |z’ — az? — bx — c|. What is the least possible 


x€(0, 
value of this function over R8? 


Chinese TST 2001 


. Let a,b,c,d € R such that jax? + bz? + cx + d| < 1 for all x € [—1,1]. 


What is the greatest possible value of |c|? For which polynomials is the 
maximum attained? 


Gabriel Dospinescu 


. Let f € R[X] be a polynomial of degree n that satisfies |f(x)| < 1 for 


all x € [0,1]. Prove that 


(aise 
n 


Komal 


10. 


11. 


12. 


13. 


14. 
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Let a > 3 be a real number and p be a real polynomial of degree n. 
Prove that 


= 1. 
PE eee ja’ — p(i)| > 


India 1998 
Let a,b,c,d E€ R such that |az® + br? + cx + d| < 1 for all x € [—1,1]. 
Prove that 
la| + |b| + |e] + |d| < 7. 


IMO Shortlist 1996 
Let A = {7 E R[X]| degp < 3, [p(+1)| <1, p (+5) < i\. 
Find sup max |p” (x)|. 
pEA |z|<1 


IMC 1998 


Prove the identity 


Se (—1)*- -(* r (n— ky” =n" SO 


k=2 





a | — 


Peter Ungar, AMM E 3052 


Let n > 3 and let f,g € R|X] be polynomials such that the points 
(FA), 9(2)), (F(2), 9(2)),-- +, (f(n), g(n)) 


are the vertices of a regular n-gon in counterclockwise order. Prove that 
max(deg f,degg) >n-—1. 


Putnam 2008 
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15. 


16. 


17. 


18. 
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Let f be a complex polynomial of degree n such that |f(x)| < 1 for all 
x € |[—1,1]. Prove that for all k and all real numbers z such that |z| > 1, 


| fe) (x)| < IT T(x). Prove that Chebyshev’s theorem is a consequence 
of this result. 


W. W. Rogosinski 


Let f and g be polynomials in one variable with real coefficients and let 
a be a polynomial in two variables such that 


f(x) — f(y) = a(z, y)(g(z) — g(y)) 
for all x,y. Prove that there is a polynomial h such that f(x) = h(g(2)). 


Russia 2004 


a) Prove that for any polynomial f having degree at most n, the following 
identity is satisfied: 


22k 


zf'(æ)= > f(2) + — Tseng a 


where zę are the roots of the a X” +1. 


b) Deduce Bernstein’s inequality: || f’|| < || f|| where || f|| = mo ax |f (x)|. 


P. J. O'Hara, AMM 


Let f be a complex polynomial of degree at most n and let z0, 21,..., Zd 
be the zeros of the polynomial X¢+! — 1, where d > n. Define ||f|| = 


maXjzj=1 |f (2)l. 
(a) Prove that if there exist n + 1 pairwise dietei ZeYOS T0, £1, ..., Tn 
among 20, 21,- . - , Za such that |f(x:)| < za, then ||f|| < 1. 


(b) Deduce that 
All lgl] < 4298+80) . || Fg]. 


Gelfond 


JO}EUIGUIOD Ul ergab A TEC tos ul eiqabiy Joubin so10}eu 
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12.1 Theory and examples 


It is probably time to see the contribution of non-elementary mathematics in 
combinatorics. It is quite difficult to imagine that behind a simple game such 
as football, for example, or behind a day-to-day situation such as handshakes, 
there exists such a complicated machinery. But this sometimes happens, as will 
be soon demonstrated. In the beginning of the discussion, the reader does not 
need any special knowledge, just imagination and the most basic properties 
of matrices, but, as soon as we advance, things may change. Anyway, the 
most important fact is not the knowledge, but the ideas and, as we will see, 
it is not always easy to discover that non-elementary fact that hides behind 
a completely elementary problem. Now that we have clarified what is the 
purpose of the unit, we can begin. 


The first problem we are going to discuss is not classical, but it is relatively 
easy and shows how a very nice application of linear-algebra can solve elemen- 
tary problems. 


2 Amp le i Let n > 3 and let An, Bn be the sets of all even, respectively 
odd, permutations of the set {1,2,...,n}. Prove that 


dD Dlk-e@l= Do do i-e. 





[Nicolae Popescu] Gazeta Matematica 


Solution. Writing the difference 


XS X li-l- So X li-e) 


X elo) > li- o0), 
i=l 


cESn 
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where 
_ Jf +1, if cE An 
e(a) = { -1, if o€ Bn 


reminds us about the formula 


det A = ` E(0)Q19(1)420(2) "°° Anoa(n): 
7ESn, 


We have taken here Sn = A, U Bn. But we have no product in our sum! 
This is why we take an arbitrary positive number x and consider the matrix 
A= (xl?!) <i gen. We have 


det A = ` (—1) 9g]... glnan) = 


o€Sn 


o€An oE€Bn 


5 li-o(i)| $ li-o(i)| 
= ` i=l : 


gxi=l1 


aESn 
o odd 





Anyway, we do not have the desired difference yet. The most natural way 
is to differentiate the last relation, which is nothing other than a polynomial 
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identity, and then to take z = 1. Before doing that, let us observe that the 
polynomial 


1 T r? g2 gr! 

T 1 £ ... gras gr? 

r? T 1 ... L4 grs 
orl gr? x 1 


is divisible by (x — 1)?. This can be easily seen by subtracting the first line 
from the second and the third one and taking from each of these lines x — 1 
as a common factor. Thus, the derivative of this polynomial is a polynomial 
divisible by x — 1, which shows that after we differentiate (12.1) and take 
x = 1, the left-hand side vanishes, while the right-hand side becomes 


So Solk-o@1- DO $ li-ali). 


oEAy i=1 o€B, i=l 
This completes the proof. 


Here is another nice application of this idea. You probably know how many 
permutations do not have a fixed point. The question that arises is how many 
of them are even. Using determinants provides a direct answer to the question. 





: Find the number of even permutations of the set {1,2,...,n} 
that do not have fixed points. 


Solution. Let Cn and Dn be the sets of even and odd permutations of the set 
{1,2,...,n}, that do not have any fixed points, respectively. You may recall 
how to find the sum |C;,,| + |D,|: using the inclusion-exclusion principle, it is 
not difficult to establish that it is equal to 


n(1- Fag + SH). 





2! n! 


Hence if we manage to compute the difference |Cn| — |D,|, we will be able to 
answer to the question. Write 


ICn| — [Dn] = ` (= ` 1 


o€An cEBn 
o(i)#xt a(t) Fi 
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using Án, Bn from Example 1, observe that this reduces to computing the 
determinant of the matrix T = (t;;)i<ij<n, where 


i? if iÆj 
lij = 


0, if 2S3 
That is, 
0 1 L wey. d 
1 0 1 ... 1 
ICn| — | Dr] = sae: 
1 1 L aac. Q 


But computing this determinant is not difficult. Indeed, we add all columns 
to the first and factor n — 1, then we subtract the first column from each of the 
other columns. The result is |Cn|— |Dn| = (—1)""!(n—1), and the conclusion 
is: 


iCal = 5 fa (1-54 pa SO) etna), 


In the following problems we will focus on a very important combinatorial 
tool, that is the incidence matrix. Suppose we have a set X = {21,%2,...,2n} 
and X1, X2,..., Xk a family of subsets of X. Now, define the matrix A = 
(ai; )1<i<n, Where 

1<j<k 


be 1, if 2 €X; 
a 0, if Ti Xj 


This is the incidence matrix of the family X1, X2,..., Xk and the set X. In 
many situations, computing the product AT - A helps translate the conditions 
and the conclusion of certain problems. From this point, we turn on this 
machinery, and solving the problem is on its way. 

Let us discuss first a classical problem. It appeared at the USAMO 1979, 
Tournament of the Towns 1985 and in the Bulgarian Spring Mathematical 
Competition 1995. This says something about the classical character and 
beauty of this problem. 
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y simple E Let Aj, Ao,...,An41 be distinct subsets of the set {1,2,..., n}, 
each having exactly three elements. Prove that there are two 
subsets among them that have exactly one common element. 





Solution. We argue by contradiction and suppose that |A; N A;| € {0,2} for 


alli Æ j. Now, let T = (tij) 1<i<n be the incidence matrix of the family 
1<j<ntl 
Aj, A2,...,An+1 and compute the product 


n n n 
Sotka Do teaten -o D traten 
TTE Aa T vos as 


nr n n 
2 
` Ik n+1tk,1 5 tknt+ite2 --- `S tk ntl 


But 2 re = |A;| = 3 and 2 tkitkj = |A; N Aj] E {0,2}. 
Thus ET in the feld Z /2Z, we have 


T 0.. 60 9 
CPP we, tbs wok. won dae Wie 
0 0 0 1 


where X is the matrix having as elements the residues classes of the elements 
of the matrix T. Because det X = det X, the previous relation shows that 
det tT -T is odd, hence nonzero. This means that ‘TT is an invertible matrix 
of order n + 1, thus rank(tT : T) = n+ 1 which contradicts the inequality 
rank(‘T -T) < rank(T) < n. This shows that our assumption is wrong and 
there indeed exist indices i # j such that |A; N A;| = 1. 


The following problem is very difficult to solve by elementary means, but the 
solution using Linear Algebra is straightforward. 





pxample 4:1 Let n be even and let Aj, A2,..., An be distinct subsets of 
the set {1,2,...,n}, each of them having an even number of 
elements. Prove that among these subsets there are two having 
an even number of common elements. 
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Solution. Indeed, if T is the incidence matrix of the family A1, Ao,..., An, 
we obtain as in the previous problem the following relation 


|Aıl |A N Ao| ee |Ay N Anl 
TE 


\An Ay] [An Aol a JAn 





Now, let us suppose that all the numbers |A; N A;| are odd and panieePaC the 
above relation in the field Z/2Z. We find that 

0 aa 

COU aN eck, eho, Gia. Gaed week ia 

1 1 


m) 
Ha) 


m=) 
©) 


which means again that det tT -T is odd. Indeed, if we work in Z/2Z, we 


obtain = 2 a 
0 To asa d 1 


il 
m} 


~ 


0 


=) : 


T f 


The technique used is exactly the same as in the previous example. Note that 
this is the moment when we use the hypothesis that n is even. Now, since 
det tT -T = det? T, we obtain that det T is also an odd number. Hence we 
should try to prove that in fact det T is an even number and the problem will 
be solved. Just observe that the sum of elements of the column i of T is |A;l, 
hence an even number. Thus, if we add all lines to the first, we will obtain 
only even numbers on the first line. Because the value of the determinant does 
not change under this operation, it follows that det T is an even number. But 
a number cannot be both even and odd, so our assumption is wrong and the 
problem is solved. 
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Working in a simple field such as Z/2Z can allow us to find quite interesting 
solutions. For example, we will discuss the following problem, used in the 
preparation of the Romanian IMO team in 2004. 


Panis a. The squares of an n x n table are colored white and black. 
~ Suppose that there exists a nonempty set of rows A such that 
any column of the table has an even number of white squares 
that also belong to A. Prove that there exists a nonempty set 
of columns B such that any row of the table contains an even 

number of white squares that also belong to B. 





[Gabriel Dospinescu] 


Solution. This is just the combinatorial translation of the well-known fact 
that a matrix T is invertible in a field if and only if its transpose is also 
invertible in that field. But this is not so easy to see. In each white square we 
write the number 1 and in each black square we put a 0. We thus obtain a 


binary matrix T = (ti;)1<i,;<n- From now on, we work only in Z/2Z. Suppose 
k 


that A contains the rows aj,a2,...,a,. It follows that > tas = 0 for all 
i=1 
7=1,2,...,n. Now, let us take 
oe 1, if icA 
’* ) 0, if ig A 
It follows that the system 


t1121 + t2122 +++: + tn1Zn = 0 
tizi + təa2z2 +°--+tnroz%n = 0 


tinZ1 + t2nz2 +++: + tnnZzn = 0 
has the nontrivial solution (x1, £2,..., £n). Thus, det T = 0 and consequently 
det ‘T = 0. But this means that the system 


tiiyi + tioy2 +- + tinYn = 0 
to1y1 + t22Y2 +--+: + t2nYn = 0 


tniyi + tnoy2 +°:°++trnyn = 0 
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also has a nontrivial solution in Z/2Z. Now, we take B = {i | y; #0} and we 


clearly have B Æ @ and ` Uiz = 0, i = 1,2,...,n. But this means that any 


zrEB 
line of the table contains an even number of white squares that also belong to 


B, and the problem is solved. 


The cherry on the cake is the following very difficult problem, where just 
knowing the trick of computing ‘A- A does not suffice. It is true that it is one 
of the main steps, but there are many more things to do after we compute 
tA-A. And if for these first problems we have used only intuitive or well-known 
properties of the matrices and fields, this time we need a more sophisticated 
arsenal: the properties of the characteristic polynomial and the eingenvalues 
of a matrix. It is exactly the kind of problem that knocks you down when you 
feel most confident. Note that the problem can also be reformulated in a more 
down-to-earth way: for which m,n is there a directed graph with n vertices 
in which every pair of vertices is connected by exactly m paths of length 2? 






i : Let S = {1,2,...,n} and let A be a family of pairs of elements 

~ in S with the following property: for any i,j € S there exist 

exactly m indices k € S for which (i, k), (k,j) € A. Find all 
possible values of m and n for which this is possible. 


[Gabriel Carrol] 


Solution. It is not difficult to see what hides behind this problem. Indeed, if 
we take T = (tis 1<t.j<n, where 


wee 1, if (i,j) €A 
‘I~ | 0, otherwise 


the existence of the family A reduces to 


m m 
m m 


=e 


= 
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So we must find all values of m and n for which there exist a binary matrix T 
such that 


m m m 
T2 mem... m 

m m m 

Let us consider 

m m m 

m m m 
B= 

mom... m 


and find the eigenvalues of B. This is not difficult, since if x is an eingenvalue, 
then 


m m e... MT 


If we add all columns to the first and then take the common factor mn — z, 
we obtain the equivalent form 


1 m m 
1 — EF 

(mn — z) els mo =o. 
1 m ... M-T 


In this last determinant, we subtract from each column the first column mul- 
tiplied by m and we obtain in the end the equation z”! (mn — x) = 0, which 
shows that the eigenvalues of B are precisely 0,0,...,0,mn. But these are 
— a 
n—1 times 
exactly the squares of the eigenvalues of T. Hence T has the eigenvalues 
0,0,...,0, ymn, because the sum of the eigenvalues is nonnegative (being 
1 
ms 
equal to the sum of the elements of the matrix situated on the main diagonal). 
Since Tr(T) € Z, we find that mn must be a perfect square. Also, because 
Tr(T) < n, we must have m < n. 
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Now, let us prove the converse. Suppose that m < n and mn is a perfect 
square and write m = du”, n = dv”. Let us take the matrices 


T=(1...1), O=(0...0). 
dv times dv times 


Now, let us define the circulant matrix 


I...10...0 
Tr Noe au 
u v—u 
OI...IO...O 
$= u v—u—1 € Mv, n({0, 1}). 
Teed Oa 
u—1 v—u 
Finally, we take 
S 
S 
A= E€ M,,({0, 1}). 
S 


It is not difficult to see that 


m m m 

Fs m m ieee m 
Af = ) 

m m m 


which concludes the proof. 


The last idea that we present here (but certainly these are not all the methods 
of higher mathematics applied to combinatorics) is the use of vector spaces. 
Again, we will not insist on complicated concepts from the theory of vector 
spaces, just the basic facts and theorems. Maybe the most useful fact is that 
if V is a vector space of dimension n (that is, V has a basis of cardinality n), 
then any n+ 1 or more vectors are linearly dependent. As a direct application, 
we will discuss the following problem, which is very difficult to solve by means 
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of elementary mathematics. Try first to solve it without vectors and you will 
see how hard it is. The following example is classical too, but few people know 
the trick behind it. 


| Let n be a positive integer and let Aj,... ,An+1 be nonempty 
subsets of the set {1,2,...,n}. Show that there exist nonempty 
and disjoint index sets J = {t1,%2,...,ip} and J = {ji,...,jq} 
such that 





Aj, U Aj, U ++- U Aj, = Aj, U Aj, U+ U Aj 


bs 
Chinese Olympiad 


Solution. Let us assign to each subset A; a vector vk € R”, where vk = 
(xy, 7,..., 2%) and 
zl -{ 0, if lE A, 

k= ) 1, if lg A, 


Because dim R” = n, the vectors we have just constructed must be linearly 
dependent. So, we can find aj, a2,...,@n+41 E R, not all of them 0, such that 


Q1V1 + a2V2 + ° ++ + Qn41Un41 = O. 


Now take I = {i € {1,2,...,n+1}| a; > 0} and J = {j € {1,2,...,n+1}| a; < 
0}. It is clear that J and J are nonempty and disjoint. Let us prove that 
U A; = U A; and the solution will be complete. Take h € U A; and sup- 
i€l jeJ i€l 

pose that h ¢ U A;. Then the vectors v; with j € J have zero on their hth 

FET 

component, me hth component of the vector avı + a2qv2+-+++@n41Un+1 İS 
>D a; > 0, which is impossible, since ajv1 + a2v2 + °°: + an+1Vn+1 = 0. This 
re A; 

iel 

shows that U A; C U A;. The reversed inclusion can be proved in exactly 

iel jeJ 
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the same way, so we conclude that U A= LU Aj. 
ze] JES 


And probably an even more difficult result: 


$4, Let S be a finite subset of [0,1] containing 0 and 1 and such 

~ that every distance that occurs between pairs of elements oc- 
curs at least twice, except for the distance 1. Prove that S 
contains only rational numbers. 





[E.G.Strauss] Iran 1998 


Solution. Let (e1, €2,...,e,) be a basis of the linear space spanned by S over 
the field of rational numbers; this basis can be chosen such that en = 1. Now, 
write each element zx; of S in this basis: z; = ajje, + ajgeo +--+ + Ginen. 
We can define an order relation on the set of these vectors, by saying that 
zi > x; if there exists a position inn which the two vectors differ and z; has a 
larger coordinate in the first position where they differ. This (lexicographic) 
order is total, so we can choose the maximal and minimal elements for it to 
be x; and x; respectively. We know that z; — x; = £k — x, for some k,l. Thus 
using the maximality and minimality of x; and z; respectively, we deduce that 
xi = (0,0,...,0,1) and z; = (0,0,...,0). Because any other vector £r is less 
than x; but greater than zj, we deduce that all vectors have the first n — 1 
coordinates zero, which is equivalent to the fact that all elements of S are 
rational. 

We conclude this discussion with another problem, proposed for the TST 2004 
in Romania, whose idea is also related to vector spaces. 


le 9; Thirty boys and twenty girls are training for the Team Se- 
~ lection Test. They observed that any two boys have an even 
number of common acquaintances among the girls and exactly 
nine boys know an odd number of girls. Prove that there exists 
a group of sixteen boys such that any girl attending the trai- 

ning is known by an even number of boys from this group. 





[Gabriel Dospinescu] 
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Solution. Let us consider the matrix A = (a;;) where 


ae 1, if Bi knows Fj 
‘I~ ) 0, otherwise 


We have considered here that B1, Bo,..., B30 are the boys and Fj, Fo,..., F20 
are the girls. Now, consider the matrix T = A- At. Observe that all the 
elements of the matrix T, except those from the main diagonal, are even 


(because tj; = ye Qikajk is the number of common acquaintances among the 


k=1 
girls of the boys B;, B;). Each element on the main diagonal of T is precisely 
the number of girls known by the corresponding boy. Thus, if we consider 
the matrix T in (Z/2Z,+,-), it will be diagonal, with exactly nine nonzero 
elements on its main diagonal. From now on, we will work only in Z/2Z. We 
have seen that rank(T) = 9. Using Sylvester’s inequality, we have 


9 = rank(T) > rank(A) + rank (4t) — 20 = 2- rank (A*) — 20 
hence r = rank (At) < 14. Let us consider now the linear system in (Z/2Z, +, -): 


a1121 + a21£2 + +++ + a30,1£30 = 0 
a1221 + a22£2 + +++ + a30,2£30 = 0 


41,2071 + A2,20%2 + - * © + €30,20730 = 0 


The set of solutions of this system is a vector space of dimension 30 — r > 16. 
This is why we can choose a solution (£1, %2,...,2%39) of the system, having 
at least 16 components equal to T. Finally, consider the set M = {i € 
{1,2,...,30}| z; = 1}. We have proved that |M| > 16 and also ` aji = 0 
jEM 
for all ¿ = 1, 2, ...,20. But observe that D aji is just the number of boys Bk 
j\EM 

with k € M such that Bk knows F;j. Thus, if we choose the group of those 
boys Bk with k € M, then each girl is known by an even number of boys from 
this group, and the problem is solved. 
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A famous result of Sylvester (proved by Gallai and then by many other mathe- 
maticians) states that if A is a finite set of points in the plane such that there 
is no line which contains A, then there exists a line passing through exactly 
two points of A. The following example is a refinement of this result and the 
proof is almost magical: 


ue Prove that n distinct points, not all of them lying on a line, 
determine at least n distinct lines. 





[Paul Erdős 


Solution. Number the points with 1, 2,...,n. Let X be the set of distinct lines 
passing through two of the n points and let A; be the set of those lines in X 
that contain the point i. Then any two of the sets A;, A; have exactly one 
common element. We need to prove that their union, X has at least n elements. 
Suppose the contrary, namely that there are only p < n such elements of 
X (and let l1,...,lp be these lines). Then because any homogeneous linear 
system with p equations and more than p unknowns has a nontrivial solution, 
it follows that we can assign numbers 271, £2,..., £n, not all 0, to the points 
such that the sum of the numbers on each line of X is 0. Then >> zx; = 0 for 

iE€lj 
all j. Therefore l 

p 


0 = ` S zi)”. 


j=1 iElj 


However, observe that in the last sum every T? appears at least twice (since 
not all the points are on the same line), yet every product 27,2; with i # j 
appears only once (this is where we use the fact that any two sets among 
Aj, Ag, ..., An have exactly one common point). We therefore obtain x? + re + 
+s +o? + (£1 + £2 +-+ + £n)? < 0, which forces all x; to be zero, which 
contradicts the choice of £1, £2, ..., En. 


In the framework of the previous problem, the next example should not be 
very difficult to solve. However, it is worth saying that this problem has 
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no combinatorial proof until now: this is the famous Graham-Pollak theorem. 
The solution, due to Tverberg, is taken from the excellent work Proofs from 
The Book. 





= There exists no partition of the complete graph on n vertices 
with fewer than n—1 complete bipartite subgraphs (such that 
every edge belongs to exactly one subgraph). 


[R. Graham, O. Pollak] 


Solution. Denote by 1,2,...,n the vertices of the complete graph on n ver- 
tices and suppose that B1, Bo,..., Bm is a partition of this graph with complete 
bipartite subgraphs. Every such subgraph By, is defined by two sets of ver- 
tices L, and R;. Put areal number z; in each vertex of the complete graph Kn. 


The hypothesis implies that 


m 


DESDIRE 


1<i<j <n k=1 iELk JERk 


The idea is (like in the previous problem) that if m < n — 1 then we can 

choose the real numbers 7),2%9,...,%, such that not all of them are zero, 

Tı + T2 +: + £n = 0 and `` zq; = 0 for all k. Indeed, this linear sys- 
1ELk 

tem has a nontrivial solution, because the number of unknowns exceeds the 


n 
number of equations. Using the above identity and the fact that Y x? = 


1=1 
n 


(So xi)? -2 Ð zizj, we infer that xf +23 +--+ +x} = 0, which contra- 


i=1 1<i<j<n 
dicts the choice of £1, £2, ..., Zn. 


We end this chapter with a very tricky problem, which became classical: we 
found traces of it and variants in AMM, Mathematics Magazine, as well as 
Iranian, Russian, and German Olympiads: 
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l Ta Let G be a simple graph, all of whose vertices are colored in 
© white. A legal operation consists of choosing a vertex and 
changing the color of that vertex and of all of its neighbors 
(vertices connected to it) to the opposite color (black in white 
and white in black). Prove that one can make all vertices of 

the graph black in a finite number of legal operations. 


Solution. We will assume by convention that any vertex is connected to itself, 
so that the adjacency matrix A of the graph (defined by ai; = 0 if i and j 
are not connected and 1 otherwise) is symmetric and has only 1 on the main 
diagonal. The idea is to prove the existence of a set S of vertices of the graph 
such that any vertex of G is connected to an odd number of vertices of S. 
In this case, all we need is to perform legal operations on the vertices of S 
in order to change the color of all vertices of the graph. Now, observe that 
if we find a vector v = (vj, V2,...,Un) with integer coefficients such that Av 
has all coordinates odd numbers we are done: it is enough to choose S the 
set of those i such that vi is odd. Thus, the problem reduces to proving that 
for any binary symmetric matrix A with diagonal (1,1,...,1), there exists a 
vector v such that Av has all coordinates odd numbers. Translated in the 
field F = Z/2Z, this comes down to proving that for any symmetric matrix 
A E€ M,(F), there exists a vector v € F” such that Av = (1,1,...,1). By a 
classical argument, it is enough to show that the orthogonal vector space of 
Im(A) is a subset of the orthogonal vector space of (1,1,...,1). But if a is 
orthogonal to Im(A), then we must have 


aijyj = 0 
1 


n n 
Ti 


t 


n 
for all y1, ..., Yn E F, which means that $- a;;2; = 0 for all j. Thus 
i=l 


n n 
) Tj ) AjjLi = 0, 
j=1 i=1 
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which can be also written as 


n 


` (aij + Qji)Li£j + ` aiit? =0; 


1<i<j<n i=1 


The matrix is symmetric, so the first sum is 0. Also, we have a? = 2; and 
ai; = 1, so we infer that 2; + x2 +--+ £n = 0, which means that z is ortho- 
gonal to v. This finishes the proof. 


290 


12. HIGHER ALGEBRA IN COMBINATORICS 


12.2 Practice problems 


1. 


Consider 2n + 1 real numbers with the property that no matter how 
we eliminate one of them, the rest can be divided into two groups of 
n numbers, the sum of the numbers in the two groups being the same. 
Then all the numbers must be equal. 


. A handbook classifies plants by 100 attributes (each plant either has a 


given attribute or does not have it). Two plants are dissimilar if they 
differ in at least 51 attributes. Show that the handbook cannot give 51 
plants all dissimilar from each other. 


Tournament of the Towns 1993 


. Let Aj, Ag,..., Am be distinct subsets of a set A with n > 2 elements. 


Suppose that any two of these subsets have exactly one element in com- 
mon. Prove that m <n. 


Fisher’s inequality 


. The edges of a regular 2”-gon are colored red and blue. A step consists of 


recoloring each edge which has the same color as both of its neighbors in 
red, and recoloring each other edge in blue. Prove that after 2"—1 steps 
all of the edges will be red and that need not hold after fewer steps. 


Iranian Olympiad 1998 


. Is there in the plane a configuration of 22 circles and 22 points on their 


union (ie the union of their circumferences) such that any circle contains 
at least 7 points and any point belongs to at least 7 circles? 


Gabriel Dospinescu, Moldova TST 2004 
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6. In an m by n table, real numbers are written such that for any two 
lines and any two columns, the sum of the numbers situated in the 
opposite vertices of the rectangle formed by them is equal to the sum 
of the numbers situated in the other two opposite vertices. Some of the 
numbers are erased, but the remaining ones allow us to find the erased 
numbers using the above property. Prove that at least n-+-m—1 numbers 
remained on the table. 


Russian Olympiad 1971 


7. A number n of teams compete in a tournament, and each team plays 
against any other team exactly once. In each game, 2 points are given 
to the winner, 1 point for a draw, and 0 points for the loser. It is known 
that for any subset S of teams, one can find a team (possibly in S) whose 
total score in the games with teams in S is odd. Prove that n is even. 


D. Karpov, Russian Olympiad 1972 


8. A simple graph has the property: given any nonempty set H of its 
vertices, there is a vertex x of the graph such that the number of edges 
connecting x with the points in H is odd. Prove that the graph has an 
even number of vertices. 


Komal 


9. Let Aj, Ao,...,An be subsets of A = {1,2,...,n} such that for any 
nonempty subset T of A, there is an i € A such that |A; N T| is odd. 
Suppose that Bı, B2 are subsets of A such that 


|A; N By| = |A; N Ba| = 


for all ¿. Prove that Bı = Bo. 


Gabriel Dospinescu, Mathematical Reflections 
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10. Light bulbs L1, Lo,..., Ln are controlled by switches S1, S2,...,5,. Switch 
S; changes the on/off status of light L; and possibly the status of some 
other lights. Suppose that if S; changes the status of L; then S; changes 
the status of L;. Initially all lights are off. Is it possible to operate the 
switches in such a way that all the lights are on? 


Uri Peled, AMM 10197 


11. Let G be a graph. Prove that the set of its vertices can be partitioned in 
two groups (possibly empty) such that each group induces a subgraph 
in which all vertices have even degree. 


Gallai Cycle-Cocyle partition theorem 


12. At a certain mathematical conference, every pair of mathematicians are 
either friends or strangers. At mealtime, every participant eats in one 
of two large dining rooms. Each mathematician insists upon eating in a 
room which contains an even number of his or her friends. Prove that 
the number of ways that the mathematicians may be split between the 
two rooms is a power of two . 


USAMO 2008 


13. Let n > 2. Find the largest p such that for all k € {1,2,...,p} we have 


5 ( 2 w0) = ( 3 o()) 


where An, Bn are the sets of all even and odd permutations of the set 
{1,2,...,n} respectively. 


Gabriel Dospinescu 


14. 


15. 


16. 


17. 
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Let s be a function defined by 
s(a1, a2, , ar) = (|aı — a2|, |a2 — ag|,..., |ar — a1)). 
Prove the equivalence of the following statements: 


(a) for all nonnegative integers a1,a2,...,a,, there exists n such that 
the n-th iterate of s evaluated at (a1, a2,...,a,) is (0,0,...,0); 


(b) r is a power of 2. 
Ducci’s problem 


An m x n matrix is filled with 0s and 1s such that any two rows differ 
in at least n/2 positions. Prove that m < 2n. 


Iranian Olympiad 


Let n be a positive integer. Find the largest number k with the following 
property: there exist k 2”-tuples of integers, all equal to 0 or 1 and such 
that d(u,v) > 2-1 for any two distinct tuples u,v. Here 


Qn 
d(u,v) = ) lu; — vil 
i=1 
if u;, v; are the components of u,v. 


Chinese TST 2005 


In a contest consisting of n problems, the jury defines the difficulty of 
each problem by assigning it a positive integral number of points (the 
same number of points may be assigned to different problems). Any 
participant who answers the problem correctly receives that number of 
points for the problem; any other participant receives 0 points. After 
the participants submitted their answers, the jury realizes that given any 
ordering of the participants (where ties are not permitted), it could have 


294 


18. 


19. 


20. 


21. 


22. 


12. HIGHER ALGEBRA IN COMBINATORICS 


defined the problems’ difficulty levels to make that ordering coincide with 
the participants’ ranking according to their total scores. Determine, 
in terms of n, the maximum number of participants for which such a 
scenario could occur. 


Russian Olympiad 2001 


For a permutation ø of {1,2,...,n} let e(o) = 1 if ø is even and —1 
otherwise. Let f(a) be the number of fixed points of ø. Proved that 


elo) e pm, n 
Lro O ee 


Co 


where the sum is taken over all permutations o of {1,2,...,n}. 
Putnam 2005 


A permutation o of {1,2,...,n} is called k-limited if lo(i) — i| < k for 
all 1 < i < n. Prove that the number of k-limited permutations of 
{1,2,...,n} is odd if and only if n = 0,1 (mod 2k + 1). 


Putnam 2008 


Let G1, G2,...,Gk be complete bipartite subgraphs of the complete 
graph Kən with 2n vertices. Assume that every edge of Kon is contained 
in an odd number of subgraphs G1, G2,..., Gk. Prove that k > n. 


Let Ai, Ao,...,Am and Bı, B2,..., Bp be subsets of {1,2,...,n} such 
that A; N Bj is an odd number for all i and j. Then mp < 271. 


Benny Sudakov 


On an n x m sheet of paper a grid dividing the sheet into unit squares is 
drawn. The two sides of length n are taped together to form a cylinder. 


23. 


24. 


20. 


26. 
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Prove that it is possible to write a real number in each square, not all 
zero, so that each number is the sum of the numbers in the neighboring 
squares, if and only if there exist integers k,l such that n + 1 does not 


divide k and 
kr 1 


n+l 2° 





2lr 
cos — + cos 

m 
Ciprian Manolescu, Romanian TST 1998 


Let m > n+ 1 and let Aj, Ao,...,Am be subsets of {1,2,...,n}.Then 
there are disjoint sets J, J such that U As U A; and N A= N Aj. 
iEI jEJ iE€I jEJ 


Lindstrom’s theorem 


In a society, acquaintance is mutual and even more, any two persons 
have exactly one common friend. Then there is a person who knows all 
the others. 


Erdos-Renyi-Sos, Friendship theorem 


Let £1, £2,..., £n be real numbers and suppose that the vector space 
spanned by x; — x; over the rationals has dimension m. Then the vector 
space spanned only by those z; — z; for which x; — x£; # £k — 2, whenever 
(i, j) # (k,l) also has dimension m. 


Straus’s theorem 


In a graph G with n? + 1 vertices every vertex has degree n. Moreover, 
any cycle has length at least 5. Prove that n € {1, 2,3, 7,57}. 


Hoffman-Singleton theorem 
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27. 


28. 


29. 


30. 
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Let A,,Ag,...,Am and Bı, Bo,..., Bm be sets such that 


(a) |Ai| = |A2| = ++: = |Am| = a and |By| = |B2| = --- = |Bm| = b. 
(b) A; B; is nonempty if and only if i £ j. 


Prove that m < (A): 


Bollobas’s theorem 


Let F be a family of subsets of {1,2,...,n} with the following property: 
there is no Y C {1,2,...,n} with k elements such that {Y N AJA € F} 
is the set of all subsets of Y. Prove that 


nh) 


Sauer-Shelah lemma 


Let m,n be positive integers and let S be a figure made of 1 x 1 squares 
and having the property: whenever the 1 x 1 squares of an m x n table 
are filled with real numbers whose sum is positive, the figure can be 
placed on the table (possibly after being rotated by a multiple of 7/2, 
but such that its squares are contained in the table) so that the sum of 
the numbers in the squares covered by the figure is positive. Prove that 
one can place a number of such figures on the table such that each 1 x 1 
square of the table is covered by the same number of figures. 


Russia 1998 


Let k be a positive real number. Prove that the unit square can be tiled 
with finitely many rectangles similar to the 1 x k rectangle if and only if 
k is algebraic and all of its algebraic conjugates have positive real part. 


Laczkovich-Szekeres’ theorem 
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31. An axb rectangle is divided into squares with side lengths x1, 72,...,2n.- 
Prove that T and t are rational numbers. 


Dehn’s theorem 


32. Given a rectangle R, a finite set S C Rt and a positive integer n € N, 
there are only finitely many dissections of R into n rectangles whose side 
ratio is in S. 


Vesselin Dimitrov 
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13.1 Theory and examples 


It may seem weird, but geometry is really useful in number theory, and so- 
metimes it can help in proving difficult results with some extremely simple 
arguments. In the sequel we are going to exhibit a few applications of geo- 
metry in number theory, almost all of them revolving around the celebrated 
Minkowski’s theorem. This theorem will give a very efficient criterion for 
a centrally symmetric convex body to contain a nontrivial lattice point. The 
existence of this point has important consequences in the theory of representa- 
tion of numbers by quadratic forms, and in the approximation of real numbers 
by rational numbers. As usual, we will present only a mere introduction to this 
extremely well-developed field of mathematics. You will surely have the plea- 
sure of consulting some reference books about this fascinating area of research. 


First of all, let us define the notion of convex body (or convex set; in what 
follows we will call bodies sets in R”). A subset A of R” will be called a convex 
body if it is convex, that is A contains the segment {tr+(1—t)y|0 < t < 1} once 
it contains two points z,y. A is called centrally symmetric if it is symmetric 
with respect to the origin, that is —x € A if x € A. We will take for granted 
that convex bodies have volumes (this is more delicate than it seems, actually). 
We start by proving the celebrated Minkowski’s theorem. 


Theorem 13.1 (Minkowski). Suppose that A is a bounded centrally symmetric 
conver body in R” having volume strictly greater than 2”. Then there is a 
lattice point in A different from the origin. 


Proof. The proof is surprisingly simple. Indeed, begin by making a partition of 
R” into cubes of edge 2, having as centers the points that have all coordinates 
even integers. It is clear that any two such cubes have disjoint interiors and 
that they cover all space. That is why we can say that the volume of A is 
equal to the sum of the volumes of the intersections of A with each cube 
(because A is bounded, it is clear that the sum will be finite). But of course, 
one can bring any cube into the cube centered around the origin by using a 
translation by a vector all of whose coordinates are even. Since translations 
preserve volume, we will have now an agglomeration of bodies in the central 
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cube (the one centered at the origin), and the sum of volumes of all these 
bodies is greater than 2”. It follows that there are two bodies which intersect 
at a point X. Now, look at the cubes where these two bodies where taken from 
and look at the points in these cubes whose image under these translations is 
the point X. We have found two different points x,y in our convex body such 
that x — y € 2Z”. But since A is centrally symmetric and convex, it follows 


L — 
that 
theorem is proved. 0 


Ý is a lattice point different from the origin and belonging to A. The 





Here is a surprising result that follows directly from this theorem. 


E Suppose that at each lattice point in space except for the origin 
one draws a ball of radius r > 0 (common for all the balls). 
Then any line that passes through the origin will intercept 
some ball. 





Solution. Let us suppose the contrary and consider a cylinder having as axis 
r 
that very line and base a circle of radius —. We choose it sufficiently long to 


ensure that it has a volume greater than 8. This is clearly a bounded centrally 
symmetric convex body in space and using Minkowski’s theorem we deduce 
the existence of a nontrivial lattice point in this cylinder (or on the border 
or the corresponding sphere). This means that the line will intercept the ball 
centered around this point. 


Actually, the theorem proved before admits a more general formulation: 


Theorem 13.2 (Minkowski). Let A be a convex body in R” and let v1, v2,...,Un 
be linearly independent vectors in R”. Consider the fundamental parallelepi- 


n 
ped P = X zivil 0<2;<1> and denote by Vol(P) its volume. If A has 
i=1 
a volume greater than 2” - Vol(P), A must contain at least one point of the 
lattice L = Zu, + ---+ Zun different from the origin. 
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Proof. With all these terms, it would seem that this is extremely difficult to 
prove. Actually, it follows trivially from the first theorem. Indeed, by consi- 
dering the linear transformation f sending v; into e; = (0,0,...,1,0,...,0), 
one can easily see that P is sent into the “normal” cube in R” (that is, the set 
of vectors all of whose components are between 0 and 1), and that f maps L 
into Z”. Because the transformation is linear, it will send A into a bounded 
Vol( A) 
Vol(P) 
the first theorem to this bounded centrally symmetric convex body and to 
look at the preimage of the lattice point (in Z”), in order to find a nontrivial 
point of AM L. This finishes the proof of the second theorem. 0O 


centrally symmetric convex body of volume > 2”. It suffices to apply 


In the chapter Primes and Squares we proved that any prime number of 
the form 4k +1 is the sum of two squares. Let us prove it differently, this time 
using Minkowski’s theorem. 





Any prime number of the form 4k+1 is the sum of two squares. 


Solution. We have already proved that for any prime number of the form 
4k + 1, call it p, we can find an integer a such that pla? + 1. Consider 
then vı = (p,0) and vg = (a,1). Clearly, they are linearly independent 
and moreover for any point (x,y) in the lattice L = Zu, + Zv we have 
p\|z* + y*. Indeed, there are m,n € Z such that x = mp + na, y = n and 
thus z? +y? = n?(a? +1) =0 (mod p). In addition, the area of the fundamen- 
tal parallelogram is ||v, A v2|| = p. Next, consider as convex body (when the 
context is clear, we will no longer add bounded centrally symmetric convex 
body, just convex body) the disc centered at the origin and having radius ,/2p. 
Clearly, its area is strictly greater than four times the area of the fundamental 
parallelogram. Thus, there is a point (x,y) different from the origin that lies 
in this disc and also in the lattice L = Zv; + Zve. For this point we have 
p\z? + y? and z? + y? < 2p, which shows that p = x? + y?. 


Proving that some Diophantine equation has no solution is a classical pro- 
blem, but what can we do when we are asked to prove that some equation 
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has solutions? Minkowski’s theorem and, in general, the geometry of numbers 
give responses to such problems. Here is an example: 


ie g9 Consider positive integers a,b,c such that ac = b? + b + 1. 





~ Prove that the equation az? — (2b + 1)xy + cy? = 1 has integer 
solutions. 


Polish Olympiad 


Solution. Here is a very quick approach: consider in R? the set of points 
satisfying az? — (2b + 1)ry + cy? < 2. A simple computation shows that 


it is an elliptical disc having area aE > 4. An elliptical disc is obviously 


a convex body and, even more, it certainly is symmetric about the origin. | 
Thus by Minkowski’s theorem there is a point in this region different from the 
origin. Since ac = b? +b + 1, we have for all z,y not both equal to 0 the 
inequality ax? — (2b + 1)xy + cy? > 0. Thus for (x,y) € Z? \ {(0,0)}, we have 
az? — (2b+1)ry+cy? = 1 and the existence of a solution of the given equation 
is proved. 


The following problem (like the one above) has a quite difficult elementary 
solution. The solution using geometry of numbers is more natural, but it is 
not at all obvious how to proceed. Yet.,. the experience gained by solving the 
previous problem should ring a bell. 


o Suppose that n is a positive integer for which the equation 





£? + cy + y? = n has rational solutions. Then this equation 
has integer solutions as well. 


Kömal 


Solution. Of course, the problem reduces to: if there are integers a,b,c such 
that a? + ab + b? = c?n, then z? + zy + y? = n has integer solutions. We will 
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assume that a and b are nonzero (otherwise the conclusion follows trivially); 
and more, a classical argument allows us to assume that a and b are each 
relatively prime (which implies that a and b are each relatively prime to n, 
too). We try again to find a pair (x,y) € Z*\{(0, 0)} such that z?+2y+y? < 2n 
and such that n divides x?+xy+y7. In this case we will have z? +zy +y? =n 
and the conclusion follows. 


First, let us look at the region defined by x? + ry +y? < 2n. Again, simple 
computations show that it is an elliptical disc of area —=n. Next, consider 
the lattice formed by the points (x, y) such that n divides az — by. The area of 
the fundamental parallelogram is clearly at most n. By Minkowski’s theorem, 
we can find (x,y) € Z? \ {(0,0)} such that x? + zy + y? < 2n and n divides 
ax — by. We claim that this yields an integer solution to the equation. Ob- 
serve that ab(x* + ry +y?) = c*xyn+ (ax — by) (bx — ay) and so n also divides 
r*+zy+y" (since n is relatively prime with a and b) and the conclusion follows. 


Before continuing with some more difficult problems, let us recall that for any 
symmetric real matrix A such that 


` QijTiTj > 0 
1<i, j <n 
for all x = (£1, £2, . - ., £n) E R” \ {0} the set of points satisfying 
>. QAijZitj < 1 
1<i, j <n 


has volume equal to Vol(Bn) where 


ydet A 


Vol( Bn) = 


n 
2 


T 
ae, 
r(i+3) 
ü 2 
(0.0) 
where B,, is the nt? dimensional Euclidean ball (and T(x) = e~™tt®-ldt is 


0 
Euler’s gamma function). There are explicit formulae for [(1 + 5) because 
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I (n) = (n — 1)! for positive integers n (so this takes care of the case n even) 


and | 

r(1+7) ae 

2/ 277% x ((n — 1)/2)! 

for odd n. The proof of this result is not elementary and we invite you to 
read more about it in any decent book of multivariate integral calculus. In 
particular, you should notice that these results can be applied to previous 
problems to facilitate the computations of different areas and volumes. With 
these fact in mind, let us attack some serious problems. 
If we talked about squares, why not present the beautiful classical proof of 
Lagrange’s theorem on representations using four squares? 








; Any positive integer is a sum of four perfect squares. 
[Lagrange] 


Solution. This is going to be much more complicated, but the idea is always 
the same. The main difficulty is finding the appropriate lattice and centrally 
symetric convex body. First of all, let us prove the result for prime numbers. 
Let p be an odd prime number (for the prime 2 the result is obvious) and 
consider the sets A = {a?| a € Z/pZ}, B = {—b? — 1| b € Z/pZ}. Since 


there are p 





distinct squares in Z/pZ (as we have already seen in previous 


chapters), these two sets cannot be disjoint. In particular, there are integers 
x and y such that 0 < z,y < p — 1 and pix? + y? + 1. This is the observation 
that will enable us to find a good lattice. Consider now the vectors 


v= (p, 0, 0,0), v2 = (0, p, 0, 0), U3 = (x,y, 1,0), v4 = (y, —z,0, 1) 


and the lattice L generated by these vectors. A simple computation (using 
the above formulas) allows us to prove that the volume of the fundamen- 
tal parallelepiped is p*. Moreover, one can easily verify that for each point 
(t,u,v,w) E€ L we have p|t? + u? +v? + w°. Even more, we can also prove 
(by employing the non-elementary results stated before) that the volume of 
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the convex body C = {(t,u,v,w) € R*| t? + u? + v? + w? < 2p} is equal to 
27r?p? > 16Vol(P). Thus CNL is not empty. It suffices then to choose a point 
(t,u,v,w) E€ COL and we will clearly have t? +u? +v? +w? = p. This finishes 
the proof for prime numbers. 

Of course, everything would be nice if the product of two sums of four squares 
is always a sum of four squares. Fortunately, this is the case, but the proof is 
not obvious at all. It follows form the miraculous identity: 


(a + +c? +P) Hy + 27 4+ t?) = (ax + by + cz + dt)’ 
+(ay — bz + ct — dz)? + (az — bt + dy — cx)? + (at + bz — cy — dz)’. 


This is very nice, but how could one answer the eternal question: how on earth 
should I think of such an identity? Well, this time there is a very nice reason: 
instead of thinking in eight variables, let us reason only with four. Consider 
the numbers zı = a+ bi, z2 = c + di, 23 = x + yi, z4 = zZ + ti and introduce 


the matrices 
m=( me F N=( = “ff 
=£9 Z1 —-Z4 23 


det(M) = |z1|? + |zo|? = a? +07 + e + d? 


We have 


and similarly 

det(N) = r? +y 4+ 27417. 
It is then natural to express (a? +b? +c? + d?)(x? +y? +2? +t?) as det(MN). 
But surprise! We have 


2123 — Zz 2124 + 222 
MN = 143 2 L 144 a3 
—2124 — 2223 2123 — 2224 


and so det( M N) is again a sum of four squares. The identity is now motivated. 


Let us concentrate a little bit more on approximations of real numbers. We 
have some beautiful results of Minkowski that deserve to be presented after 
this small introduction to the geometry of numbers. The following one is ex- 
tremely important while studying algebraic number fields. 
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eB | Let A = (aj) be an n x n invertible matrix with real en- 
tries, and let c1, C2,...,Cn be positive real numbers such that 
C1C2°**Cn > |det A|. Then there are integers 11,2%2,...,2n, 





n 
not all 0, such that S aig; < Ci for all i =1,...,n. 
j=l 


Minkowski’s linear forms theorem 


Solution. We need to prove that there exists a nonzero integer vector X 
that also belongs to the region {Y € R”| |(AY),| < ci, i = 1,...,n} (here 
(AY); denotes the i-th coordinate of AY). But {Y € R”| |(AY),;| <q, i = 
1,...,n} is exactly the image through A! of the parallelepiped {Z € R"| — 
Ci < Zi < c, i = 1,...,n} (which has volume 2"c,...c,). Thus {Y € 
R”| |(AY);| < cj, i = 1,...,n} is a centrally symetric convex body of volume 


[det A] dat ao ...Cn > 2”. By Minkowski’s theorem, this body will contain a 


nonzero lattice point, which satisfies the conditions of the problem. 


Actually, there exists a very useful sharpening of the last result: if we suppose 
only that c1co---cp, > | det A|, then the integers z1, r2,..., £n, not all 0, can be 


n n 
chosen such that ` aij£j| < cı and ` aij£j| < Ci for allt > 2. The proof is 
j=l j=l 
not difficult at all, once example 6 is proved. Indeed, note that if € > 0 then by 
the previous result there are integers 11 (€), £2(€), . . . ,£n(€), not all 0 and such 
n n 
that X aig 25(€) < ci for i = 2, 3, ..., n and S | 4152; (€) < cı(1+¢€). Because 
j=l j=l 
the matrix A is invertible, there exist only finitely many (x1 (€), r2(€), ..., Zn(€)) 
with these properties for fixed e. Indeed, the condition says that the vector 
Az(e) is bounded where z(e) is the vector with components 2;(¢€). Thus the 
vector z(€) is also bounded in R”. This shows that it is possible to construct 
a sequence €x that converges to 0 and such that x; = z;(€,) does not depend 
on k for all j. All we need is then to make k — oo in the above inequalities. 
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Now, this theorem implies Dirichlet’s approximation theorem (also discussed 
in the chapter Density and regular distribution: for all real numbers 
41,02, ..., ân and all positive integers M there exist integers m1, M2, ..., Mn, pP 
such that |p| < M” and |m; — pa;| < 3 for all i). Indeed, all we need is to 
apply the above result to the (n + 1) x (n + 1) matrix 


ee 


1 0 0 EE 0 —adi 
0 1 0 es 0 —ag 
0 0 1 soe 0 —a3 
0 0 O0 ... 1  —an 
0 0 0 .. Q 1 


And here is a nice consequence of the previous example. Our last example of 
Diophantine approximation that can be obtained using Minkowski’s theorem 
will imply the product theorem for homogeneous linear forms: 


4 Let A = (aij) be an n x n invertible matrix with real entries 





(n > 2). Show the existence of integers 11, £2, ...,%n, not all 0, 


for which 
n 

` lai1£1 + ai2£2 +---+Aintn| < Y/n! - |detAl. 
i=1 


Solution. Let us start by computing the volume of the figure O(x, n) consis- 
ting of all points (£1, £2, ..., £n) such that |z1| + |z2|+:--+|£n| < x. For n = 1 
it is certainly 2x. Now, using Fubini’s theorem we can write 


Vol(O(z,n)) = J dzıdz2...d£n = 


|jzi|+--+|¢n|<z 


= i J dx 1...d£Ln_1 
lzn|<a Y[ai|+---+|¢n-1|<z—|rn| 


n J Vol(O(2 — |aa|,n — 1))d2n = Vol(O(1,n—1))- (x — |ata|)"— dan 
|tn|<ax 


|zn|<a 
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2q” 


= Vol(O(1,n — 1)) - — 7 


Ge)" 





An immediate induction shows that Vol(O(z,n)) = Now, the problem 
asks to prove that there exists some nonzero integer ae X such that AX 
lies in the figure O( %/n! - | det A|, n). Stated otherwise, we need to prove that 
the image of this figure by the linear application determined by A~ contains 
a nonzero lattice point. But the volume of this centrally symetric convex body 
is 2” (just replace x by %/n!-|det A|). Unfortunately, we cannot directly ap- 
ply Minkowski’s theorem, because this volume is not strictly greater than 2”. 
However, we can imitate the argument used after the solution of the previous 
exercise in order to obtain the desired result: for all € > 0 we know that the 
octahedron O( ?/n! - | det A| +€, n) contains some AX, (where Xe is a nonzero 
integer vector). One shows that these vectors Xe are uniformly bounded, then 
extracts a constant family of vectors and takes the limit. We leave to the 
reader the details. 


The highlight of the IMO 1997, the very beautiful problem 6 also has a ma- 
gnificent solution using geometry of numbers. Actually, we will prove much 
more than the result asked in the contest, which shows that, for large values 
of n, one of the bounds asked by the IMO problem is very weak: 


| For each positive integer n, let f(n) denote the number of ways 
-of representing n as a sum of powers of two with nonnegative 
integer coefficients. Representations that differ only in the 
ordering of their summands are considered to be the same. 
For instance, f(4) = 4. Prove that there are two constants a, b 
such that 





9B —nlogy(n)—an < f(2") < 9% —nloga(n)—bn 
for all sufficiently large n. 


Adapted after IMO 1997 
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Solution. It is clear that f(2") is just the number of nonnegative integer 
solutions of the equation a9 + 2a; +--+: + 2”an = 2”, which is the same as 
the number of solutions in nonnegative integers of the inequation 2a, + 4a, + 
---+2"a, < 2”. For any such solution different from (0,0, ...,0,2”) we have 
an = 0 and we will consider the hypercube H (a1, a2, ..., an-1) = [a1, a1 +1) x 
[a2, a2 +1) x... x [Gn—1,@n—-1+1). It is clear that these hypercubes are pairwise 
disjoint for distinct solutions (a1, ag, ...,@n—1). So the number of solutions of 
the inequation is the total volume of these hypercubes. Now, observe that any 


such hypercube is included in the set of points (£1, £2, ..., Zn—-1) with z; > 0 and 
n-l1 | 

> 2*(x; — 1) < 2”. Also, the union of these cubes covers the region consisting 
i=1 


n—-1l | 
of those points (21, ®2,...,2n—1) with x; > 0 and ` 2'z; < 2”. Indeed, take a 


i=1 
point (£1, £2, ...,Zp,—1) in this region. Then ([z1], [£2], ..., [£n-1], 0) is a solution 
of the inequation and the point belongs to the corresponding hypercube. Now, 
let us consider more generally the region R(a1,a2,..., an, A) defined by the 
inequations x; > 0 and azı + a2£2 +--+: + aAnTn < A. Its volume is 


Vol( R(a1, ... On, A)) = / dx )dx9...drn = 


24 >0,a1214+--+antn<A 


f J dx ...d£n_1 
0<tn<4 L15++-)2n—1 20,0121 + +an—-1ln—-1 LÁ—anTn 


A 
= f” Vol(R(a1, ..., an—1, A — anTn))dEn = 
0 


A 


= Vol(R(a1,...,@n—1, 1)) - | "(A —antn)" dan = 
0 


n 


A 
= — -Vol(R sid E Lys 
Nan ol( (a1, »Oan-1; )) 


This relation easily implies by induction that Vol(R(a1, a2, ...,an)) = ae 


Thus, because the sum of the volumes of the hypercubes is between the vo- 
lume of R(2, 4, ...,2”71,2”) and R(2,4, ..., 2071,2 + 22 +.. +2071 + 2”) = 
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R(2,4,...,2”-+, 2"++ — 2), counting the solution (0,0, ..., 0,2”), we deduce that 
the number of solutions satisfies the inequalities 


2 








9° —n gnt+l — 2 n—1 
1427 sso ESEE 
(n — 1)! 2°23 -(n—1)! 
Now, note that 
n2—n 
223 ts 9% +0(n)-logz((n-1)!) 





(n-— 1)! 
and that 


inne = E 1) POM EA E 


by Stirling’s formula. Similarly, 


on+1 =) n—1 2 


2 7 -(n—1)! 





The existence of the two constants is now obvious. 


We end this chapter with some difficult problems concerning representations 
of solutions of some Diophantine equations. We will show, using Minkowski’s 
theorem, that if n < 4 and A is a symmetric and positive matrix (that is, 
‘cz Ax > 0 for all vectors x € R”) in SLn(Z) (the set of integer n x n matrices 
with determinant 1), then there exists a matrix B with integer coefficients 
such that A = B- B® (a result which actually holds for n < 7, for n = 8 being 
false). This will have some nice applications in the study of some Diophantine 
equations. Let us start with some notations and easy observations. A bases of 
Z” will be a family B = (v1, v2, ..., Up) of vectors in Z”, such that any vector 
x € Z” can be uniquely expressed as kiv + k2v2 +: -+ + kpUp for some integers 
kı, ko,...,kp. For instance, it is clear that the canonical bases (e1, e2, ..., en) 
of R” is a basis of Z”, where e; is the vector which has 1 on position i and 
0 otherwise. But there are many other bases of Z”. Actually, in the chapter 
A Little Introduction to Algebraic Number Theory we proved that 
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any integer vector whose coordinates are relatively prime can be completed 
to a basis of Z”. We can easily prove that any two bases Bı = (v1, v2, ..., Up) 
and B2 = (wi, w2, ..., Wq) have the same number of elements. Indeed, let us 
write v; = aiw + aiw +++: + AigWg and wi = bivi + bizva +- + binUp 
for some integers a;j, bij. Then if A and B are the matrices with entries a;j 
and bij, we have AB = I, (just replace in v; = aiw + aigwe +--+ + aiqW¢ 
each w; by birvi + bizv2 +++: + Dipvp and then use the linear independence 
of vj). Thus p = rank( AB) < rank(A) < q and by symmetry we also have 
q < p, so q = p. (Now one can see that, due to the existence of the ca- 
nonical basis mentioned above, any basis of Z” has n elements.) Now, for 
an n x n matrix A with integer coefficients we can define a bilinear form 
gaA(z,y) = > ayxy; = c'Ay, where x = £161 + T2€2 +--+ + Enen and 
1<i<j<n 
Y = y1e1 + yoeo +--- + Ynen. Let fa be the quadratic form associated with 
this bilinear form, that is fa(x) = ga(z,xz). Now, take B = (v1, v9,...,Un) a 
basis in Z” and suppose that v; = v1;e1 + vajeg +--+ + Unien. By the previous 
argument (showing that two basis have the same cardinality) we know that 
V = (vij) is invertible. For an integer vector whose coordinates are x; in the 
canonical basis and z; in B, we have x = Vz’, and a short computation shows 
that ga(z,y) = 2" (V*AV)y’. On the other hand, a direct computation shows 
that ga(x,y) = x'*Gy' where G = (g,(v;, v;)), and this shows that G = Vt AV. 





xa 0 ple 9, If A € SL,(Z), n < 4, is a symmetric positive matrix, then 
there is a matrix B with integer entries such that A = BtB. 


Solution. We will keep the notations used in the introduction to this example. 
Let us start with a very modest result, but one which, as we will see imme- 
diately, is the key idea for solving the problem. 


Lemma 13.3. There exists a vector vı E€ Z” such that fa(vi) = 1. 


Proof. The proof is a direct consequence of Minkowski’s theorem. Indeed, we 
have seen that the volume of the ellipsoid defined by f4(x) < 2 is equal to 
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Tarte For n < 4, using the fact that T(n) = (n — 1)! and P(n + 4) = 
2 


ee - /T, you can easily verify that (3)” > (T (1 + 2))?. This shows 
that the volume of the ellipsoid is greater than 2” and thus it contains a 
nontrivial lattice point, which we call vı. Because f4(vı) > 0 (A is invertible 
and positive) and f,(v1) € Z, it is clear that vı is a good choice. 

E 


Now, we will extend this vector vı to a basis B = (v1, v2, ..., Un) so as to have 
the first line and column of G constructed: 


Lemma 13.4. Let vı be a vector as found in lemma 13.1. Then there ezrist 
integer vectors V2, V3, ..., Un Such that B = (v1, V2, ..., Un) is a basis of Z” and 
gA(U1,¥;) =0 for alli > 2. 


Proof. The proof is very beautiful. Consider H = {x € Z"|ga(v1,2) = 0}. 
Clearly, H is a submodule of Z”, thus it is of the form Zuz + --- + Zu, for 
some linearly independent integer vectors v2, v3,...,Ur. We claim that B = 
(v1, U2,.--,Ur) is a basis of Z”. Indeed, take x € Z”. We need to study the 
equation x = kıvı +v, where v € H. All we need is g4(v1, x —k1v1) = 0, which 
is the same as kı fa(v1) = ga(vi, £), thus kı = ga(v1, £). Thus ky exists and is 
uniquely determined. This means (because v3, ..., vp are linearly independent) 
that there exist unique integers kı, ko,...,k, such that x = kivi + kovo +---+ 
krur. Thus B is a basis of Z”, and consequently we also have r = n. This 


finishes the proof of lemma 2. 
O 


Now, we can proceed to an inductive proof. We will prove that the assertion 
holds for n > 1 by induction. Of course, the case n = 1 is trivial, so assume 
that the result holds for n — 1. Using lemma 1 and lemma 2, we know that for 
1 0 

0 A 
clearly A’ is a symmetric positive matrix in SLn-1ı(Z). Applying the inductive 
hypothesis, we can write A’ = BB’ for some matrix B’ with integer entries. 


some matrix S with integer coefficients we have A = St . --S, where 
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1 0 

T: > 

Let us now discuss two beautiful applications of this result. The first is quite 
classical; it was among the results obtained by Fermat. However, it appeared 
as an old proposal for the IMO, as well as in the Iranian Olympiad in 2001. 


Therefore A = BtB where B = 





> 1044 Let x, y, z be positive integers such that ry = z? + 1. Prove 
that there exist integers a,b,c,d such that z = a? + b?, y = 
c + d and z = ac + bd. 


Solution. Let us consider the matrix A = ( 4 5 ). Then A € SLI2(Z) 


because ry = z2 +1. Also, tr(A) = £z +y > 2, thus A has positive eigenvalues, 
so Á is symmetric and positive. (This could have been established directly, 
too, by showing that 


(xu + zv)? +v? 
T 


ru? + 2zuv + yv? = > 0 


for all u,v not both equal to 0.) By the previous result, A can be written as 
a b 


B- B? for some matrix B = ( i 
A = B . Bt, we deduce the desired representation. Note that the last example 
implies a famous theorem of Fermat: each prime number of the form 4k +1 is 
a sum of two squares. Indeed, we saw that for such a prime p there is always 
an n such that p|n? + 1. However, the last theorem shows that any divisor of 
a, number of the form n? + 1 is a sum of two squares. 


) By identifying entries in the equality 


Next, let us see a very difficult Diophantine equation, whose solution follows 

in a few lines from the important result proved above. 

Find all integers a,b,c,z,y,z such that ax? + by? + cz? = 
abc + 2xyz — 1, ab + bc + ca > x? +y? 4+ 27, and a,b,c > 0. 


if 





[Gabriel Dospinescu] Mathematical Reflections 
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Solution. Let us consider the matrix M = Clearly, M is 


eR 8 
R OSNR 
a R & 


symmetric. The condition 
ax? + by? + cz? = abc + 2ryz — 1 


implies that M € SL3(Z). Now, let us prove that A is positive. Because M is 
symmetric and invertible, it is enough to prove that its eigenvalues are positive. 
Let these eigenvalues be u,v, w. Then we know that u,v,w are real numbers 
(because M is symmetric), that uvw = 1 and u+v+w = tr(M) = a+b+c > 0. 
On the other hand, it is not difficult to see that 


uv + vw + wu = ab — z? + be — x? + ac — y? > 0, 


the sum of the principal second-order minors. Thus u,v,w are zeros of a 
polynomial of the form X? — UX? + VX — 1 for some nonnegative U,V. 
Clearly, such a polynomial can have only nonnegative zeros, thus u,v,w > 0. 
Because det(M) = 1, it follows that M satisfies all conditions of the previous 
theorem, so M is of the form ‘NN for some integer matrix N. If we write 


a, a2 Q3 
N = | by b2 bg |, we deduce that a = ||A||?, b = ||BIl?, e = IIC|I?, 
C1 C2 © 
z = (A,B), y = (A, C) and finally x = (B,C) for some integer vectors A, B,C 
(here ||-|| and (-) are the Euclidean norm and inner product respectively) that 


form a basis of Z? (they are the rows of the matrix N). All these triples found 
are actually solutions. Indeed, if A,B,C form a basis in Z3, then the matrix 
N whose rows are A, B,C is in GL3(Z), that is its determinant is —1 or 1, so 
det’ NN) = (det(N))* = 1. Thus det(A) = 1 and 
az? + by? + cz? = abc + 2ryz — 1. 
Also, 
a? + y* + 2? < ab + bc + ca 


is a consequence of the Cauchy-Schwarz inequality, because 


z? = (B,C)* < ||B|/? - IIC}. 
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Thus these are the solutions of the Diophantine equation. 


And last but not least, let us prove a beautiful theorem which, although not 
related to Minkowski’s theorems, has strong connections with the geometry 
of numbers. You will notice, if you know the three-squares theorem, that the 
problem is trivial. But if not, what would you do? Without such an advanced 
result, the problem is not easy at all, but as we will see, a good geometric 
argument is the key of a very elementary solution: 





example 124 Prove that any integer which can be written as the sum of 
) the squares of three rational numbers can also be written as 
the sum of the squares of three integers. 


[Davenport-Cassels] 


Solution. Let us suppose by contradiction that the property does not hold. 
We will use a geometric argument combined with the extremal principle. Let 
S be the sphere of radius y/n in R? and suppose that a € S has all coordinates 
rational numbers. There exists an integer vector v € Z3 and an integer d > 1 
such that a = 5 . Choose the pair (a,v) for which d is minimal. We claim 
that there exists a vector b € Z3 such that ||a — b|| < 1, where ||z|| is the 
Euclidean norm of the vector x. Indeed, it is enough to write a = (x,y,z) and 
to consider b = (X,Y, Z), where integers X,Y, Z are such that 


X-as, Y-as}  [Z-21<5. 
Now, since a is assumed to have at least one non-integer coordinate, a Æ b. 
Consider the line ab. It will cut the sphere S in a and another point c. Let us 
determine precisely this point. Writing c = b+ À - (a — b) and imposing the 
condition ||c||? = n yields a quadratic equation in À, with an obvious solution 
A = 1. Using Viéte’s formula for this equation, we deduce that another solution 
is À = (el On the other hand, the identity 


2 
ila — BI? = n + [bl — = (b, v) 
d 


318 13. GEOMETRY AND NUMBERS 


and the fact that 0 < ||a — b|| < 1 show that ||a — b||? = 4 for a cer- 
tain positive integer A smaller than d. Therefore, A = 4(||b||? — n) and 


2a 
c= b+ Ie =" (y — db) = 4% for an integer vector w. This shows that the 
pair (c, w) contradicts the minimality of (a,v) and proves the result. 
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13.2 Practice problems 
1. Suppose that a and b are rational numbers such that the equation ax? + 


by? = 1 has at least one rational solution. Then it has infinitely many 
rational solutions. 


Kurschak Competition 


2. Is there a sphere in RÌ which has exactly one point with all coordinates 
rational numbers? 


Tournament of the Towns 


3. Two sequences of integers a1, a2, a3, ... and b1, bo, b3,..., satisfy the equa- 
tion 
(an = An—1) (An An—2) zY (bn a bn—1)(bn = bn—2) = 0 


for each integer n greater than 2. Prove that there is a positive integer 
k such that Qk = QAk+2008- 


USA TST 2008 


4. In the plane consider a polygon of area greater than n. Prove that it 
contains n + 1 points A;(z;, yi) such that x; — zj, yi — yj E Z for all 
l<tajgcnt+l. 


Chinese TST 1988 


5. Suppose that a,b,c are positive integers such that ac = b? + 1. Prove 
that the equation az? + 2bry + cy? = 1 is solvable in integers. 


Komal 
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. Let A = (aij) be a symmetric matrix with rational entries such that 


` Qijtitj > 0 


1<i,j<n 


for all x = (£1,..., £n) € R”\{0}. Prove that there are integers z1, ..., £n 
(not all zero) such that 


SO QijLitj < nV det A. 


‘1Si,j<n 
Minkowski 
. Prove that if A = (a;;) is an n x n invertible matrix with real entries, 
then there exist integers £1, £2,..., £n, not all zero, such that 
n n l 
- n! 
I] X aij; < oa . |det A]. 
i=1 |j=1 


Product theorem for Homogeneous Linear Forms 


. Let f(X) = (X —21)(X — z2) --- (X — zn) be an irreducible polynomial 


over the field of rational numbers, with integer coefficients and real zeros. 


Prove that 
n” 
[[ le-s; 2 PTE 
1<i<j<n ` 


Siegel 


. Prove that there is no position in which an n by n square can cover more 


than (n + 1)? integral lattice points. 


D.J.Newman, AMM E 1954 
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10. Let a,b,c,d be positive integers such that there are 2004 pairs (x,y) 


11. 


12. 


13. 


14. 


with x,y € [0,1] for which ax + by, cx + dy € Z. If gcd(a,c) = 6, find 
gcd(b, d). 


Nikolai Nikolov, Oleg Mushkarov, Bulgaria 2005 


There are k > 0 lattice points in the interior of a polygon P with at least 
four vertices. Prove that 


IPN Z?| < 3k4+6. 
Scott’s theorem 


For each positive integer n, let f(n) be the number of ways to make n! 
cents using an unordered collection of coins, each worth k! cents for some 
k, 1< k <n. Prove that for some constant C, independent of n, 


nr’ /2-Cn.—n*/4 < f(n) < nr /2+Cn.—n? /4 
Gabriel Dospinescu, Titu Andreescu, Putnam 2007 


Consider the graph G whose vertices are the points with rational coor- 
dinates in R”, two vertices being connected if the distance between the 
corresponding points is 1. Prove that G is connected if and only if n > 5. 


Iran 1998 


Prove that for a positive integer n the following assertions are equivalent: 


(a) n is the sum of three squares of integers; 


(b) the set of points with all coordinates rational on the sphere centered 
at the origin and having radius „y/n is dense in this sphere. 
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15. 


16. 


17. 


18. 


19. 


20. 
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Consider a disc of radius R. At each lattice point of this disc, except 
for the origin, one plants a circular tree of radius r. Suppose that r 
is optimal with respect to the following property: if you look from the 
origin, you can see at least one point situated at the exterior of the disc. 
Prove that 


1 1 
Sa Src 5. 
vR +1 R 


George Polya, AMM 


Suppose that 21,72,...,2%n are algebraic integers such that for each 
1 < i < n there is at least one conjugate of x; which is not among 
£1, Z2,...,Zn. Prove that the set of n-tuples (f(x1), f(x2),..., f(£n)) 
with f € Z[X] is dense in R”. 


Let n > 2 be an integer. A convex polygon inside the square [0, n] x [0, n] 
has area greater than n. Prove that there exists at least one lattice point 
inside or on the edges of the polygon. 


A 2004 x 2004 array of points is drawn. Find the largest positive integer 
n with the following property: one can draw a convex n-gon with vertices 
on the points of the array. 


Ricky Liu, USA TST 2004 


Prove that there exist n + 2 points in R” such that the distance between 
any two of them is an odd integer if and only if 16|n + 2. 


Graham, Rothschild, Straus theorem 
An r-dimensional polytope (ie convex hull of finitely many points) P C 


IR” has vertices in lattice points. Prove that there exists a polynomial f of 
degree r such that for all positive integers m we have f(m) = |Z’ N mP]. 


Ehrhart’s theorem 


21; 


22. 
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Let n,k be positive integers. Prove that there exists a constant B(k, n) 
such that for any n-dimensional polytope P with vertices in lattice points 
and having exactly k interior lattice points we have Vol(P) < B(k,n). 


Hensley’s theorem 
Let k,n be positive integers. Prove that there are only finitely many 


equivalence classes of n-dimensional polytopes with vertices at lattice 
points and having exactly k interior lattice points. 


Lagarias-Ziegler’s theorem 


oe 





ou) Joes oul Jon Feo Eha ou) aneus oul E: 
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14.1 Theory and examples 


Quite often, a collection of simple ideas can make very difficult problems look 
easy. We have seen or will see a few such examples in our journey through 
the world of numbers: congruences that readily solve Diophantine equations, 
properties of the primes of the form 4k + 3, or even facts about complex 
numbers, analysis or higher algebra, cleverly applied. 

In this unit, we will discuss a fundamental concept in number theory, the order 
of an element. It may seem contradictory for us to talk about simple ideas 
and then say “a fundamental concept”. Well, what we are going to talk about 
is the bridge between simplicity and complexity. The reason for which we say 
it is a simple idea can be guessed easily from the definition: given an integer 
n > 1 and an integer a such that gcd(a,n) = 1, the least positive integer d 
for which nla? — 1 is called the order of a modulo n. The definition is correct, 
since from Euler’s theorem we have nla?” — 1, so such numbers d exist. The 
complexity of this concept will be illustrated in the examples that follow. 


We will denote by o,(a) the order of a modulo n. A simple property of on(a) 
has important consequences: if k is a positive integer such that nla* — 1 and 
d = on(a), then d|k. Indeed, because n|a* — 1 and nla? — 1, it follows that 
njasd(*.4) — 1, But from the definition of d we have d < gcd(k,d), which 
cannot hold unless d|k. Nice and easy. But could such a simple idea be 
of any use? The answer is yes, and the solutions of the problems to come 
will vouch for it. But before that we note a first application of this simple 
observation: on(a)|p(n). This is a consequence of the above property and of 
Euler’s theorem. 

Now an old and nice problem, which may seem really trivial after this intro- 
duction. It appeared in Saint Petersburg Mathematical Olympiad and also in 
Gazeta Matematica. 


Prove that n|y(a” — 1) for all positive integers a and n. 





Solution. What is ogn_1(a)? It may seem a silly question, since of course 
Ogn_1(a) = n. (because if a — 1 is a multiple of a” — 1, then aë — 1 > a” — 1 
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and so k > n-we assumed a > 1, otherwise the conclusion is clear; thus the 
order is at least n and on the other hand it obviously divides n) Using the 
observation in the introduction, we obtain exactly n|y(a” — 1). 


Here is another beautiful application of the order of an element. It is the first 
case of Dirichlet’s theorem that we intend to discuss, a classical property. 


j : P Í Prove that any prime factor of the n-th Fermat number 2?” +1 





is congruent to 1 modulo 2”*!. Then show that there are 


infinitely many prime numbers of the form 2”k + 1 for any 
fixed n. 


Solution. Let us consider a prime p such that p|2?” +1. Then p divides 
(22” +1)(27 — 1) = 22”"" — 1 and consequently Op(2)|2"”+}. This ensures the 
existence of a positive integer k < n + 1 such that 0,(2) = 2”. We will prove 
that in fact k = n+ 1. Indeed, if this is not the case, then op(2)|2”, and so 
p|2°2(2) — 122” — 1. But this is impossible, since p|22” +1 and p is odd. Hence 
we found that 0,(2) = 2*! and we need to prove that op(2)|p— 1 to finish the 
first part of the question. But this follows from the introduction of this chap- 
ter. The second part is a direct consequence of the first. Indeed, it is enough 
to prove that there exists an infinite set of pairwise relatively prime Fermat’s 
numbers (27°* + 1)n,sn- Then we could take a prime factor of each such 
number and apply the first part to obtain that each such prime is of the form 
2"k +1. But not only is it easy to find such a sequence of pairwise relatively 
prime numbers, but in fact, any two different Fermat numbers are relatively 
prime. Indeed, suppose that d|gcd(22” + 1,22"*" +1). Then d|22""" — 1 and 
SO d\22""" — 1. Combining this with qj22""" + 1, we obtain a contradiction. 
Hence both parts of the problem are solved. 


We continue with another special case of the well-known and difficult theo- 
rem of Dirichlet on arithmetical sequences. Though classical, the following 
problem is not straightforward, and this probably explains its presence on a 
Korean TST in 2003. 
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j e For a prime p, let fol) — P14 P2 t.. pel. 


a) If pm, prove that any prime factor of fp(m) is relatively 
prime to m(m — 1). 


b) Prove that there are infinitely many positive integers n such 
that pn + 1 is prime. 


Solution. a) Take a prime divisor q of fp(m). Because q|1 +m +--+ me, 
it is clear that gcd(q,m) = 1. Moreover, if gcd(q, m — 1) Æ 1, then q|m — 1 
and because q|1 + m-+---+m?7!, it follows that q|p. But p|m and we find 
that g/m, which is clearly impossible. 

More difficult is b). We are tempted to use a) and explore the properties of 
fp(m), just like in the previous problem. So, let us take a prime q|fp(m) for a 
certain positive integer m that is divisible by p. Then we have q|m? — 1. But 
this implies that o,(m)|p and consequently o,(m) € {1, p}. If og(m) = p, then 
q=1 (mod p). Otherwise, g/m — 1, and because q|f,(m), we deduce that q|p. 
Hence q = p. But, while solving a), we have seen that this is not possible, 
so the only choice is p|q — 1. Now, we need to find a sequence (mx)x>1 of 
multiples of p such that f,(m,) are pairwise relatively prime. This is not as 
easy as in the first example. Anyway, just by trial and error, it is not too 
difficult to find such a sequence. There are many other approaches, but we 
like the following one: take mı = p and Mmk = pfp(m1) fp(me) - + folMk-1). 
Let us prove that f,(m,) is relatively prime to fp(mı), fo(ma),..-., fo(Mk-1). 
But this is easy, since fo(11) fp(m2) --- fp(tx-1)|fp(™x) — fp(0) = f(x) — 1. 


Let us use this special case of Dirichlet’s theorem to prove the following non- 
trivial result: 





kk e Let k > 2 be an integer. Prove that there are infinitely many 


composite numbers n with the property that n|a”—* — 1 for all 
integers a relatively prime to n. 


[A. Makowski] 


Solution. Let us choose these numbers of the form n = kp for some suitable 
prime number p. We need pla”—* — 1, so it is enough to have p—1|n—k, which 
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is clearly true. Next, we need k|a”—* — 1, which (by Euler’s theorem) is true 
if n — k is divisible by y(k). So, it would be enough to have y(k)|p — 1 and 
to be sure that p > k so that gcd(p,k) = 1. But from the previous problem 
there are infinitely many prime numbers p = 1 (mod ¢(k)) and those numbers 
greater than k furnish infinitely many good numbers n. 


The following problem has become a classic, and variants of it appeared in 


mathematics competitions. It seems to be a favorite Olympiad problem, since 
it uses only elementary facts and the method is nothing less than beautiful. 


Find the least n such that 2209°|17" — 1. 





Solution. The problem actually asks for 092005(17). We know that 
092005 (17) |p(2700°) = 27004 


SO 092005 (17) = 2", for some k € {1,2,...,2004}. The order of an element has 
done its job. Now, it is time to work with exponents. We have 22095|172" — 1. 
Using the factorization 


17” —1 = (17 -1)(17+ DO +1)... (177 +1), 


we proceed by finding the exponent of 2 in each factor of this product. But 
this is not difficult, because for all i > 0 the number 17%” + 1 is a multiple of 
2, but not a multiple of 4. Hence v2 (172 — 1) = 4 + k and the order is found 
by solving the equation k + 4 = 2005. Thus 022005 (17) = 22001, 


Another simple, but not straightforward, application of the order of an element 
is the following divisibility problem. Here, we also need some properties of the 
prime numbers. 


Find all prime numbers p and q such that p° + 1|20031 +1 and 
q? + 1|2003? + 1. 





[Gabriel Dospinescu] 
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Solution. Without loss of generality, we may assume that p < q. We discuss 
first the trivial case p = 2. In this case, 5|20031 + 1 and it is easy to deduce 
that q is even, hence q = 2, which is a solution to the problem. Now, suppose 
that p > 2 and let r be a prime factor of p? +1. Because r|200379 — 1, it 
follows that o,(2003)|2q. Suppose that gcd(q, 0,(2003)) = 1. Then o,(2003)|2 
and r|20032 — 1 = 2°-3-7-11-13-167. It seems that this is a dead end, since 
there are too many possible values for r. Another simple observation narrows 
the number of possible cases: because r|p* +1, r must be of the form 4k +1 or 
equal to 2, and now we do not have many possibilities: r € {2,13}. The case 
r = 13 is also impossible, because 20037 + 1 = 2 (mod 13) and r|2003% + 1. 
So, we have found that for any prime factor r of p* + 1, we have either r = 2 
or glo,(2003), which in turn implies q|r — 1. Because p? + 1 is even but not 
divisible by 4, and because any odd prime factor of it is congruent to 1 modulo 
q, we must have p? + 1 =2 (mod q). This implies that q|(p —1)(p +1). Com- 
bining this with the assumption that p < q yields q|p+ 1 and in fact q = p+1. 
It follows that p = 2, contradicting the assumption p > 2. Therefore the only 
solution isp=q=2. 


A bit more difficult is the following 2003 USA TST problem. 





: Find all ordered triples of primes (p,q,r) such that 
pia” + 1,q|r? + 1,r[p? +1. 
[Reid Barton] USA TST 2003 


Solution. It is quite clear that p,q,r are distinct. Indeed, if for example 
p = q, then the relation p|q” + 1 is impossible. We will prove that we cannot 
have p,q,r > 2. Suppose this is the case. The first condition p | q” +1 implies 
p | q” — 1 and so 0,(q) | 2r. If op(q) is odd, it follows that p|q” — 1, which 
combined with p|g” + 1 yields p = 2, which is impossible. Thus, op(q) is either 
2 or 2r. Could we have o,(q) = 2r? No, since this would imply that 2r|p — 1 
and so 0 = p?+ 1 (mod r) = 2 (mod r), that is r = 2, false. Therefore, the 
only possibility is op(q) = 2 and so p|q* — 1. We cannot have p|q — 1, because 
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p\q’ +1 and p Æ 2. Thus, p|qg+1 and in fact 2p|q + 1. In the same way, we 
find that 2q|r + 1 and 2r|p + 1. This is clearly impossible, just by looking at 
the greatest among p,q,r. So, our assumption is wrong, and one of the three 
primes must equal 2. Suppose without loss of generality that p = 2. Then q 
is odd, q|r? + 1 and r|2%+1. Similarly, 0,(2)|2q. If q|o,(2), then q|r — 1 and 
so q|r? + 1 — (r? — 1) = 2, which contradicts the already established result 
that q is odd. Thus, o,(2)|2 and r|3. As a matter of fact, this implies that 
r = 3 and q = 5, yielding the triple (2, 5,3). It is immediate to verify that this 
triple satisfies all conditions of the problem. Moreover, all solutions are given 
by cyclic permutations of this triple. 


Can you find the least prime factor of the number 22 4.1? Yes, with a 
large amount of work, you will probably find it. But what about the number 
12?"° +1? It has more than 30000 digits, so you will probably be bored before 
finding its least prime factor. But here is a beautiful and short solution, which 
does not need a single division. 


fF Find the least prime factor of the number 122” + 1. 





915 


+1). 
Ci — 1) = 122° — 1, we find that op(12)|216. Exactly as in the solu- 


tion of the first example, we find that op(12) = 21° and so 2!®|p—1. Therefore 
p >1+2'°. But it is well-known that 216 + 1 is a prime (and if you do not 
believe it, you can check it!). So, we might try to see if this number divides 


127° 41. Let q = 24641. Then 127° 41 = 29-1.3% 41 = 3° 41 


Solution. Let p be this prime number. Because p divides (12 


(mod q). It remains to see whether (=) = —1. But this is done in the chap- 


ter Quadratic reciprocity and the answer is positive, so indeed 375 +1=0 
(mod q) and 216 + 1 is the least prime factor of the number 122° 4.1. 


OK, you must be already tired of this old fashioned idea that any prime factor 
of 22" + 1 is congruent to 1 modulo 2”+!. Yet, you might find the energy to 
devote attention to the following interesting problems. 
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am) j " ye Prove that for any n > 2 the greatest prime factor of 22” +1 





E is greater than or equal to n- 2”+2 + 1. 
Chinese TST 2005 


Solution. You will not imagine how simple this problem really is. If the start 

is right... Indeed, let us write 22” + 1 = pt ps ..-pkr where pı < +++ < pp are 

prime numbers. We know that we can find odd positive integers q; such that 

pi = 142"+1q;. Now, reduce the relation 2?” +1 = pj" ps? ---p*r modulo 2?"+?. 
r 


: 
It follows that 1 =1+2"+! > kiqi (mod 22"+7) and so >D kiqi > 2”+!. But 


i=1 i=1 


rT 
then qr ` ki > 2"++. Now everything becomes clear, since 


i=1 
92” dzs (1 + a a a ook ee > g(n+1)(kitket-+kr) 


n 





and so ki + ka +--+ kr < Then qr > 2(n + 1) and we are done. 


n+1 


3 It is not known whether there are infinitely many primes of 





~ the form 22” +1. Yet, prove that the sum of the reciprocals 
of the proper divisors of 2?” + 1, converges to 0. 


[Paul Erdés] AMM 4590 


Solution. Note that the sum of the reciprocals of all the divisors of n is 
on) where o(n) is the sum of all the divisors of n. It suffices to prove 


gn 
that ate converges to 1. Let ps .-- për be the prime factorization of 


2 +1 
22" +1 and observe that 1 < ote -+ 
TT a-2) 
22” 4.4 > Plkitotkr) > orn r = O (2) and so Gast converges to 1 for 


a F) 
22 +1 ; 
ae converges to 1 and the conclusion 


< < Thy Because 


1 
l- zr 





n — oo. From the above inequality, 
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follows. 


We have seen that the order of a modulo n is a divisor of y(n). Therefore a 
natural question appears: given a positive integer n, can we always find an 
integer a whose order modulo n is exactly y(n)? We call such a number a a 
primitive root modulo n. The answer to this question turns out to be negative, 
but in some cases primitive roots exist. We will prove here that primitive roots 
mod p” exist whenever p > 2 is a prime number and n is a positive integer. 
The proof is quite long and complicated, but breaking it into smaller pieces 
will make it easier to understand. So, let us start with a lemma due to Gauss: 


Lemma 14.1. For each integer n > 1, >> p(d) =n. 
d|n 


Proof. One of the (many) proofs goes like this: imagine that you are trying 
to reduce the fractions L, 2, ..-,7, in lowest terms. The denominator of any 
new fraction will be a divisor of n and it is clear that for any divisor d of n we 
obtain y(d) fractions with denominator d. By counting in two different ways 


the total number of fractions obtained, we can conclude. fe] 


Take now p > 2 a prime number and observe that any element of Z/pZ has 
an order which divides p — 1. Consider d a divisor of p — 1 and define f(d) to 
be the number of elements in Z/pZ that have order d. Suppose that x is an 
element of order d. Then 1,z,...,22~! are distinct solutions of the equation 
u? = 1, an equation which has at most d solutions in the field Z/pZ. Therefore 
1,2,...,27! are all solutions of this equation and any element of order d is 
among these elements. Clearly, zê has order d if and only if gcd(i,d) = 1. 
Thus at most y(d) elements have order d, which means that f(d) < y(d) for 
all d. But since any nonzero elements has an order which divides p — 1, we 


deduce that 
E f@=n-1= Yo 


d|p—1 d|p—1 
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(we used in the last equality the lemma above). This identity combined with 
the previous inequality shows that f(d) = (d) for all d|p — 1. We have thus 
proved the following: 


Theorem 14.2. For any divisor d of p— 1 there are exactly y(d) elements of 
order d in Z/pZ. 


The above theorem implies the existence of primitive roots modulo any prime 
p (the case p = 2 being obvious). If g is a primitive root mod p, then the p 
elements 0, 1, g, g2, ...,gP72 are distinct and so they represent a permutation 
of Z/pZ. Let us fix now a prime number p > 2 and a positive integer k and 
show the existence of a primitive root mod p". First of all, let us observe that 
for any j > 2 and any integer x we have (1 + ep)” = 1 + 2p’! (mod p’). 
Establishing this property is immediate by induction on j and the binomial 
formula. With this preparatory result, we will prove now the following: 


Theorem 14.3. If p is an odd prime, then for any positive integer k there 
exists a primitive root mod p". 


Proof. Indeed, take g a primitive root mod p. Clearly, g +p is also a primitive 
root mod p. Using again the binomial formula, it is easy to prove that one of 
the two elements g and g + p is not a root of X?—! — 1 mod p?. This shows 
that there exists y a primitive root mod p for which y?-! # 1 (mod p°). 
Let y?-! = 1 + 2p. Then by using the previous observation we can write 
ye (P—-1) = (1 + zp)?" = 1 + zp*-! (mod p*) and so p* does not divide 
yr *(p-1) —1. Thus the order of y mod p* is a multiple of p — 1 (because 
y is a primitive root mod p) which divides p*—1(p — 1) but does not divide 
p*-2(p — 1). So, y is a primitive root mod p*. 

E 


In order to finish this (long) theoretical part, let us present a very efficient 
criterion for primitive roots modulo p*: 


Theorem 14.4. Each primitive root mod p and p° is a primitive root modulo 
any power of p. 
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Proof. Let us prove first that if g is a primitive root mod p and p? then it is also 
a primitive root mod p°. Let k be the order of g mod p3. Then k is a divisor of 
p’(p—1). Because p? divides g* —1, k must be a multiple of p(p—1). It remains 
to prove that k is not p(p— 1). Supposing the contrary, let g?—! = 1+ rp, then 
we know that p?|(1+ rp)? — 1. Using again the binomial formula, we deduce 
that p divides r and so p? divides g?—! — 1, which contradicts the fact that g 
is a primitive root mod p. Now, we use induction. Suppose that n > 4 and 
that g is a primitive root mod p”—1, Let k be the order of g mod p”. Because 
p"— divides g* — 1, k must be a multiple of p*~?(p—1). Also, k is a divisor of 
p”—!(p—1) = y(p”). So, all we have to do is to prove that k is not p”~*(p—1). 
Otherwise, by Euler’s theorem we can write g?” *(p-1) —1+rp"~? and from 
the binomial formula it follows that r is a multiple of p and so p” + divides 
g?” (1) —1, contradicting the fact that g has order p”~*(p—1) modulo p™“1. 
The theorem is thus proved. E 


It is important to note that the previous results allow us to find all positive 
integers that have primitive roots. First off all, observe that such a number n 
cannot be written in the form n = nino with gecd(n1, n2) = 1 and nj, no > 2. 
: gln) plna) a 
Indeed, if ged(g,n) =1theng 2 = (g?(mr))* 2 =1 (mod nj) and similarly 


p(n 


g 2 =1 (mod ng). Thus n divides ges — 1 and g cannot have order y(n). 
Also, the fact that g? = 1 (mod 2") for any odd integer g and any k > 3 
(whose the proof is immediate by induction) shows that there are no primitive 
roots mod 2*, for k > 3. This shows that the only candidates are 2,4, p* and 
2p” for an odd prime number p. And these numbers have primitive roots. For 
2 and 4 it is obvious, while for powers of odd primes it has been proved above. 
For 2p* observe that y(2p*) = (pë), so the odd number among g,g + p* 
(where g is a primitive root mod p*) is a primitive root mod 2p*. 


Now, let us solve some problems. However, make sure you correctly.remember 
Fermat’s little theorem before attempting to solve the following problem. 


| LS Find all positive integers n such that n|a"*! —a for all a € Z. 
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Solution. Consider such an integer n > 1 and observe first that is must be 
squarefree. Indeed, if p is a prime divisor of n, just choose a = p. Next, write 
n = pıp2...pk for some pairwise distinct prime numbers p1, po,..., pk- Fix some 
1 < iż < k and choose a a primitive root modulo p;. Then clearly the condition 
n|a”+! — a implies that n is a multiple of p; — 1. Now, it is very easy to 
determine all such numbers n. Assume that pı < po < -+: < py and observe 
that pı = 2 (because pı — 1 divides n), then po — 1|2 (the same argument), 
thus p2 = 3. Continue in this manner to obtain p3 = 7,p4 = 43. And things 
change after this, because we would find that p5 — 1 divides 1806 and it is easy 
to see that this is not possible, because the only divisors d of 1806 such that 
d+ 1 is a prime are 1,2,6,42, which is not a prime number. Therefore k < 4 
and such numbers are 1, 2, 6, 42, 1806. 

A very beautiful and difficult problem comes now. We will see that using the 
previous results on primitive roots we can obtain a quick and elegant solution. 


24 Find all positive integers n such that n?|2” + 1. 





[Laurențiu Panaitopol] IMO 1990 


Solution. It is clear that any solution must be odd and that 1 and 3 are 
solutions, so assume that n > 5. Because 2 is a primitive root mod 3 and mod 
9 (as you can immediately check), it follows from the above results that 2 is a 
primitive root mod 3* for all k. In particular, if 3*|2" +1 then 3*|22" — 1 and 
because the order of 2 mod 3° is 2-3*-1, we deduce that 3*—1|n. This shows 
that v3(2” + 1) < v3(n) + 1 for all n. In particular, for any solution n of the 
problem we have 2u3(n) = v3(n?) < v3(2" + 1) < 1+ u3(n), so v3(n) < 1. Let 
us prove that we actually have v3(n) = 1, ifn > 1. Let p be the smallest prime 
divisor of n. Then p|22” — 1, so op(2)|2n and op(2)|p — 1. By the definition 
of p we have gcd(2n, p — 1) = 2, so p|3 and thus p = 3 and 3|n. This shows 
that we can write n = 3a where gcd(3,a) = 1. Now, we would like to prove 
that a = 1 (therefore, the only solution of the problem which is greater than 
1 is n = 3). Assuming the contrary, let q be its smallest prime divisor. Then 
q|2” + 1 and q|2°* — 1. As above, we deduce that 0,(2) is a divisor of 6a and 
q—1, and because ged(a, q—1) = 1, it follows that 0,(2)|6 and so q|63. Because 
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gcd(a,3) = 1, the only possibility is q = 7. But then 7|2” + 1 = 8% + 1, which 
is clearly impossible. This shows that a = 1 and n = 3, a contradiction with 
n > 5. Hence 1 and 3 are the only solutions of the problem. 


Finally, a chestnut from the celebrated contest Miklos Schweitzer, which uses 
the previous theoretical results as well as a large dose of creativity. 


- Let p = 3 (mod 4) be a prime number. Prove that 





[I @?+9) al] (mod p). 


l<a<y<?> 
[J.Suranyi] Miklos Schweitzer Competition 


Solution. Let p = 4k + 3 and take g to be a primitive root modulo p and 
z = g*. Then the squares of the residues mod p are exactly 1, £, x?,..., 2", so 


the product we need to evaluate is [| (xf +x) (mod p). Therefore, if 
0<i<j<2k 
P is the desired product, we have 


P. I] (xt — xÍ) = I] (x — x°) (mod p). 


0<i<j<2k 0<i<j<2k 


Observe that each of the two products is actually a Vandermonde determinant 
and because z2*+! = 1, the generators of the second determinant are exactly 
1, £ĉ, ..., 27", £, £3, ...,22*-1. Hence the second determinant is obtained from 
the first one by k + (k — 1) + --- +2 + 1 transpositions of the lines and so 
k(k+1) 
P=(-1)"2 


is even and the conclusion follows. 


(mod p). An easy case examination shows that Ker) Ts ee | 
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14.2 Practice problems 


1. Find all positive integers m,n for which n | m23” + m?” +1. 
Bulgaria 1997 


2. Let q be a prime such that q? divides at least one Mersenne number 
2? — 1 with p a prime number. Prove that q > 3-109. You may take 
for granted that the only primes q such that q? | 2971 — 1 and which are 
smaller than 3 - 10° are 1093 and 3511. 


3. Prove that there exists a function f with integer values such that 2” | 
19f(") — 97 for any positive integer n. 


Vietnamese TST 1997 


4. Prove that for any prime number p > 3 we have (P) = 2 (mod p). 


5. Let m > 1 be an odd number. Find the least n such that 21989 | m” — 1. 
IMO 1989 Shortlist 


6. Let m,n be two positive integers. Prove that the remainders of the 
numbers 1”,2”,...,m” modulo m are pairwise distinct if and only if m 
is square-free and n is relatively prime to y(m). 


7. Prove that the equation 





has no solution in integers. 


IMO 2006 Shortlist 
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10. 


11. 


12. 


13. 


14. 
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. Let a be an integer greater than 1. Prove that the function 


: P ded 
B {2,3,5,7,11,...} +N, f (p) my opla) 


is unbounded. Here op(a) is the order of a modulo p. 


Jon Froemke, Jerrold W Grossman, AMM E 3216 


. Let f(n) be the greatest common divisor of 2” — 2,3” — 3,4" —4,.... 


Determine f(n) and prove that f(2n) = 2. 
AMM 


Let f be a polynomial with integer coefficients such that for some prime 
number p we have f(i) =0 (mod p) or f(t) = 1 (mod p) for any integer 
i. If f(0) = 0 and f(1) = 1, prove that deg( f) > p- 1. 


IMO 1997 Shortlist 


A Carmichael number n satisfies n | a” — a for all integers a. Find all 
Carmichael numbers of the form 3pq with p,q prime numbers. Using 
the existence of Carmichael composite numbers, prove that there are 
infinitely many pseudo-primes (composite n such that n | 2” — 2). 


Find all prime numbers p,q such that pq | 5P + 54. 
China 2009 


Find the sum of the m-th powers of the primitive roots mod p for a given 
prime p and a positive integer m. 


Find all positive n such that n and 2” + 1 have the same prime factors. 


Gabriel Dospinescu 


15. 


16. 


17. 


18. 


19. 


20. 
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Let p be a prime number and m,n be integers greater than 1 such that 
n | mP-)) — 1. Prove that ged(m”—! — 1,n) > 1. 


MOSP 2001 


Prove that there are infinitely many pairs of distinct prime numbers 
(p,q) such that p divides 29-1 — 1 and q divides 27! — 1. 


Romania TST 2009 


Let n be a positive integer, and let A, be the the set of all a such that 
n | (a” +1), 1<a<nandaE€Z. 


(a) Find all n such that An £ Ó. 
(b) Find all n such that |A,| is even and non-zero. 
(c) Is there n such that |A,,| = 130? 


Italian TST 2006 


The sequence {zn} is defined by zı = 2,22 = 12 and £n42 = 62741 — Tn. 
Let p be an odd prime and let q > 3 be a prime divisor of £p. Prove 
that q > 2p — 1. 

Chinese TST 2008 
Let A be a finite set of prime numbers and let a be an integer greater 


than 1. Prove that there are only finitely many positive integers n such 
that all prime factors of a” — 1 are in A. 


Iranian Olympiad 
Find all positive integers n such that n divides 2” + 3° +---+(n—1)”. 


IMAR Contest 2004 
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22. 


23. 


24. 


20. 


26. 


27. 
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Let n > 3 be a positive integer. Compute the greatest common divisor 
of the numbers 2” — 2,3” — 3,...,n” —n. 


Dorin Andrica, Mihai Piticari, Romania TST 2008 


Find all positive integers n with the following property: there is a unique 
a such that O0 <a < n! and n! | a” +1. 


IMO Shortlist 2007 


Let z, y be two integers with 2 < x,y < 100. Prove that x?” + y?” is 
not a prime for some positive integer n. 


Russia 2009 


Is there a positive integer n such that every nonzero digit appears the 
same number of times in each of the numbers n, 2n,..., 2000n? 


Komal 


Prove that for any prime p there is a prime g that does not divide any 
of the numbers n? — p, with n > 1. 


IMO 2003 


Let a be an integer greater than 1. Prove that for infinitely many n the 
largest prime factor of a” — 1 is greater than n log, n. 


Gabriel Dospinescu 


Let € > 0. Prove the existence of a constant c such that for all odd 
primes p there exists a primitive root mod p less than cp2*¢. 


Vinogradov 
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28. Let a and b be integers greater than 1. Prove that there exists a prime 
p such that the order of a mod p is b, unless b = 2 and a+ 1 is a power 
of 2 ora = 2 and b= 6. 


Zsigmondy’s theorem 
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15.1 Theory and examples 


Recall that the sequence ({na})n>1 is dense in [0,1] if a is an irrational num- 
ber, a classical theorem of Kronecker. Various applications of this nice result 
have appeared in different contests and will probably make the object of many 
more Olympiad problems. Yet, there are some examples in which this result 
is inefficient. A simple one is as follows: using Kronecker’s theorem, one can 
prove that for any positive integer a that is not a power of 10 there exists 
a positive integer n such that a” begins with 2008. The natural question — 
what fraction of numbers between 1 and n have this property (speaking here 
about large values of n) — is much more difficult, and to answer it we need some 
stronger tools. This is the reason we now discuss some classical approximation 
theorems, particularly the very effective Weil criterion and its consequences. 
The proofs of these results are nontrivial and require some heavy duty analy- 
sis. Yet, the consequences that will be discussed here are almost elementary. 
Of course, one cannot start a topic about approximation theorems without 
talking first about Kronecker’s theorem. We skip the proof, not only because 
it is very well-known, but because we will prove a much stronger result about 
the sequence ({na})n>1. Instead, we will discuss two beautiful problems, co- 
rollaries of this theorem. 


g {f Prove that the sequence (|nV/2003])n>1 contains arbitrarily 
long geometric progressions with arbitrarily large ratio. 





[Radu Gologan] Romanian TST 2003 


Solution. Let p be any positive integer. We will prove that there are arbitra- 
rily long geometric sequences with ratio p. Given n > 3, we will find a positive 
integer m such that | p* mv 2003 | = p" |m 2003 | for all 1 < k < n. If the 
existence of such a number is proved, then the conclusion is immediate. Ob- 
serve that |p"mv 2003 | = p" |m 2003 | is equivalent to |p" {mv 2003} | = 0, 


or to {mv 2003} < on The existence of a positive integer m with the last 
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property is ensured by Kronecker’s theorem. 


Here is a problem that is apparently very difficult, but which is again a simple 
consequence of Kronecker’s theorem. 





? joe Consider a positive integer k and a real number a such that 

Aan loga is irrational. For each n > 1 let £n be the number formed 
by the first k digits of |a”|. Prove that the sequence (£n)n>1 
is not eventually periodical. 


[Gabriel Dospinescu] Mathlinks Contest 


Solution. First of all, the number formed with the first k digits of a number m 

is | 10*%—-1+ {log my The proof of this claim is not difficult. Indeed, let us write 

m = Q1a2...@p, with p > k. Then m = aj... 4, - 1077% + @k+1---@p, hence 
m 


Gj... ak: 1027: <m < (Qj, .. Tk +1)-10°-*. It follows that ai... ax 


and, since p = 1+ |log m], the claim is proved. 

Now consider the claim false: thus there is some T for which tn47 = £n for 
any large enough n. Another observation is the following: there is a positive 
integer r such that zpr > 10*~!. Indeed, assuming the contrary, we find that 
for all r > 0 we have zpr = 10*—!. Using the first observation, it follows that 
k — 1 + {log |a"T |} < log(1 + 10*~') for all r. Thus 


~ L10e-* 


log (1 + a=) > log [aT] — |log la" | | > log(a™? — 1) — | log ay 


rT 


a 
= {rT log a} — log arb 


1 
It suffices now to consider a sequence of positive integers (rn) such that 1—— < 


{rT log a} (the existence is a direct consequence of Kronecker’s theorem) and 
we deduce that 


arr T 


1 1 
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The last inequality is clearly impossible. 
Finally, assume the existence of such an r. It follows that for n > r we have 


TnT = rr, thus 
1 
{log [a”" |} > log (1 i oes) 3 


This shows that 
log (1 + or] < log |a”? | — [log |a" | | < nT loga — |loga”™ | 


= {nT loga} for all n >r. 


In the last inequality, we used the fact that |log |x|| = |logz]|, which is not 
difficult to establish: indeed, if |logz| = k, then 10% < x < 10**!, and thus 
10* < |x| < 10**1, which means that |log|z]|| = k. Finally, note that the 
relation log (1 + mr) < {nT loga} contradicts Kronecker’s theorem. This 
finishes the proof. 


We continue with two subtle results, based on Kronecker’s lemma. 
Í For a pair (a, b) of real numbers let F(a, b) denote the sequence 


of general term cn = |an+ b|. Find all pairs (a,b) such that 
F(x,y) = F (a,b) implies (x, y) = (a,b). 





[Roy Streit] AMM E 2726 


Solution. Let us see what happens when F(x,y) = F(a,b). We must have 
|an +b| = |zn +y] for all positive integers n. Dividing this equality by n 
and taking the limit, we infer that a = x. Now, if a is rational, the sequence 
of fractional parts of an + b takes only a finite number of values, so if r is 
chosen sufficiently small (but positive) we will have F (a,b + r) = F(a,b), so 
no pair (a,b) can be a solution of the problem. On the other hand, we claim 
that any irrational number a is a solution for any real number b. Indeed, 
take x1 < z2 and a positive integer n such that na + 21 < m < na + T2 
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for a certain integer m. The existence of such an n follows immediately from 
Kronecker’s theorem. But the last inequality shows that F(a, x1) # F(a, x2) 
and so a is a solution. Therefore the answer is: all pairs (a,b) with a irrational. 


Finally, an equivalent condition for the irrationality of a real number: 


Į Let r be a real number in (0,1) and let S(r) be the set of 
positive integers n for which the interval (nr, nr + r) contains 
exactly one integer. Prove that r is irrational if and only if 
for all integers M there exists a complete system of residues 
modulo M, contained in S(r). 





[Klark Kimberling] 


Solution. One part of the solution is very easy: if r is rational, let M be its 
denominator. Then clearly if n is a multiple of M there is no integer k in the 
desired interval. Now, suppose that r is irrational and take integers m, M such 
that 0 < m < M. By Kronecker’s theorem, the integer multiples of 1 form a 
dense set modulo M. So, there exists an integer k such that the image of k is 
in (m, m+ 1), that is for a certain integer s we have sM +m < k < sM+m+1. 
It is then clear that if we take n = sM + m we have n = m (mod M) and 
nr <k < nr +r. This finishes the solution. 


Before getting into the quantitative results stated at the beginning of this 
chapter, we must talk about a surprising result, which turns out to be very 
useful when dealing with real numbers and their properties. Sometimes, it will 
help us reduce a complicated problem concerning real numbers to integers, as 
we will see in one of the examples. But first, let us state and prove this result. 


aS Let 21,22,...,2% be real numbers and let € > 0. There exists 
a positive integer n and integers pj, p2,..., pp Such that |nz;— 
pi| < € for all i. 





[Dirichlet] 
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Solution. We need to prove that if we have a finite set of real numbers, we 
can multiply all its elements by a suitable integer such that the elements of 
the new set are as close to integers as we want. 


1 
Let us choose an integer N > 7 and partition the interval [0,1) into N inter- 


vals, 
y s—l s 
0,1) = Js, Js = |—, =}. 
oD=Uss b= Py) 
Now, choose n = N*+1 and assign to each q in the set {1,2,...,n} a sequence 
of k positive integers a1, Q2,...,@,, where a; = s if and only if {qz;} € Js. We 


obtain at most N* sequences corresponding to these numbers, and so by the 
pigeonhole principle we can find 1 < u < v < n such that the same sequence 
is assigned to u and v. This means that for all 1 < i < k we have 


{uz} — {um}|< $ <e 





It suffices to pick n = v — u, p; = |vz;] — (uzil. 


And here is how we can use this result in problems where it is more com- 
fortable to work with integers. But don’t kid yourself, there are not many 
such problems. The one we are going to discuss next has meandered between 
world’s Olympiads: proposed at the 1949 Moscow Olympiad, it appeared next 
at the W.L. Putnam Competition in 1973 and later on in an IMO Shortlist, 
proposed by Mongolia. 





ie Let £1, £2,...,£2n+1 be real numbers with the property: for 

~ any 1 <i< 2n+1 one can make two groups of n numbers by 
using all the z;, 7 # îi, such that the sum of the numbers in 
each group is the same. Prove that all the numbers must be 
equal. 
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Solution. For integers the solution is well-known and not difficult: it suffices 
to note that in this case all numbers x; have the same parity, and the use of 
infinite descent solves the problem (either they are all even and in this case we 
divide each number by 2 and obtain a new set with smaller sum of magnitudes 
and the same properties; otherwise, we subtract 1 from each number and then 
divide by 2). Now, assume that they are real numbers, which is definitely a 
more subtle case. First of all, if they are all rational, it suffices to multiply 
by their common denominator and apply the first case. Suppose at least one 
of the numbers is irrational. Consider £ > 0, a positive integer m, and some 
integers p1,p2,...,P2n+1 such that |mz; — p;| < £ for all i. We claim that 
if € > 0 is small enough, then pj, po2,...,Pean+1 have the same property as 
£1,22,..-,L2n41- Indeed, take some 7 and write the given condition as 


nS T ee ee 
jżi j#i j#t 
(where aij E {—1,1}). Then 


X aijpj = X aij (ma; — p;) < 2ne. 
j#t j#t 


1 
Thus if we choose € < om then S aijpj = 0 and so pj, po2,..., Pan+1 have 


jfi 
the same property. Because they are all integers, pj, po, ..., P2n+1 must be all 
equal (again, because of the first case). Hence we have proved that for any 


1 
N > 2m there are integers ny, py such that |nyx; — pn| < N 
Because at least one of the numbers 21, 722,...,£Z2n+41 is irrational, it is not 
2 
difficult to prove that the sequence (ny)N>2m is unbounded. But N > 


Iny |max |x; — z;|, hence max; ; |x; — z;| = 0 and the problem is solved. 
ij 


If you thought the last problem was too classical, here is another one, a little 
bit less known, but with the same flavor: 
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MO Let a1, a9,...,@2007 be real numbers with the following pro- 
perty: no matter how we choose 13 numbers among them, 
there exist 8 numbers among the 2007 which have the same 
arithmetic mean as the 13 chosen ones. Prove that they are 
all equal. 





Solution. Note (again) that the problem is quite easy for integers. Indeed, 
the assumption implies that the sum of any 13 numbers is a multiple of 13. 
Let a;,a; be among the 2007 numbers and let 71, £2, ..., £12 be some a, with 
kAtandk# j. Then a; + z1 + £2 +-+: + 212 and aj +21 + T2 +: +212 
are multiples of 13, so a; = a; (mod 13). Thus all numbers give the same 
remainder r modulo 13. It suffices to subtract r from all a;, to divide by 
13 in order to obtain a new collection of 2007 integers, with smaller absolute 
values and still satisfying the property given in the statement of the problem. 
Repeating this procedure, we will finally obtain a collection of zeros, which 
means that the initial numbers were all equal. 

Now, let us pass to the case when all numbers are known only to be real. 
The idea is the same as in the previous example: we will approximate, using 
Dirichlet’s theorem, all numbers by rational numbers with a common denomi- 
nator. Explicitly, take some € > 0 and n and p; some integers (with n > 0) 
such that |na; — p;| < € for all i. Take some indices 7, i2, ..., i13. We know that 
for some indices j1, J2, ..., ją we have 


13 3 , 
If x; = na; — pi, it follows that 


Pi, + Pia t't: + Pins _ Pj tPjo t+: + Pie 
13 8 








< 2e, 


because |z;| < €. Now, observe that if 


Pi, t Piz t't: tPias _ Pi tPjo t:::+Pi 
13 8 








is nonzero, it is at least equal to z Thus, if we take € < EBET we know that 
the corresponding p; have the same property as a;. By the first case, we must 
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therefore have pı = p2 = --: = p2007. Thus 2e > nla; — a,| for all i, j and all 
E€ < wis: Clearly, this implies a; = a2 = --- = a2007 and finishes the proof. 


Now, let us turn to more quantitative results about the set of fractional parts 
of natural multiples of different real numbers. The following criterion, due to 
Weyl, deserves to be discussed because of its beauty and apparent simplicity. 


Theorem 15.1 (Weyl’s theorem). Let (Gn)n>1 be a sequence of real numbers 
from the interval [0,1]. Then the following statements are equivalent: 
a) For any real numbers 0 <a<b<1, 


lim {il L<i<n, a; € |a,d]}| 
n= oo n 


=b — a; 


b) For any continuous function f : [0,1] > R, 


miL ak) -f f(x)dz; 


c) For any positive integer r > 1, 


lim — >) e2itrar = 
noo n 


In this case we will say that the sequence is equidistributed. 


Proof. We will present just a sketch of the solution, but containing all the 
necessary ingredients. First, we observe that a) says precisely that b) is true 
for the characteristic function of any subinterval of [0,1]. By linearity, this 
remains true for any piecewise constant function. Now, there is a well-known 
and easy to verify property of continuous functions: they can be uniformly 
approximated with piecewise constant functions. That is, given € > 0, we 
can find a piecewise constant function g such that |g(x) — f(xz)| < e for all 
x € [0,1]. But then if we write 


1 n 1 1 n 1 
2ra- | t@ae DORO |, 1F@) - g(2)lde 
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+ 





ee J 
— (ak) — (x)dx 
nous k fo 


and apply the result in b) for the function g, we easily deduce that b) is 
true for any continuous function. The fact that b) implies c) is immediate. 
More subtle is that b) implies a). Let us consider the subinterval I = [a,b] 
with 0 <a < b < 1. Next, consider two sequences of continuous functions 





k’ k 
otherwise), while gą has “the same” properties but is greater than or equal to 
Az (the characteristic function of I = [a, b]). Therefore 


fk, gk such that fk is zero on [0,a], [b,1] and 1 on fa + l b— J (being affine 


n 


1 | 1<i<n, a € [a,b le 
=) eens aoa = ee e $ g ulos), 


But from the hypothesis, 


Lo z 1 
he>) fs(z)dr =b-a -7 


and 
ic ' 1 
= X gklaj) > | gk(z)dr =b- a + -. 
ns 0 k 
j=l 
Now, let us take € > 0 and k sufficiently large. The above inequalities show 


that actually for all sufficiently large positive integers n 


{i| 1<i<n, a; € [a,d}}| 
n 


—b+al} < 2e 





and the conclusion follows. You have already seen how to adapt this proof for 
the case a = 0 or b = 1. Finally, let us prove that c) implies b). Of course, a 
linearity argument allows us to assume that b) is true for any trigonometric 
polynomial. Because any continuous function f : [0,1] > R satisfying f(0) = 
f(1) can be uniformly approximated by trigonometric polynomials (this is 
a really nontrivial result due to Weierstrass), we deduce that b) is true for 


306 15. DENSITY AND REGULAR DISTRIBUTION 


continuous functions f for which f(0) = f(1). Now, given a continuous f : 
[0,1] —> R , it is immediate that for any € > 0 we can find two continuous 
functions g,h, both having equal values at 0 and 1 and such that 


1 
|f(x) — g(x)| < h(x) and J h(x)dz < e. 


Using the same arguments as those used to prove that b) implies a), one can 
easily see that b) is true for any continuous function. CJ 


Before presenting the next problem, we need another definition: we say that 
the sequence (ap,)n>1 is uniformly distributed mod 1 if the sequence of fractio- 
nal parts of an is equidistributed. We invite the reader to find an elementary 
proof for the following problem in order to appreciate the power of Weyl’s 
criterion. So, here is the classical example. 


= Let a be an irrational number. Then the sequence (na)n>1 is 
uniformly distributed mod 1. 





Solution. Well, after so much work, you deserve a reward: this is a simple 
consequence of Weyl’s criterion. Indeed, it suffices to prove that c) is true, 
which reduces to proving that 


noo n 


1 n 
lim |o e2inpka — Q 
k=1 





for all integers p > 1. But this is just a geometric series!!! A one-line compu- 
tation shows that (15.1) is satisfied and thus we obtain the desired result. 


It is probably time to solve the problem mentioned at the very beginning of 
this note: how to compute the density of those numbers n for which 2” begins 
with (for example) 2006. Well, again a reward: this is going to be equally easy 
(of course, you need some rest before looking at some deeper results). 
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i an pie £4 What is the density of the set of positive integers n for which 
2” begins with 2006? 


Solution. 2” begins with 2006 if and only if there is a p > 1 and some digits 
a1,a2,...,Q@p E {0,1,...,9} such that 2” = 2006a1a2...ap, which is clearly 
equivalent to the existence of p > 1 such that 


2007 - 10? > 2” > 2006 - 10”. 
This can be rewritten as 


log 2007 + p > nlog 2 > log 2006 + p, 


2 
> {nlog2} > log ae and the 


density of our set is the density of the set of positive integers n satisfying 








2007 
implying |nlog2| = p+ 3. Hence log 


2007 2006 


7000 > {nlog 2} > log 1000" 





log 





2007 
From Example 8, the last set has density log 5006 and this is the answer to 


our problem. 


We saw a beautiful proof of the fact that if a is irrational, then (na)n>1 is 
uniformly distributed mod 1. Actually, much more is true, but this is also much 
more difficult to prove. The following two examples are important theorems. 
The first is due to Van der Corput and shows how a brilliant combination of 
algebraic manipulations and Weyl’s criterion can yield difficult and important 
results. 


i Let (£n) be a sequence of real numbers such that the se- 
quences (n+p — In)n>1 are equidistributed for all p > 1. 
Then (æn) is also equidistributed. 





[Van der Corput] 
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Solution. This is not an Olympiad problem!!! But mathematics is not just 
about Olympiads and from time to time (in fact, from a certain time on) one 
should try to discover what is behind such great results. This is the reason we 
present a proof of this theorem based on a technical lemma of Van der Corput, 
which turned out to be fundamental in studying exponential sums. 


Lemma 15.2 (Van der Corput). For any complex numbers 21, z2,...,2n and 
any h € {1,2,...,n}, the following inequality is true (with the convention that 
zi = 0 for any integer i not in {1,2,...,n}): 


ys < mthi) Dx -rne (Saar) +A Sola 


1 


h? 








Proof. The simple observation that 


n nt+th—1h-—-1 
as D Dey 
i=l i=1 j=0 


allows us to write (via Cauchy Schwarz’s inequality): 








n+h—1 |h-1 5 
i=1 
n+h—1 |h-1 í 
And next? Well, we expand 9 ` Zi—-j| and see that it is nothing other 
i=1 |j=0 


than 
h—-1 n—r n 
2 XN (h —r)Re þa ad + h` [zil 
r=1 i=1 i=1 


We will now prove Van der Corput’s theorem, by using this lemma and Weyl’s 
criterion. 
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Of course, the idea is to show that 


1 n 
lim = X e™Pt — 0 
n>n 
k=1 
for all p > 1. Fix such a p and take for the moment a positive real number h 


and £ € (0,1) (h may depend on €). Setting z; = e%PTi, we have 


2 
h—1 n—i 
le 1 n+h-1 
j=l j= j= 


Now, observe that 


n—i n—i n—i 
Re S 2; ; Zing — Re e2imp(£;—zi+5) < X a tj ti+5) l 
Using Weyl’s criterion for the sequences (£ni — £n )n>1 for i = 1,2,...,h— 1, 


we deduce that for all sufficiently large n we have 


n—i 
5 ' e?iTP(Ej— titi) < en. 
j=l 





Therefore 

i h-1 

1 n+h- 
> ži Sr n2 = | hn + 2en S| h-i) 
j=1 i=1 
n+h— 2(1 +€) 
—_—_(1 
i nh ~( ae h 
, 2(1 +€) 

for n large enough. Now, by choosing h > —7 > we deduce that for all 


sufficiently large n we have 
1 n 
-2 3| SE 
j=l 


Hence Weyl’s criterion is satisfied and thus (£n)n>1 is equidistributed. O 
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This was surely the most difficult result of this chapter, but why not take 
one more step once we are already here? Let us prove the following weaker 
(but as the reader will probably agree, absolutely nontrivial) version of a 
famous theorem of Weyl. It is related to the equidistribution of the sequence 
(f(n))n>1 where f is a real polynomial having at least one irrational coefficient 
other than the constant term. We will not prove this here, but focus on the 
following result. 


IE If f is a polynomial with real coefficients and irrational lea- 
ding coefficient, then the sequence (f(n))n>1 is equidistribu- 
ted. 





[Wey]] 


Solution. You have probably noticed that this is an immediate consequence of 
Van der Corput’s theorem (but just imagine the amount of work done to arrive 
at this conclusion!!!): the proof by induction is immediate. Indeed, if f has 
degree 1, then the conclusion is clear (see example 5). Now, if the result holds 
for polynomials of degree at most k, it suffices (by Van der Corput’s theorem) 
to prove that for all positive integers p, the sequence (f(n + p) — f(n))n>1 is 
equidistributed. But this is exactly the induction hypothesis applied to the 
polynomial f(X + p) — f(X) (whose leading coefficient is clearly irrational). 
The proof by induction finishes here. 


The solution of the following problem, which is a consequence of Weyl’s crite- 
rion, is due to Marian Tetiva: 


apis g If a is an irrational number and P is a nonconstant polyno- 
mial with integer coefficients, then there are infinitely many 
pairs (m,n) of integers such that P(m) = |na]. 





[H. A. ShahAli] 


Solution. Of course, we can assume that a > 0. If a < 1, no heavy ma- 
chinery is required: all we need is to note that for all integers m the interval 
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(22), Ponte has length greater than 1, thus it contains an integer nm. 


It is clear that |nm a| = P(m), so we have infinitely many solutions (at 
least one for each m). The difficult part is when œa > 1. Let us consider 
B = =%,. By a well-known result of Beaty, the sets A = {|na] | n > 1} and 
B = {|nB| | n > 1} give a partition of the set of positive integers. A second 
of observation shows that it is enough to prove the statement for polynomials 
P whose leading coefficient is positive. Thus starting from a certain point mo, 
P(m) is a positive integer, thus belonging to A or to B. Suppose that the 
equation P(m) = |na]| has finitely many solutions, that is for all sufficiently 
large m, P(m) € B. Hence for some N we have the existence of a sequence 
of positive integers (Nm)m>Nn such that P(m) = |nmß]. This clearly implies 


2G = Nm — 1, that is the fractional part of an) is in (1 — Bs 1) for all 





sufficiently large m. Or, zP clearly satisfies the conditions of Weyl’s criterion, 
so the sequence of fractional parts of a is dense in [0,1], which is impos- 


sible, because all but finitely many terms are in (1 — cE 1). This finishes the 
proof of the case a > 1 and ends the solution. 
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15.2 Practice problems 


1. Let 21, 22,...,2, be arbitrary complex numbers. Prove that for any 
€ > 0 there are infinitely many positive integers n such that 


E + \/ lzi +2% MEF FAR > max{|z1|, |z2l,.. 3 |Zn|}- 


2. (a) Prove that for any real number z and any positive integer N one 


can find integers p and q such that 0 < q < N and |qxz—p| < Wad 


(b) Suppose that a is a divisor of a number of the form n? + 1. Prove 
that a is a sum of two squares of integers. 


3. Compute sup | min |p — qvV3| 
n>1 p,qENn 
pt+q=n 


Putnam Competition 


4. Is it true that for any irrational number x the sequence ({10"z}),, is 
equidistributed in [0, 1]? 


5. Prove that by using different terms of the sequence |n? 2006 | one can 
construct geometric sequences of any length. 


6. Does the sequence sin(n?) + sin(n*) converge? 
Gabriel Dospinescu 
7. A flea moves in the positive direction of an axis, starting from the origin. 
It can only jump over distances equal to v2 and 2005. Prove that 


there exists an no such that the flea will be able to arrive in any interval 
[n,n + 1] for each n > no. 


IMAR Contest 2005 


10. 


11. 


12. 


13. 
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. Let x > 1 be a real number and a, = |z”]|. Can the number S = 


0.a1a2a3... be rational? The expansion is formed by writing down the 
decimal digits of a), a9,... in turn. 


Mo Song-Qing, AMM 6540 


. Let a Æ 0 be a rational number and b an irrational number, then the 


sequence nb |na| is uniformly distributed mod 1. What if a is irrational? 
L.Kuipers 

Prove that the sequence of the first digit of 2” + 3” is not periodical. 
Tuymaada Olympiad 


Let a,b be positive real numbers such that {na} + {nb} < 1 for all n. 
Prove that at least one of them is an integer. 


Let a,b,c be positive real numbers. Prove that the sets A = {|na| | n> 
1}, B= {[nb] |n > 1}, C = {|nc| | n > 1} cannot form a partition of 
the set of positive integers. 


Putnam Competition 


Suppose that f is a real, continuous, and periodical function such that 


n 
the sequence (£ EAG is bounded. Prove that f(k) = 0 for all 


k 
k=1 n>1 


positive integers k. Give a necessary and sufficient condition ensuring 


|f (k)| 


n 
the existence of a constant c > 0 such that ` m > clnn for all n. 
k=1 


Gabriel Dospinescu 
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14. 


15. 


16. 


17. 
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(a) Let f be a polynomial with integral coefficients and let a be a 
positive irrational number. Can we have 


F(N) c {[na]|n > 1}? 


(b) Is it true that any set of positive integers with positive density 
contains an infinite arithmetical sequence? 


Let z1, £2,... be a sequence of numbers in [0,1) such that at least one 
of its sequential limit points is irrational. For 0 < a < b < 1, let 
N,(a, b) be the number of n-tuples (a1, a2,...,@n) E {£1}” such that 


{aiz +a2q%2+---+@nXn} € fa, b). Prove that A nlab) converges to b—a. 





Andrew Odlyzko, AMM 6542 


Let n € N and let O < aj < ag < --- < an < m and bı,b2,...,bn be 
nonnegative real numbers such that 


n 
1 
D2 cos(ka;)| < T 
i=1 
for all positive integers k. Prove that bı = bz =---=b, = 0 


Bulgarian TST 


Let n be a positive integer. Prove that there exists € > 0 such that for 
any positive real numbers aj, a2,...,a@n there exists t > 0 such that 


(ah taea ta E (e 5) | 


St. Petersburg 1998 
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18. Let x be areal number. Prove the existence of a constant c > 0 with the 
following property: for any n > 1 there exists a natural number k < n 
such that 


where d(a, Z) = minnez la — nl. 
19. For a real number x, prove the equivalence of the following statements: 


(a) For any € > 0 there exists a sequence (an)n such that |an — n| < € 
for all n and such that (£an)n is equidistributed modulo 1. 


(b) x is transcendental. 


Yves Meyer 








SAINSOd e JO WINS FI uns #bIG 
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16.1 Theory and examples 


Problems about the sum of the digits of a positive integer often occur in 
mathematical contests because of their difficulty and lack of standard ways 
to tackle them. This is why a synthesis of the most frequent techniques used 
in such problems is useful. We have selected several representative problems: 
to illustrate how the main results and techniques work and why they are so 
important. 

We will only work in base 10 and will denote the decimal sum of the digits of 
the positive integer x by s(x). The following “formula” can be easily checked: 





From (16.1) we can deduce immediately some well-known results about s(n), 
such as s(n) = n (mod 9) and s(m +n) < s(m) + s(n). Unfortunately, (16.1) 
is a clumsy formula, which can hardly be used in applications. On the other 
hand, there are several more or less known results about the sum of the digits, 
results which may offer simple ways to attack harder problems. 

The easiest of these techniques is probably just the careful analysis of the 
structure of the numbers and their digits. This can work surprisingly well, as 
we will see in the following examples. 


Í : Prove that among any 79 consecutive numbers, we can choose 
at least one whose sum of digits is a multiple of 13. 





Baltic Contest 1997 


Solution. [Adrian Zahariuc] Note that among the first 40 numbers, there are 
exactly four multiples of 10. Also, it is clear that the next to last digit of one 
of them is at least 6. Let x be this number. Clearly, x, x + 1,..., £ + 39 are 
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among our numbers, so s(x), s(x) + 1,...,s(x) +12 occur as sums of digits in 
some of our numbers. One of these sums is a multiple of 13 and we are done. 


We will continue with two harder problems, which still do not require any 
special result or technique. 


Find the greatest N for which there are N consecutive posi- 
-tive integers such that the sum of digits of the k-th number is 
divisible by k, for k = 1, 2,..., N. 





Tournament of Towns 2000 


Solution. [Adrian Zahariuc] The answer, which is not trivial at all, is 21. 
The main idea is that among s(n + 2), s(n + 12) and s(n + 22) there are two 
‘consecutive numbers, which is impossible since all of them should be even. 
Indeed, we carry over at a + 10 only when the next to last digit of a is 9, 
but this situation can occur at most once in our case. So, for N > 21, we 
have no solution. For N = 21, we can choose N+ 1, N+2,..., N +21, where 
N = 291-1011! — 12. For i = 1 we have nothing to prove. For 2 <i < 11, 
s(N +7) =2+9+0+4+9(11! —1)+i—2=2+9-11! while for 12 < i < 21, 
s(N +71) =2+9+1+ (i— 12) = i, so our numbers have the desired property. 





& How many positive integers n < 102° can be written as the 
sum of two positive integers with the same sum of digits? 


[Adrian Zahariuc] 


Solution. Answer: 107° — 9023. At first glance, it is seemingly impossible 
to find the exact number of positive integers with this property. In fact, 
the following is true: a positive integer cannot be written as the sum of two 
numbers with the same sum of digits if and only if all of its digits except for 
the first are 9 and the sum of its digits is odd. 


THEORY AND EXAMPLES 371 


Let n be such a number. Suppose there are positive integers a and b such that 
n =a+b and s(a) = s(b). The main fact is that when we add a +b = n, there 
are no carry overs. This is clear enough. It follows that s(n) = s(a) + s(b) = 
2s(a), which is impossible since s(n) is odd. 

Now we will prove that any number n which is not one of the numbers above, 
can be written as the sum of two positive integers with the same sum of digits. 
We will start with the following: 


Lemma 16.1. There isa < n such that s(a) = s(n — a) (mod 2). 


Proof. If s(n) is even, take a = 0. If s(n) is odd, then n must have a digit 
which is not the first one and is not equal to 9, otherwise it would have one of 
the forbidden forms mentioned in the beginning of the solution. Let c be this 
digit and let p be its position (from right to left). Choose a = 10?-!(c + 1). 
In the addition a + (n — a) = n there is exactly one carry over, so 


s(a) + s(n — a) = 9+ s(n) = 0 mod 2 => s(a) = s(n — a) mod 2 


which proves our claim. E 


Back to the original problem. All we have to do now is take one-by-one a 
“unit” from a number and give it to the other until the two numbers have the 
same sum of digits. This will happen because they have the same parity. So, 
let us do this rigorously. Set 


a = @j1a2... ñk, n — a = bibs - - - bk. 


Let I be the set of those 1 < i < k for which a; + b; is odd. The lemma shows 
that the number of elements of I is even, so it can be divided into two sets 
with the same number of elements, say Jı and Jo. For i = 1,2,...,k define 
A; = “e jfi g I, WH ifi en or WHE ifi € Ib and By = a; + bj — Aj. 
It is clear that the numbers 


A=A,A>..A,, B= BB2..B, 
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have the properties s( A) = s(B) and A + B =n. The proof is complete. 


We have previously seen that s(n) = n (mod 9). This is probably the most 
well-known property of the function s and it has a series of remarkable ap- 
plications. Sometimes it is combined with simple inequalities such as s(n) < 
9(|logn| +1). Some immediate applications are the following: 


# Find all n for which one can find a and b such that 





s(a) = s(b) = s(a+b) =n. 
[Vasile Zidaru, Mircea Lascu] 


Solution. We have a = b = a +b =n (mod 9), so 9 divides n. If n = 9k, we 
can take a = b = 10*—1 and we are done, since s(10*—1) = s(2-10*—2) = 9k. 


aq Find all the possible values of the sum of the digits of a perfect 
square. 





Iberoamerican Olympiad 1995 


Solution. What does the sum of the digits have to do with perfect squares? 
Apparently, nothing, but perfect squares do have something to do with re- 
mainders mod 9. In fact, it is easy to prove that the only possible values of 
a perfect square mod 9 are 0, 1, 4 and 7. So, we deduce that the sum of the 
digits of a perfect square must be congruent to 0, 1, 4, or 7 mod 9. To prove 
that all such numbers work, we will use a small and very common (but worth 
remembering!) trick: use numbers that consist almost only of 9-s. We have 
the following identities: 


Ze, 2\ — 
99...99? = 99...99 8 00...00 1 = s(99...992) = 9n 


n n—1 n—1 n 
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Ds: 2) — 
99...99 1° = 99...99 82 00...00 81 = s(99..991°) =9n + 1 


n—1 n—2 n—2 n—1 
2 — 2) _ 
ea = oe 84 2 64 => Oe )=9n+4 
n— n— n— n— 


99...99 4° = 99...99 88 00...00 36 = s(99..99 4?) = 9n +7 
ee Ne yee Nee ee — ae 


n—1 n—2 n—2 n—1 


and since s(0) = 0, s(1) = 1, s(4) = 4 and s(16) = 7 the proof is complete. 


Compute s(s(s(4444444*))). 





IMO 1975 


Solution. Using the inequality s(n) < 9(|logn| + 1) several times we have 
3(4444%*"*) < 9(|log 4444***| + 1) < 9 - 20000 = 180000; 


s(s(4444*#4*)) < 9(|log s(4444***) | + 1) < 9(log 180000 + 1) < 63, 


so s(s(s(4444444*))) < 14 (indeed, among the numbers from 1 to 63, the maxi- 
mum value of the sum of digits is 14). On the other hand, s(s(s(n))) = 
s(s(n)) = s(n) =n (mod 9) and since 


44444414 = 74444 = 7.7145) = 7(mod9), 


the only possible answer is 7. 
Finally, we present two beautiful problems which appeared in the Russian 
Olympiad and, later, in Kvant. 





Prove that for any N there is an n > N such that s(3”) > 
3(3"*1), 
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Solution. Suppose by way of contradiction that there is an N > 2 such that 
3(3"+1) — s(3”) > 0 for all n > N. But, for n > 2, s(3"+) — (3) = 0 
(mod 9), so (3+!) — s(3”) > 9 for all n > N. It follows that 


n = (3kt1) — ș (3k "S mr _ 
AGG ) -(3*)) 2 9(n— N) = 9(3"*7) > 9(n — N) 


for all n > N +1. But s(3”+t) < 9({log3"**| +1), so 9n — 9N < 9 + 9(n + 
1) log 3, for all n > N +1. This is obviously a contradiction. 





ample S Find all positive integers k for which there exists a positive 


constant cg such that sky > Ck for all positive integers N. 


For any such k, find the best cp. 





[I. N. Bernstein] 


Solution. It is not difficult to observe that any k of the form 2” - 51 is a 
solution of the problem. Indeed, in that case we have (by using the properties 
presented in the beginning of the chapter): 


s(N) = s(10"+*1N) < s(27-5")s(kN) = —s(kN) 


where clearly ck = AEEA) is the best constant (we have equality for N = 
21. 5°). 

Now, assume that k = 2” . 51 . Q with Q > 1 relatively prime to 10. Let m = 
p(Q) and write 10” — 1 = QR for some integer R. If R, = R(1 +10” +--+ 
10™"—1)) then 107” —1 = QR, and so s(Q(Rn+1)) = s(10” +Q —1) = s(Q) 
and s(Rn + 1) > (n — 1)s(R) (note than the condition Q > 1, which is the 
same as R < 10” — 1, is essential for this last inequality, because it guarantees 
that R + 1 has at most m digits and thus when adding R + 1 and 10” - R, 
we obtain the digits of R followed by the digits of R + 1; if we proceed in the 
same manner for each addition, we see that R, + 1 has among its digits at 
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least n — 1 copies of the sequence of digits of R). By taking n sufficiently large, 
we conclude that for any e > 0 there exists N = R, + 1 such that 


s(2” - 51)s(Q) 


s(kN) 
(n—1)s(R) ~~ 


s(N) 





< 


This shows that the numbers found in the first part of the solution are the 
only solutions of the problem. 


If so far we have studied some remarkable properties of the function s, which 
were quite well-known, it is time to present some problems and results which 
are less familiar, but interesting and hard. The first result is the following: 


Lemma 16.2. If 1 < x < 10", then s(x(10” — 1)) = 9n. 


Proof. The idea is very simple: all we have to do is write x = @14@9...a; with 
a; # 0 (we can ignore the trailing 0’s of x) and note that 


x(10” = 1) = €1Q2...0;~1(a; = 1) 99...99(9 = a;)...(9 = aj—ı)(10 = aj), 


n= 


which obviously has the sum of digits equal to 9n. oO 


The previous result is by no means hard, but we will see that it can be the 
key in many situations. A first application is: 





| Evaluate s(9 - 99 - 9999 - ... - 99...99). 
gi -o 


USAMO 1992 
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Solution. The problem is trivial if we know the previous result. We have 


gn-1 


N = 9 - 99 - 9999 - ... - 99...99 < 10!t+2t+ + <10?” —1 


Qn-1 


—Q.9n 
SO ee N) =9- 2”. 
However, there are very hard applications of this apparently unimportant re- 
sult, such as the following problem. 


§ Prove that for each n there is a positive integer with n nonzero 
digits, that is divisible by the sum of its digits. 





IMO 1998 Shortlist 


Solution. Just to assure our readers that this problem did not appear on 
the IMO Shortlist out of nowhere, such numbers are called Niven numbers 
and they are an important research source in number theory. Now, let us 
solve it. We will see that constructing such a number is difficult. First, we 
will dispose of the case n = 3*, when we can take the number 11...11 (it can 
3k 
be easily proved by induction that 3k+21193° — 1). From the idea that we 
should search numbers with many equal digits and the last result, we decide 
that the required number p should be of the form aa...aa b - (10° — 1), with 


§ 
aa...aa,b < 10° — 1. This number has s + t + 1 digits and its sum of digits is 
—— 
sS 
9t. Therefore, we require s +t = n — 1 and 9t| aa...aa b - (10° — 1). We now 


8 
use the fact that if t is a power of 3, then 9t|10° — 1. So, let us take t = 3% 
where k is chosen such that 3° < n < 3*+1. If we also take into account the 
e,° t = . e . = 3 =! | 
condition aa...aa,b < 10° — 1, it is natural to pick p = 11...11.2(10 1) when 
s n—3k—1 
n < 2. 3F and p = 22...22(1023" — 1) otherwise. 
k 
2-3 
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We continue our investigations of finding suitable techniques for problems in- 
volving sum of digits with a very beautiful result, which has several interesting 
and difficult consequences. 


Lemma 16.3. Any multiple of 99...99 has sum of its digits at least 9k. 
k 


Proof. We will use the extremal principle. Suppose by way of contradiction 

that the statement is false, and take M to be the smallest multiple of a such 

that s(M) < 9k, where a = 99...99. Clearly, M > 10%, hence M = GpAp—1---G0, 
k 

with p> k and ap #0. Take N = M — 10°-*a, which is a multiple less than 

M of a. We will prove that s(N) < 9k. Observe that 


N = M—-10?+10°~* = (ap—1)-10?+ap_110? + +- - -+(ap_4+1)10? *+---+a9, 
so that we can write 
s(N) < ap —1 + ap-1 +++: + (ap-k +1) +--+ +09 = 8(M) < 9k. 


In this way, we contradict the minimality of M and the proof is completed. 
O 


We will show three applications of this fact, which might seem simple, but 
seemingly unsolvable without it. But before that, let us insist a little bit on a 
very similar (yet more difficult) problem proposed by Radu Todor for the 1993 
IMO: if b > 1 and a is a multiple of b” — 1, then a has at least n nonzero digits 
when expressed in base b. The solution uses the same idea, but the details 
are not obvious, so we will present a full solution. Arguing by contradiction, 
assume that there exists A, a multiple of b” — 1 with less than n nonzero digits 
in base b, and among all these numbers consider that number A with minimal 
number of nonzero digits in base b and with minimal sum of digits in base b. 
Suppose that a has exactly s nonzero digits (everything is in base b) and let 
A= a,b"! +a9b™ +---+a,b"* with ni > no >--- > ns. We claim that s =n. 
First of all, we will prove that any two numbers among nj, 79,...,n5 are not 
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congruent mod n. It will follow that s < n. Indeed, if n; = n; (mod n) let 
0 <r<n-—1 be the common value of n; and n; modulo n. The number 
B = A-—ab™ — ajbi + (a; + a;)b"™*” is clearly a multiple of b — 1. If 
a; +a; <b then B has s — 1 nonzero digits, which contradicts the minimality 
of s. So b < a; +a; < 2b. If q =a; +a; — b, then 


B= preritrt+ + ght" $ a,b™ dl adele a;_1b%-1 


+a; 4 foes ajb- + a54 bt! +--+ + ab. 
Therefore the sum of digits of B in base b is aj +aq+---+as+1+q—(aj+a;) < 
aj +ag+--:-+a,. This contradiction shows that n1, n2,..., ns give distinct 
remainders 171,792,...,%; When divided by n. Finally, suppose that s < n and 


consider the number C = ab"! +---+a,b"s. Clearly, C is a multiple of b” — 1. 
But C < b” — 1! This shows that s = n and finishes the solution. 


k Prove that for every k, we have 





lim NE- C = 0O 

n> (In(In(n)))* 

Solution. Due to the simple fact that 101087] — 1 < n = 10°87] — 1|n!, we 
have s(n!) > |logn], from which our conclusion follows. 


Let S be the set of positive integers whose decimal represen- 
tation contains at most 1988 ones and the rest zeros. Prove 
that there is a positive integer which does not divide any 
element of S. 





Tournament of Towns 1988 


Solution. Again, the solution follows directly from our result. We can choose 
the number 10!°89 — 1, whose multiples have sum of digits greater than 1988. 
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: Prove that for each k > 0, there is an infinite arithmetical 
= progression with a common difference relatively prime to 10, 
such that all its terms have the sum of digits greater than k. 





IMO 1999 Shortlist 


Solution. Let us remind you that this is the last problem from IMO 1999 
Shortlist, so it is one of the hardest. The official solution seems to confirm 
this. But, due to the above lemma we can chose the sequence an = n(10™—1), 
where m > k and we are done. 


Now, as a final proof of the utility of these two results, we will present a hard 
problem from the USAMO. 


$ cA ie le lin Let n be a fixed positive integer. Denote by f(n) the smallest 
__k for which one can find a set X of n positive integers with 


the property 
S (x z) =k 
tEY 


for all nonempty subsets Y of X. Prove that 





Cilogn < f(n) < Cologn 


for some constants C and C3. 
[Titu Andreescu, Gabriel Dospinescu] USAMO 2005 


Solution. We will prove that 


llog(n +1)| < f(n) < 910g Ha $ | | 


which is enough to establish our claim. Let l be the smallest integer such that 


10! -1 > MOD 
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Consider the set X = {j(10'-1): 1 < j < n}. By the previous inequality 
and our first lemma, it follows that 


s (Z) = gl 


for all nonempty subsets Y of X, so f(n) < 9l, and the upper bound is proved. 
Now, let m be the greatest integer such that n > 10” — 1. We will use the 
following well-known lemma: | 


Lemma 16.4. Any set M = {aj,a2,...,@m} has a nonempty subset whose 
element sum is divisible by m. 


Proof. Consider the sums a1, a1 +42, ..., a1 tag+-:-+@m. If one of then is a 
multiple of m, them we are done. Otherwise, there are two of them congruent 
mod m, say the i-th and the j-th. Then, mlaji1 + ai+2 +--+ +a; and we are 
done. O 


From the lemma, it follows that any n-element set X has a subset Y whose 
element sum is divisible by 10” — 1. By our second lemma, it follows that 


(2) > m= f(n) 2m, 


xEY 


and the proof is complete. 


The last solved problem is one we consider to be very hard, and which uses 
different techniques than the ones we have mentioned so far. 


ga Let a and b be positive integers such that s(an) = s(bn) for 
all n. Prove that log ¢ is an integer. 





[Adrian Zahariuc, Gabriel Dospinescu] 
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Solution. We start with an observation. If gcd(max{a, b},10) = 1, then the 
problem becomes trivial. Indeed, suppose that a = max{a,b}. Then, by 
Euler’s theorem, a\10?() — 1, so there is an n such that an = 10°) — 1, and 
since numbers consisting only of 9-s have a digit sum greater than all previous 
numbers, it follows that an = bn, so a = b. Let us now solve the harder 
problem. For any k > 1 there is an nę such that 10% < an, < 10% +a — 1. It 
follows that s(an,) is bounded, so s(bn;) is bounded. On the other hand, 


102 < bnk < ior? +b, 
a a 


so, for sufficiently large k, the first p nonzero digits of 2 are exactly the same 
as the first p digits of bng. This means that the sum of the first p digits of 
b is bounded, which could only happen when this fraction has finitely many 
decimals. Analogously, we can prove the same result about ¢. Let a = 259m 
and b = 275m’, where gcd(m, 10) = gced(m’,10) = 1. It follows that m|m’ 
and m'|m, so m = m’. Now, we can write the hypothesis as 


s(275°mn2© 75° 9) = s(275¥mn2 75° 4) = s(mn) 


for all c > max{z,y}. Now, if p = mar{z+c—2,u+c—y}—min{z+e-— 
x,u +c -— y}, we find that there is a k € {2,5} such that s(mn) = s(mk?Pn) 
for all positive integer n. It follows that 


s(mn) = s(k?mn) = s(k??mn) = s(k??mn) = --- 
Let t = a?, so logt € R — Q unless p = 0. Now, we will use the following: 
Lemma 16.5. If logt € R—Q, then for any sequence of digits, there is a 


positive integer n such that t”m starts with the selected sequence of digits. 


Proof. If we prove that {{log t”m}|n € Z*} is dense in (0, 1), then we are done. 
But logt”m = nlogt + m and by Kronecker’s theorem {{nlogt}|n € Zt} is 
dense in (0,1), so the proof of the lemma is complete. oO 


The lemma implies the very important result that s(t”m) is unbounded for 
p # 0, which is a contradiction. Hence p = 0 and z + c — xz = u + c — y, so 
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a = 107~*b. The main proof is complete. This problem can be nicely extended 
to any base. The proof of the general case is quite similar, although there are 
some very important differences. 


The aforementioned methods are just a starting point in solving such problems 
since the spectrum of problems involving the sum of the digits is very large. 
The techniques are even more useful when they are applied creatively. 
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16.2 Practice problems 


1. 


We start with an even perfect number (which is equal to the sum of its 
divisors, except itself) different from 6 and calculate its sum of digits. 
Then, we calculate the sum of digits of the new number and so on. Prove 
that we will eventually get 1. 


. Prove that for any positive integer n there are infinitely many numbers 


m not containing any zero, such that s(m) = s(mn). 


Russian Olympiad 1970 


. Prove that among any 39 consecutive positive integers there is one whose 


digit sum is divisible by 11. 


Russian Olympiad 1961 


. Prove that iò 
a n(n +1) 
O. Shallit, AMM 
. Are there positive integers n such that s(n) = 1000 and s(n?) = 1000000? 


Russian Olympiad 1985 


. Prove that there are infinitely many positive integers n such that n is 


relatively prime to 10 and 


s(n) + s(n”) = s(n?). 


Gabriel Dospinescu 
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10. 


11. 


12. 


13. 
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. If s(n) = 100 and s(44n) = 800, find s(3n). 


Rusia 1999 


. Let a and b be positive real numbers. Prove that the sequence s(|an+b]) 


contains a constant subsequence. 


Laurentiu Panaitopol, Romanian TST 2002 


. Are there arbitrarily long arithmetic sequences whose terms have the 


same digit sum? What about infinite arithmetic sequences? 


Let a be a positive integer such that s(a” + n) = 1 + s(n) for any 
sufficiently large n. Prove that a is a power of 10. 


Gabriel Dospinescu 
Are there polynomials p € Z[X] such that 
in esd 
jim s(p(n)) = 00% 


Let a, b, c, d be prime numbers such that 2 < a < c and a Æ b. Suppose 
that for sufficiently large n, the numbers an +b and cn +d have the same 
digit sum in any base between 2 and a — 1. Prove that a = c and b = d. 


Gabriel Dospinescu 


Let S be a set of positive integers such that for any œ € R — Q, there is 
a positive integer n such that |a”| € S. Prove that S contains numbers 
with arbitrarily large digit sum. 


Gabriel Dospinescu 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 
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Prove that the sequence so is unbounded. 
Prove that there is a constant c > 0 such that s(2”) > clnn for all n. 
Schinzel 


Prove that there are arbitrarily long sequences of consecutive numbers 
which do not contain any Niven numbers. 


Mathlinks Contest 


Let a, b, c, d be prime numbers such that 5 < a < c and a Æ b. If 
s(an + b) = s(cn + d) for all sufficiently large n, then a = c and b = d. 


Richard Stong 


Let k be a positive integer. Prove that there is a positive integer m such 
that the equation n + s(n) = m has exactly k solutions. 


Mihai Manea, Romanian TST 2003 


Let £n be a strictly increasing sequence of positive integers such that 
V2(£n) — U5(Ln) has the limit co or —oo. Prove that s(£n) tends to oo. 


Bruno Langlois 
Is there an infinite arithmetic sequence which contains no Niven number? 
Gabriel Dospinescu 

Prove that the sum of digits of 9” is greater than 9 for n > 2. 


Mark Sapir, AMM 
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22. Is there an increasing arithmetic sequence with 10000 terms such that 
the digit sum of its terms forms again an increasing arithmetic sequence? 


Tournament of the Towns 


23. A number m is called special if there is no k such that k + s(k) = m. 
Prove that there are infinitely many special numbers of the form 10” +b 
if and only if b — 1 is special. 


Christopher D. Long 


24. Prove that there exists a constant C such that for all N, the number of 


Niven numbers smaller than N is at most C Gnas 


si: ory At the Border of / 


E 1 
-E 
= 
G- 
© 
E 
~— 
© 
< 
Gen 
© 
Šan 
Q 
e 
> 
Q 
co 
Q 
< 

E 
aiad 
ka 


Theo 





THEORY AND EXAMPLES 389 


17.1 Theory and examples 


“Olympiad problems can be solved without using concepts from analysis (or 
linear algebra)” is a sentence often heard when talking about problems given 
at various mathematics competitions. This is true, but the essence of some of 
these problems lies in analysis, and this is the reason that such problems are 
always the highlight of a contest. Their elementary solutions are very tricky 
and sometimes extremely difficult to design, while when using analysis they 
can fall apart rather quickly. Well, of course, “quickly” only if you see the 
right sequence (or function) that hides behind each such problem. Practically, 
in this chapter our aim is to exhibit convergent integer sequences. Clearly, 
these sequences must eventually become constant, and from here the problem 
becomes much easier. The difficulty lies in finding those sequences. Some- 
times this is not so challenging, but most of the time it turns out to be a 
very difficult task. We develop skills in “hunting” for these sequences first by 
solving some easier questions, and after that we tackle the real problem. 


As usual, we begin with a classical and beautiful problem, which has many 
applications and extensions. 


cua Let f,g € Z[X] be two nonconstant polynomials such that 
f(n)|g(n) for infinitely many n. Prove that f divides g in 
Q{[X]. 





Solution. Indeed, we need to look at the remainder of g when divided by 
f in Q[X]. Let us write g = f -q +r, were q,r are polynomials in Q[X] 
with degr < deg f. Now, multiplying by the common denominator of all 
coefficients of the polynomials g and r, the hypothesis becomes: there exist 
two infinite integer sequences (@n)n>1, (bn)n>1 and a positive integer N such 





that bn = N Aes (we could have some problems with the zeros of f, but they 
n 
are only finitely many, so for n large enough, an is not a zero of f). Because 


r(an) 


f (Gn) 





degr < deg f, it follows that — 0, thus (b,)n>1 is a sequence of integers 
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that converges to 0. This implies that this sequence will eventually become 
the zero sequence. Well, this is the same as r(a,) = 0 from a certain point 
no, which is practically the same as r = 0 (do not forget that any nonzero 
polynomial has only finitely many zeros). The problem is solved. 


The next problem is a special case of a much more general and classical result: 
if f is a polynomial with integer coefficients, k is an integer greater than 1, 
and / f(n) € Q for all n, then there exists a polynomial g € Q|X] such that 
f(x) = g"(xz). We will not discuss here this general result (the reader will find 
a proof in the chapter Arithmetic Properties of Polynomials). 





nople a Let a,b,c be integers with a Æ 0 such that an? + bn + c is 
a perfect square for any positive integer n. Prove that there 


exist integers x and y such that a = x”, b = 2ry, c= y’. 


Solution. Let us begin by writing an? + bn +c = x2 for a certain sequence 
(2n)n>1 of nonnegative integers. We would expect that £n — nya converges. 
And yes, it does, but it is not a sequence of integers, so its convergence is more 
or less useless. In fact, we need another sequence. The easiest way is to work 
with (%n41—Zn)n>1, since this sequence certainly converges to ya (you have 
already noticed why it was not useless to find that £n — nya is convergent; 
we used this to establish the convergence of (£n+1 — Zn)n>1). This time, the 
sequence consists of integers, so it is eventually constant. Hence we can find a 
positive integer M such that £n+1 = £n + Va for all n > M. Thus a must be 
a perfect square, that is a = z? for some integer x. A simple induction shows 
that £n = zm + (n—M)z for n > M and so (zm — Mz +nz)}? = z?n? +bn +c 
for all n > M. Identifying the coefficients finishes the solution, since we can 
take y = rm — Mz. 


Even this very particular case is interesting. Indeed, here is a very nice appli- 
cation of the previous problem: 
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1 le oe Prove that there cannot exist three polynomials P,Q, R with 
-integer coefficients, of degree 2, and such that for all integers 
x,y there exists an integer z such that P(x) + Q(y) = R(z). 





Tuymaada Olympiad 


Solution. Using the above result, the problem becomes straightforward. In- 
deed, suppose that P(X) = aX? + bX + c Q(X) = dX?4+eX4+f and 
R(X) = mX? + nX +p are such polynomials. Fix two integers z,y. Then 
the equation mz? + nz + p — P(x) — Q(y) = 0 has an integer solution, so the 
discriminant is a perfect square. It means that m(4P(xr)+4Q(y) —4p) +n? is a 
perfect square and this for all integers x, y. Now, for a fixed y, the polynomial 
of second degree 4mP(X) + m(4Q(y) — 4p) + n? transforms all integers into 
perfect squares. By the previous problem, it is the square of a polynomial of 
first degree. In particular, its discriminant is zero. Because y is arbitrary, it 
follows that Q is constant, which is not possible because deg(Q) = 2. 


Another easy example is the following problem, in which finding the right 
convergent sequence of integers in not difficult at all. But, attention must be 
paid to details! 


Let a 1,a2,...,a, be positive real numbers such that at least 
one of them is not an integer. Prove that there exit infinitely 
many positive integers n such that n and |a;n|+|aoen|+---+ 
|a,n| are relatively prime. 





[Gabriel Dospinescu] 


Solution. The solution to such a problem needs to be indirect. So, let us as- 
sume that there exists a number M such that n and |ain|+|aen|+---+|axgn| 
are not relatively prime for all n > M. Now, what are the most efficient num- 
bers n to be used? They are the prime numbers, since if n is prime and it 
is not relatively prime with |an] + [azn] +---+ |a,n]|, then it must divide 
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lain] + |agn| +---+ [apn]. This suggests considering the sequence of prime 
numbers (pn)n>1- Since this sequence is infinite, there is N such that pn > M 
for all n > N. According to our assumption, this implies that for all n > N 
there exist a positive integer £n such that |aip,|+|aepn|+---+laxnpn| = npn. 
And now, you have already guessed what is the convergent sequence! Yes, it 


is (ta)a>n. This is clear, since VE + loapn] + +--+ laxpn] 


ai +ao+---+a,. Thus we can find P such et a = @ı +a2 +- -+aç for all 
n > P. But this is the same as {apn} + {a2Ppn} +--+ {akpn} = 0. This says 
that a;p, are integers for all i = 1,2, ...,k and n > P and so aq; are integers for 
all ¿, contradicting the hypothesis. 


converges to 


Step by step, we start to build some experience in “guessing” the sequences. 
It is then time to solve some more difficult problems. The next one may seem 
obvious after reading its solution. In fact, it is just that type of problem whose 
solution is very short, but difficult to find. 


E Let a and b be integers such that a- 2” + b is a perfect square 
for all positive integers n. Prove that a = 0. 





Polish TST 


Solution. Suppose that a # 0. Then a > 0, otherwise for large values of n 
the number a- 2” +b is negative. From the hypothesis, there exists a sequence 
of positive integers (£n)n>1 such that £n = va. 2” +b for all n. A direct 
computation shows that Jim (2£n — Ln+2) = 0. This implies the existence of 


a positive integer N such that 27, = n42 for all n > P. But 2£n = Tn42 is 
equivalent to b = 0. Then a and 2a are both perfect squares, which is impos- 
sible for a Æ 0. This shows that our assumption is wrong, and so a = 0. 


Schur proved that if f is a non constant polynomial with integer coefficients, 
then the set of primes dividing at least one of the numbers f(1), f(2),... is 
infinite. The following problem is an extension of this result. 
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= Suppose that f is a polynomial with integer coefficients and 
that (an) is a strictly increasing sequence of positive integers 
such that a, < f(n) for all n. Then the set of prime numbers 
dividing at least one term of the sequence (a,,) is infinite. 


Solution. The idea is very nice: for any finite set of prime numbers p1, ..., Pr 
and any k > 0, we have 


1 
» kay kan < 00. 
a1,02,..,an>0P1 ++ PN 


Indeed, it suffices to observe that we actually have 


da gem -JIZ + -I-44 


aranan 0P = ji p0) ipa 


1 
On the other hand, by taking k = ————~ we have 
Á $ "= 2deg(f) 


1 
> O 


Thus, if the conclusion of the problem is not true, we can find p,...,p, such 
that any term of the sequence is of the form prem tee pren and thus 


1 1 
a 2 m a S 


n>1 ” 1 ,@2,.. .an>0 P1 ---PNn 


On the other hand, 


La n > D TF TF 


a contradiction. 


The same idea is used in the following problem. 
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: Let a and b be integers greater than 1. Prove that there is 
=a multiple of a which contains all digits 0,1,...,5 — 1 when 
written in base b. 





Adapted after a Putnam Competition problem 


Solution. Let us suppose the contrary. Then any multiple of a misses at least 
one digit when written in base b. Since the sum of inverses of all multiples 


1 1 
of a diverges (because 1 + = + 3 +--+ = 00), it suffices to show that the 


sum of inverses of all positive integers missing at least one digit in base b is 
convergent, and we will reach a contradiction. But of course, it suffices to 
prove it for a fixed (but arbitrary) digit j. For any n > 1, there are at most 
(b— 1)” numbers which have n digits in base b, all different from 7. Thus, since 
each one of them is at least equal to b"~!, the sum of inverses of numbers that 


b—1\” 
miss the digit 7 when written in base 6 is at most equal to ye b =) ' 
n>1 
which converges. The conclusion follows. 


The following example generalizes an old Kvant problem. 


i x Find all polynomials f with real coefficients such that if n is 
= a positive integer which is written in base 10 only with ones, 
then f(n) has the same property. 





[Titu Andreescu, Gabriel Dospinescu] Putnam 2007 


Solution. Let f be such a polynomial and observe that from the hypothesis 
it follows that there exists a sequence (an)n>ı of positive integers such that 
f (4%) = 4. But this sequence (an)n>1 cannot be really arbitrary: 
actually we can find precious information from an asymptotic study. Indeed, 
suppose that deg(f) = d > 1. Then there exists a nonzero number A such 


that f(x) ~ Axt for large values of x. Therefore f (+5) ~ å -10"¢. Thus 


10°" = at ;:10"¢. This shows that the sequence (a, — nd)n>1 converges to a 


limit 1 such that A = 92! . 10!. Because this sequence consists of integers, it 
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becomes eventually equal to the constant sequence l. Thus from a certain point 
we have f (7% =) = 1 L. If £n = 4% =", we deduce that the equation 

_ (92+1)4-10!—-1 (9X+1)4-10!—1 
f(z) = 9 9 : 





has infinitely many solutions, so f(X) = 
Thus this is the general term of these polynomials (not including here obvious 
constant solutions), being clear that all such polynomials satisfy the condi- 
tions of the problem. 


We return to classical mathematics and discuss a beautiful problem that ap- 
peared in the Tournament of the Towns in 1982, in a Russian Team Selection 
Test in 1997, and also in the Bulgarian Olympiad in 2003. Its beauty explains 
why the problem was so popular among the exam writers. 


7 Let f be a monic polynomial with integer coefficients such that 
for any positive integer n the equation f(x) = 2” has at least 
one positive integer solution. Prove that deg(f) = 1. 





Solution. The problem states that there exists a sequence of positive integers 
(Zn)n>1 such that f(£n) = 2”. Let us suppose that deg(f) = k > 1. Then, for 
large values of z, f(x) behaves like zf. So, trying to find the right convergent 
sequence, we could try first to “think big’: we have zë = 2”, that is for 
large n, £n behaves like 2%. Then, a good possible convergent sequence could 


be Yn+k — 2%n. Now, the hard part: proving that this sequence is indeed 
Tn+k 





convergent. First, we will show that converges to 2. This is easy, since 
n 


the relation f(£n+k) = 2" f (£n) implies 


f(En+k) eal — 9k, f (tn) 
Tatk Tn Th 


f(x) 


and since Jim rs 1 and im Ln = O, we find that indeed Jim te = 2. 





We see that this will help us a lot. Indeed, write f(x) = zf + a, a,x 
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Then f(tniz) = 2f f (£n) can be also written as 


k-1 l 
> a;(2°z}, — Tn+k) 





Intk — 2In = = 
> (22n) tak 
i=0 
But from the fact that lim Zn+k _ 9 it follows that the right-hand side of 
n-—?0oO 


n 
the above relation is also convergent. Hence (£n+k — 2£n)n>1 converges and so 


there exist M, N such that for all n > M we have £n+k = 24,+N. But now the 
solution is almost over, since the last result combined with f(£n+k) = 2" f (£n) 
yields f(2¢, + N) = 2" f (zn) for n > M, that is f(2x + N) = 2* f(x). So, an 
arithmetical property of the polynomial turned into an algebraic one by using 
analysis. This algebraic property helps us to finish the solution. Indeed, we 
see that if z is a complex zero of f, then 2z + N,4z+3N,8z+7N,... are 
all zeros of f. Since f is nonzero, this sequence must be finite and this can 
happen only for z = —N. Because —N is the only zero of f, we deduce that 
f(z) = (x + N)*. But since the equation f(z) = 2?*+1 has positive integer 
roots, we find that 2% € Z, which implies k = 1, a contradiction. Thus, our 
assumption was wrong and deg(f) = 1. 


The following problem generalizes the problem above. 





Find all complex polynomials f with the following property: 
there exists an integer a greater than 1 such that for all suffi- 
ciently large positive integer n, the equation f(x) = a” has 
at least one solution in the set of positive integers. 


[Gabriel Dospinescu] Mathlinks Contest 
Solution. From the beginning we exclude the constant polynomials, so let f 


be a solution of degree d > 1. Let (£n)n>nọ be a sequence of positive integers 
such that f(£n) = a” for some integer a greater than 1. Now, observe that 


THEORY AND EXAMPLES 397 


we can choose A such that the polynomial g(X) = f(x + A) has no term of 
degree d — 1. Define yn = £n — A and observe that g(yn) = a”. Now, what 
really interests us is the asymptotic behavior of the sequence yn. This boils 
down to finding the behavior of the solution of the equation g(y) = z when 
z is very large. In order to do this, put g(y) = By? + Cy®+--- with B>0 
(the fact that B > 0 is obvious because g(x) remains positive for arbitrarily 
large values of x). Now, suppose that C # 0. The choice of A ensures that 
e <d-—2. Therefore, if we define z = uf and By? = v4, E = oe and finally 


m = d — e, then we have ut = v2(1 + Ev-™ + o(v—™)). Thus 


u=vl+ Ev ™ + o(v-™))a =v (1 + ao + ov-™)) 


=v + Z gi=m + o(v'~™). 


This shows that u = v, and combining this observation with the previous 
result gives v = u — Eyl-m + o(u—™). Coming back to our notations, we 


infer that Bay = zi — Ea +o(z73) where p = m — 1. Finally, this can be 


written in the form y = Fzi + Gz% + o(z7®) (the definitions of F, G and a 
are obvious from the last formula). Coming back to the relation g(yn) = a” 


n2 
we deduce that yn = Fa + Ga% + o(a 72). Therefore 


n2 
Ydyn = Fad a2"t4 + o(a?” ti-ar), 
This shows that if we define Zn = Yn+d — a2ntdy, then zn = o(1). On the 
other hand, by definition of yn we obtain that @n+1 = Zn + A(1 — a2"t?*4) is 
an integer. Therefore, the relation 


Zn41 — 0°Zn = An41 — 0 Qn + A(a* — 1) 
and the fact that zn = o(1) shows that an41 — a?ap, is eventually constant, 
equal to A(1 — a”). Thus for sufficiently large n we have zn41 = a*Zn, SO we 
have proved the existence of a constant K such that zn = Ka?” for sufficiently 
large n. Because a > 1 and zn = o(1), it follows that K = 0 and thus z, = 0 
for sufficiently large n. But the assumption C +Æ 0 implies that G Æ 0 and 
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by one of the previous relations we also have z, % —Ga2rt+d-an? which is 
not true if z, = 0 from a certain point on. This contradiction shows that 
f(X) = B(X — A) for some rational numbers A, B (because f takes rational 
values for infinitely many rational values of the variable, it is equal to its 
Lagrange interpolation polynomial, thus it has integer coefficients). Let B = r 


and A= ©. Then p(s£n — r)i = qsta”. By taking n a multiple of d greater 
than no we obtain the existence of integers p1, qı such that p = pt, q = qf. Thus 


pi(stn—T) = qı sa which shows that a” is a d-th power for all sufficiently 
large n. This implies the existence of an integer b such that a = b*. Now, 
by taking pı, q1, s > 0 (we can do that, without loss of generality), we deduce 
that for some nı (which we will identify with no from now on, by eventually 


n2 
enlarging no) we have st, = r + at, Let a = gcd(s,pı) and write s = 
2 
qub” 


2 
> thus vjqib” and so 





au, pı = av with gcd(u,v) = 1. Then aur, = r+ 
n2 
for all n > no, autn = r+ ne apn? —n3 By taking n = no we deduce that ulr. 


2 
Because u|s, it follows that u = 1 and so stp, = ror. Note that ged(v, qi) = 
1 because v|p1, so y|b0. Let b”ô = mv. Thus szp, = r+mqb™ "5, By taking 
again n = no, we obtain that mq, = —r (mod s), so r(1—b” ~"0) = 0 (mod s) 
and so b”-" = (mod s) for all n > no. Applying this relation to n+ 1 and 
making the division in the group of invertible residues mod s, we infer that 
b27+1 = 1 (mod s) for all sufficiently large n. Repeating this procedure, we 
deduce that b? = 1 (mod s) and so b = 1 (mod s). This implies mv = b =1 
(mod s) and since r = —mq, (mod s) and gcd(s,v) = 1, we finally obtain the 
necessary condition rv = —qı (mod s). Now, let us show that the conditions 
gcd(pi,q1) = gced(r,s) = 1 and pı = sv, gcd(s,v) = 1,rv = —qı (mod s) are 


d 
sufficient for the polynomial f(X) = (B(x = ) to be a solution of the 


problem. Indeed, using the Chinese Remainder Theorem, we can choose b 
such that b = 0 (mod v) and b = 1 (mod s). Thus viru + qb” and also 
s|ru + yb”. Because gcd(s,v) = 1 it follows that there exists a sequence £n 
of positive integers such that rv + qb” = sUn. Thus f(£n) = bdn? and the 
problem is finally solved. 


The idea behind the following problem is so beautiful that any reader who 
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attempts to solve it will feel generously rewarded by discovering this mathe- 
matical gem either by herself or himself, or in the solution provided. 


Let a(n) be the number of prime numbers not exceeding n. 
Prove that there exist infinitely many n such that 2(n)|n. 





[S. Golomb] AMM 


Solution. Let us prove the following result, which is the key to the problem. 


Lemma 17.1. For any increasing sequence of positive integers (an)n>1 such 
a n 
that lim — = 0, the sequence (=) contains all positive integers. In 
n> n n>1 


an 
particular, an divides n for infinitely many n. 


Proof. Even if it seems unbelievable, this is true. Moreover, the proof is ex- 
tremely short. Let m be a positive integer. Consider the set 


mn `m 
e e e e e e a e 
This set contains 1 and it is bounded, since lim -= = 0. Thus it has 
noo mn 
: Amk 1 Ses. £8 n 
a maximal element k. If —— = —, then m is in the sequence | — . 
mk m an J n>1 


Otherwise, we have am(k+1) Z amk Z k + 1, which shows that k + 1 is also in 
the set, in contradiction with the maximality of k. The lemma is proved. O 


m(n) 


Thus, all we need to show now is that lim —— = Q. Fortunately, this is well 
n—?CO n 

known and not difficult to prove. There are easier proofs than the following 

one, but we prefer to deduce it from a famous and beautiful result of Erdős: 


II p < 4°71. This was proved in chapter Look at the Exponent, but really 
pín 
we expect you to know how to prove it (it is one of those marvelous proofs 
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T(n) 


that cannot be forgotten). Now, the fact that lim —— = 0 follows easily. 
Indeed, fix k > 1. We have for all large n the inequality 


(n—1)log4> > logp > (n(n) — m(k)) logk, 
k<p<n 


which shows that 
(n — 1) log 4 


n(n) < w(k) + iek 


n(n) 


This proves that lim —— = 0. The problem is finally solved. 
n> Nn 


A somewhat tricky, but less technical problem follows now. A special case of 
it was proposed by the USA for IMO 1990: 





KE ieee Let f be a polynomial with rational coefficients, of degree at 
least 2, and let (an)n>ı be a sequence of rational numbers 
such that f(@n41) = an for all n. Prove that this sequence is 
periodic. 


[Bjorn Poonen] AMM 10369 


Solution. First of all, it is clear that the sequence is bounded. Indeed, because 
deg( f) > 2 there exists M such that |f (x)| > |x| if |z| > M. By taking M suffi- 
ciently large one can also assume that M > |aı|. Then an immediate induction 
shows that |an| < M for all n. We will now prove that for some positive integer 
N we have Nan € Z for all n. Indeed, let a; = Ë for some integers p,q and let 
k be a positive integer such that kf = f,X°+---+ fıX + fo € Z[X]. Define 
N =qf;. Then Na; = pf, € Z, and clearly if Nan € Z then Nan+ı is a ratio- 
nal zero of the monic polynomial with integer coefficients e ( f (+) — Qn), 
so it is an integer. This shows that (Nan)n>1 is a bounded sequence of in- 
tegers, therefore it takes only a finite number of values. Suppose that the 
sequence (@n)n>1 takes at most m different values. Consider (m + 1)-tuples 


THEORY AND EXAMPLES 401 


(i, Qi+1, ---, @i+m) for positive integers i. There are at most m™+! such (m+1)- 
tuples that can be formed and in each such (m + 1)-tuple there exists a value 
taken at least twice. Therefore there exists a pattern that is repeated infinitely 
many times, which means that there exists k such that for all positive integers 
n there exists j > n for which a; = aj. But applying f” to this last relation 
and taking into account that f” (an+r) = an shows that an = an+k for all n. 
That is, the sequence is periodical. 


A fine concoction of number theory and analysis is used in the solution of the 
next (very) difficult problem. We will see one of the thousands of unexpected 
applications of Pell’s equation: 


: Find all polynomials p and q with integer coefficients such 
that p(X)? = (X? + 6X 4+ 10)q(X)? — 1. 





Vietnamese TST 2002 


Solution. One easy step is to notice that X? + 6X + 10 = (X + 3)? + 1, so 
by taking f(X) = p(X — 3) and g(X) = q(X — 3) the problem “reduces” to 
solving the equation (X? + 1)f(X)* = g(X)? + 1 in polynomials with integer 
coefficients. Of course, we may assume that the leading coefficients of f and g 
are positive and also that both polynomials are nonconstant. Therefore there 
exists an M such that f(n) > 2,g(n) > 2 for all n > M. As it is well known, 
the solutions in positive integers to the Pell equation z? + 1 = 2y? are (£n, Yn) 
where 


(1+ 2)?"-1 + (1 — v2)! (1 + /2)27-1 — (1 — /2)22-1 
a ee ee Se 
2 2 
Observe that g?(zn) + 1 = 2(yn f (£n))?. There exist two sequences of positive 


integers (an)n>m and (bn)n>m such that g(£n) = £a, and Ynf (Xn) = Yb,- Let 
k = deg(g) and m = deg( f). Because the sequence 


— ie) 
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e e 22a 
eer ret { ES 
clearly converges to a nonzero limit, so does the sequence EN and 


therefore the sequence (1 + /2)24»—!-k(2"-1) converges to a nonzero limit. 
This sequence having integer terms, it becomes constant from a certain point. 
Hence there exists no > M and an integer u such that 2a, — 1 — k(2n— 1) =u 


mae k ust(_1ly\k(1_ u 3 
for all n > no. Thus g (=) = a E holds for all x of the 
form (1+ /2)?"-!. Because this equality between two rational functions holds 
for infinitely many values of the argument, it follows that it is actually true for 
all z. By looking at the leading coefficient in both sides of the equality (after 


multiplication by X*) we deduce that (1+ v2)” is rational, which cannot hold 
unless u = 0. Thus 


-EV FIHX =VX" 


g(X) 5 


The expression in the right-hand side of the last equality is a polynomial with 
integer coefficients only for odd values of k. This also gives the expression of 


f: 
(X + VX2 +1) + (—X + VX? + 1)* 
2/X241 ) 


The solutions of the original problem are easily deduced from f and g by a 
translation. 


f(X) = 


The previous example deserves a little digression. Actually, one can find all 
polynomials with real coefficients that satisfy (X? + 1)f(X)* = g(X)* +1. 
Indeed, it is clear that f and g are relatively prime. By differentiation, the 
last relation can be written as (X? + 1) f(X)f’(X) + Xf?(X) = g(X)g'(X). 
Thus f divides gg’, and by Gauss’s lemma we deduce that f|g’. The relation 
(X? + 1)f?(X) = g(X)* + 1 also shows that deg(f) = deg(g') and so there 
exists a constant k such that f(X) = kg'(X). Therefore k?(X? + 1)g9'(X)? = 


g(X)* +1. By identifying the leading coefficient of g in the two sides, we im- 
/ 2 

mediately find that k? = n?. This shows that abe = yr: By changing 

g and —g we may assume that g'(X) > 0 for sufficiently large z and thus for 
g'(x) n 


such values of the variable we have JT = a This shows that the 


T 
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function In (e mt E) is constant in a neighborhood of infinity. This 


allows us to find g in such a neighborhood and thus to find g on the whole 
real line. 


It is time now for the last problem, which is, as usual, very hard. We do not 
exaggerate when we say that the following problem is exceptionally difficult. 


| Let a and b be integers greater than 1 such that a” —1|b" — 1 
-for every positive integer n. Prove that b is a natural power 
of a. 





[Marius Cavachi] AMM 


Solution. This time we will be able to find the right convergent sequence 
only after examining a few recursive sequences. Let us see. So, initially we are 


given that there exists a sequence of positive integers (2?) n>1 such that rP = 


n] n 
? 7 Then, ol) > (2) for large values of n. So, we could expect that 


the sequence (2P )n>1, rP = beP — ax), to be convergent. Unfortunately, 





ar? — 


(2) E btl (a -=> 1) = a”ti(b = 1) +a— b 
a (a? — 1)(a™+1 — 1) 


which is not necessarily convergent. But... if we look again at this sequence, 
n 


we see that for large values of n it grows like a) so much slower. And 


this is the good idea: repeat this procedure until the final sequence behaves 
b n 
like (z) , where k is chosen such that ak < b < a*t!. Thus the final 


sequence will converge to 0. Again, the hard part has just begun, since we 
have to prove that if we define git) = bz — az” | then lim kth) ='(), 
n> OO 


This is not easy at all. The idea is to compute 23) and after that to prove 
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the following statement: for any i > 1 the sequence (zË aa has the form 


cib” + -ya"—U" +... + ca” + co 
(arti-1 o 1)(arti-2 = 1) er (a” on 1) 
for some constants co,c1,...,¢;. Proving this is not so hard, the hard part 


was to think of it. How can we prove the statement other than by induc- 
tion? And induction turns out to be quite easy. Supposing that the state- 
ment is true for i, then the corresponding statement for i + 1 follows from 
at uae bat) — a MOR directly (note that in order to compute the difference, 
we just have to multiply the numerator c;b” + cja 7Dn 4... + cea” + co by 
b and a”** — 1. Then, we proceed in the same way with the second fraction 
and the term betta nti will vanish). So, we have found a formula which shows 


that as soon as af > b we have tim E — = 0. So, Jim Pap ae = 0. Another 


step of the solution is to take ae er index j pie that Jim r9) = ) = 9, 


Clearly, 7 > 1 and the recursive relation git) bx (i) — ac”), shows that 


gl) € Z for all n and i. Thus, there exists an M such that whenever n > M 


we have ra Miss = 0. This is the same as ba I- = =ar ri 4 for all n > M, which 


n—M 
implies rH- Hs =(ž) ri D for all n > M. Let us suppose that b is not 


n-M 
a multiple of a. Because z) "y € Z for all n > M, we must have 


ri) = = 0 and so a ie = 0 for n > M, which means Jim g7» = 0. But 


this contradicts the minimality of j. Thus we must have aļb. Let us write 
b = ca. Then, the relation a” — 1|b” — 1 implies a” — 1|c” — 1. And now we are 
finally done. Why? We have just seen that a” — 1|c” — 1 for all n > 1. But 
our previous argument applied to c instead of b shows that alc. Thus, c = ad 
and we deduce again that ald. Since this process cannot be infinite, b must be 
a power of a. 


It is worth saying that an even stronger result holds: it is enough to suppose 
that a” — 1|b” — 1 for infinitely many n. But this is a much more difficult 
problem and it follows from a 2003 result of Bugeaud, Corvaja and Zannier: 
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If integers a,b > 1 are multiplicatively independent in Q* (that is log, b ¢ Q 
or a” # b™ for n,m # 0), then for any € > 0 there exists no = no(a, b,£) such 
that gcd(a” — 1,6" — 1) < 2°” for all n > no. Unfortunately, the proof is too 
advanced to be presented here. 
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17.2 Practice problems 


1. 


Let (a@n)n>1 be an increasing sequence of positive integers such that 
An | a1 +a9+---+4n-1 for all n > 2002. Prove that there exists no such 
that an = a] +ag+-::+an_1 for all n > no. 


Tournament of the Towns 2002 


. Let p be a polynomial with integer coefficients such that there exists a 


sequence of pairwise distinct positive integers (dn )n>1 such that p(a1) = 
0, p(a2) = a1, p(a3) = ao,.... Find the degree of this polynomial. 


Tournament of the Towns 2003 


. Find all pairs (a,b) of positive integers such that an + b is triangular if 


and only if n is triangular. 


After a Putnam Competition problem 


. Let f and g be two real polynomials of degree 2 such that for any real 


number z, if f(x) is integer, then so is g(x). Prove that there are integers 
m,n such that g(x) = mf(x) +n for all x. 


Bulgarian Olympiad 


. Let A, B be two finite sets of positive real numbers such that 


12" nen] c Ppi nent 


rEA ze€B 


Prove that there exists k € Z such that A = {x*| x € B}. 


Gabriel Dospinescu 


10. 


11. 
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. Let a and b be integers greater than 1. Prove that for any k > 0 there 


are infinitely many numbers n such that y(an + b) < kn, where ọ is 
Euler’s totient function. 


Gabriel Dospinescu 


. Prove that (30n + 1) < (30n) for infinitely many positive integers n. 


D.J.Newman 


. Prove that there are infinitely many positive integers n for which the 


equation 
n =a +b +c’ +d el! 


has no solutions in positive integers. 


Belarus 2000 


. Prove that in any increasing sequence (an)n>ı of positive integers satis- 


fying an < 100n for all n, one can find infinitely many terms containing 
at least 1986 consecutive 1’s. 


Kvant 
Prove that for each natural number m, there is a natural number N such 
that s(N) > m for each 2 < b < 2010. Here s(n) is the sum of digits 
of n when written in base b. 


Iranian TST 2010 


Prove that there exists a positive integer n which is a 3-digit palindrome 
in base b for at least 2002 values of b. 


Putnam 2002 
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12. 


13. 


14. 


15. 


16. 
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Let a and b be positive integers such that for any n, the decimal repre- 
sentation of a+ bn contains a sequence of consecutive digits which form 
the decimal representation of n (for example, if a = 600, b = 35, n = 16 
we have 600 + 16 - 35 = 1160). Prove that b is a power of 10. 


Tournament of the Towns 2002 


Suppose that a is a positive real number such that all numbers 1°, 2°, 37,... 
are integers. Prove that a is also integer. 


Putnam Competition 


Let f be a complex polynomial such that for all positive integers n, the 
equation f(z) = n has at least one rational solution. Prove that f has 
degree 1. 


Mathlinks Contest 


Let b be an integer greater than 4 and define the number 


Gi = Alii lb 2252529 


n—l n 


in base b. Prove that x, is a perfect square for all sufficiently large n if 
and only if b = 10. 


Laurentiu Panaitopol, IMO Shortlist 2003 


Find all monic polynomials with integer coefficients f such that f(Z) is 
closed under multiplication. 


Iranian TST 2007, Mohsen Jamali 
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17. Find all rational numbers z = : > 1 (p,q being integers such that q > 0 
and gcd(p,q) = 1) with the property: there exists a constant c such that 
for all sufficiently large n we have 


1 

l{a2”} —c]| < ———.. 

a a 2(p +q) 
Chinese TST 2007 
18. The set of exponents of a positive integer is the unordered list of all 
the exponents of the primes appearing in its prime factorization. For 
example, the set of exponents of 300 = 2? -3- 5? is 1,2,2. Suppose that 
two arithmetical progressions (an), and (bn), have the property that 


for any positive integer n, an and b, have the same set of exponents. 
Prove that there is k such that an = kb,, for all n. 


Tuymaada Olympiad 2006 


19. Find all triples (a, b,c) of integers such that a. 2” +b is a divisor of c” +1 
for any positive integer n. 


Gabriel Dospinescu, Mathematical Reflections 


20. (a) Find all increasing functions f : {1,2,...} — R such that f(ab) = 
f(a) f(b) for all positive integers a and b. 


(b) Find all increasing functions f : {1,2,...} + R such that f(ab) = 
f(a)f(b) for all relatively prime positive integers a and b. 


Paul Erdos 


21. Find all a,b,c such that a- 4” + 6-6" +c- 9” is a perfect square for all 
sufficiently large n. 


Vesselin Dimitrov 
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22. 


23. 


24. 


20. 


26. 
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Let f be a polynomial with rational coefficients such that f(2”) is a 
perfect square for all positive integers n. Prove that there exists a poly- 
nomial g with rational coefficients such that f = g?. 


Gabriel Dospinescu 


Let k be an integer greater than 1 and let f be a polynomial such that 
¥/ f(n) is an integer for all sufficiently large n. Prove that there exists 
g E€ Q[X] such that f = g*. 


Let f,g be two polynomials with real coefficients such that f(Q) = g(Q). 
Prove that there exist rational numbers a, b such that f(X) = g(aX +b). 


Miklos Schweitzer Competition 


Given a polynomial f(z) with rational coefficients, of degree at least 2, 
define the sets f9(Q) = Q and 


f"(Q) = {f(z)|z € f” (Q)} 


Prove that 72o f” (Q) is a finite set. 
Dan Schwarz, Romanian Masters in Mathematics 2010 


Let A be a set of positive integers and let b1 < bg <--- be the positive 
integers which can be written as difference of two elements of A. If the 
sequence bn+1 — bn is unbounded, proved that A has density zero, that 
is 

lim ~-|AN {1,2,...,n}| =0. 

no n 


Putnam 2004 
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27. Let A be a non-empty set of positive integers with the following property: 


28. 


there are positive integers b1, b2, .. . bn and ci, C2,..., Cn such that the sets 
b; A +c; = {bja + c;: a € A} are pairwise disjoint subsets of A. 
Prove that 

1 1 1 


— +~ +... + <l. 
nre” to $ 


IMO Shortlist 2002 


Let a1,a2,...,an and b1,b2,...,bn be positive integers such that any 
integer x satisfies at least one congruence x = a; (mod b;). Prove that 
there exists a nonempty subset I of {1,2,...,n} such that >7.., È is an 
integer. 


M. Zhang 





OIdIDeY Deupenc 
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18.1 Theory and examples 


For a prime p, define the function (2) : Z — {—1, 1} by (2) = 1 if the equa- 


2 


a 
tion z“ = a has at least one solution in Z/pZ and | — } = —1 otherwise. In 
p 


the first case, we say that a is a quadratic residue modulo p; otherwise we say 
that it is a quadratic non-residue modulo p. This function is called Legendre’s 
symbol and plays a fundamental role in number theory. We will unfold some 
easy properties of Legendre’s symbol first, in order to prove a highly nontri- 
vial result, Gauss’s famous quadratic reciprocity law. First, let us present a 


useful theoretical (but not very practical) way of computing (5) due to Euler. 


Theorem 18.1. The following identity is true provided p { a: 


(2) =a'z (mod p). 


p 


In particular, we have (=) = (Ay. 


Proof. We will prove this result and many other simple facts concerning qua- 


dratic residues in what follows. First, let us assume that ( = 1, and let x be 
P 


2 


a solution to the equation z^ = a in Z/pZ. Using Fermat’s little theorem, we 


find that a F = z”! = 1 (mod p). Thus the equality tlcan (mod p) 


holds for all quadratic residues a modulo p. In addition, for any quadratic 
—1 
residue we havea’? = 1 (mod p). Now, we will prove that there are exactly 





quadratic residues in Z/pZ \ {0}. This will enable us to conclude that 


quadratic residues are precisely the zeros of the polynomial X P7 —1 and also 
=j 

that non quadratic residues are exactly the zeros of the polynomial X Ti 

(from Fermat’s little theorem). Note that Fermat’s little theorem implies that 
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the polynomial X?-! — 1 = (X aS 1)(X E + 1) has exactly p — 1 zeros in 

the field Z/pZ. But in a field, the number of different zeros of a polynomial 
= si 

cannot exceed its degree. Thus each of the polynomials X P7 1 and XF +1 





has at most £ zeros in Z/pZ. These two observations show that in fact 


p— 1 





each of these polynomials has exactly 


-1 
next that there are at least quadratic residues modulo p. Indeed, all 


zeros in Z/pZ. Let us observe 





numbers i” (mod p) with 1 < i < 7 are quadratic residues and they are 





all different (modulo p). This shows that there are exactly 4 quadratic 


residues in Z/pZ\{0} and also proves Euler’s criterion. o 


Euler’s criterion is a very useful result. Indeed, it allows a very quick proof of 


the fact that (2) : Z — {—1, 1} is a group morphism. Indeed, 


(2) = aatos aE) (2) ote 


b b 
The relation ~) = (=) (7) shows that while studying Legendre’s sym- 
bol, it suffices to focus on the prime numbers only. Also, the same Euler’s 


criterion implies that (2) = C) whenever a = b (mod p). 


It is now time to discuss Gauss’s celebrated quadratic reciprocity law. First 
of all, we will prove a lemma (also due to Gauss). 


Lemma 18.2. Let p be an odd prime and leta € Z such that gcd(a, p) = 1. De- 
fine the least residue of a (mod n) as the integer a’ such that a = a' (mod n) 
and —-} <a’ < 3. Leta; be the least residue of aj (mod p) and l be the 


number of integers 1 < j < Pot for which a; < 0. Then (2) = (-1). 
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Proof. The proof is not difficult at all. Observe that the numbers |a,| for 
E e po are a permutation of the numbers 1, 2,...,r. Indeed, we have 
1 < |a;| < r and |a;| 4 |a,| (otherwise, we have either pla(j + k) or pla(j — k) 
which is impossible because gcd(a,p) = 1 and 0 < 7 +k < p). Therefore 


aaz: -ar = (—1)!|a;||a2|--+|a,| = (—1)'r!. By the definition of a; we also 
have a1a2:--a, = a"r! (mod p) and so a” = (—1)! (mod p). Using Euler’s 
criterion, we deduce that (2) = (-1)'. O 


Using Gauss’s lemma, the reader will enjoy the proof of the following classical 
results. 


l . [2 p21 
Theorem 18.3. The identity (2) =(—1) © holds for any odd prime p. 


AS 
TES 


Proof. Let us take a = 2 in Gauss’s lemma and observe that | = pot — | 
Indeed, we have a; = 2j if 1 < j < |§] and aj = 2j — p if |Ẹ]| < j < 
Now, the conclusion follows, because | = pt — | |and p have the same 
parity, as you can easily check. 


JE 


E 


But perhaps the most striking consequence of Gauss’s lemma is the famous: 


Theorem 18.4 (Quadratic reciprocity law). For all distinct odd primes p and 
q, the following identity holds: 


QQ- 


Proof. The proof is a little bit more involved than that of the previous result. 


Consider R the rectangle defined by 0 < z < 4 and 0 < y < §, and let 
(2) = (—1)! and (2) = (—1)™, where l,m are defined as in Gauss’s lemma. 
Observe that l is the number of lattice points (x,y) such that 0 < x < 3 and 


E < px — qy < 0. These inequalities force y < ptl and because y is an 
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integer, it follows that y < $. Therefore l is the number of lattice points in 
R that satisfy —4 < px — qy < 0 and similarly m is the number of lattice 
points in R that satisfy —§ < qy — px < 0. Using Gauss’s lemma, it is enough 


to prove that (erie) — (L+ m) is even. Because @-D0-1) is the number 


of lattice points in R, (p-ia-?) — (l + m) is the number of lattice points 
in R that satisfy px — qy < —4 or qy — px < —5. These points determine 
two regions in R, which are clearly disjoint. Moreover, they have the same 
number of lattice points because x = att =p y= pst — y' gives a one-to-one 
correspondence between the lattice points in the two regions. This shows that 
aC) — (l + m) is even and finishes the proof of this celebrated theorem. 

o 


Using this powerful arsenal, we are now able to solve some interesting pro- 
blems. Most of them are merely direct applications of the above results, but 
we think that they are still worthy, not necessarily because they appeared in 
various contests. 





E Prove that the number 2” + 1 does not have prime divisors of 
the form 8k — 1. 


Vietnamese TST 2004 


Solution. For the sake of contradiction, assume that p is a prime of the form 

8k — 1 that divides 2” + 1. Of course, if n is even, the contradiction is imme- 
n —1 

diate, since in this case we have —1 = (22)? (mod p) and so —1 = (-1)*2 = 


(=) = 1. Now, assume that n is odd. Then —2 = (2°)? (mod p) and 


SO (=) = 1. This can be also written in the form (=) (=) = 1, or 


= 1. But if p is of the form 8k — 1 the latter cannot hold and 
this is the contradiction that solves the problem. 


= 2_ 
(-1)?r t+? 
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Using the same idea and a bit more work, we obtain the following result. 


Prove that for any positive integer n, the number 23” + 1 has 
at least n prime divisors of the form 8k + 3. 





[Gabriel Dospinescu] 


Solution. Using the result of the previous problem, we deduce that 2” + 1 

does not have prime divisors of the form 8k + 7. We will prove that if n is 

odd, then it has no prime divisors of the form 8k + 5 either. Indeed, let p be a 

prime divisor of 2” +1. Then 2” = —1 (mod p) and so —2 = (27 )2 (mod p). 

Using the same argument as the one in the previous problem, we deduce that 

p =i  p>i 
+ 








is even, which cannot happen if p is of the form 8k + 5. 


Now, let us solve the proposed problem. We assume n > 2 (otherwise the 
verification is trivial). The essential observation is the identity 


FPS O12 209 O30 4 ase e a1) 


Now, we prove that for all 1 < i < j < n—1, ged(2?* —23 +1, 22” —2”” +1)= 
3. Indeed, assume that p is a prime number dividing gcd(2” Bt 93" 4 1, 2? 3L 
23 + 1 We then have p|23** +1. Thus, 


2) = (23)? = (-1)” = -1 (mod p), 


implying . , 
0=2? _ 9? +1=1-(-1)+1=3 (mod p). 


This cannot happen unless p = 3. But since 
v3(gced(2?>* — 23° +1,2% — 237 +.1)) =1, 
as you can immediately check, it follows that 


gcd(2?> — 23° +1,27 -27 4.1) =3 
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and the claim is proved. It remains to show that each of the numbers Deere: 
23% +1, with 1 < i < n—1 has at least a prime divisor of the form 8k + 3, 
different from 3. From the previous remarks, it will follow that 23” + 1 has 
at least n — 1 distinct prime divisors of the form 8k + 3, and since it is also 
divisible by 3, the solution will be complete. Fix i € {1,2,...,n — 1} and 
observe that any prime factor of 27° — 2% +1 is also a prime factor of 22” +1. 
Thus, from the first remark, this factor must be of one of the forms 8k + 1 or 
8k + 3. Because v3(27% — 2% + 1) = 1, all prime divisors of 27% — 23 +1 
except for 3 are of the form 8k + 1, so 27% — 23° + 1 = 8 (mod 8), which is 
clearly impossible. Thus at least a prime divisor of 27% — 2% + 1 is different 
from 3 and is of the form 8k+3. The claim is proved and the conclusion follows. 


We have seen a beautiful proof of the following result in the chapter Geo- 
metry and Numbers. But there is another way to solve it, probably more 
natural and which turns out to be very useful in some other problems, too: 


io Let n be a positive integer such that the equation 27+zy+y? = 
n has a solution in rational numbers. Prove that this equation 
also has a solution in integers. 





Komal 


Solution. This looks quite familiar, especially after the discussion in chapter 
Primes and Squares. Indeed, let us start with a natural question: which 
primes can we expressed in the form z? + zy + y? for some integers z,y? 
Suppose p is such a prime number. Then 4p = (2x + y)? + 3y?. This shows 
that (2x + y)? = —3y? (mod p). Now, if p Æ 3 then y 4 0 (mod p) because 
otherwise x = 0 (mod p) and so pĉ|p, clearly false. The last relation implies 
therefore that (2) = 1. Using the quadratic reciprocity law, we easily infer 


that this is equivalent to (£) = 1 and this happens precisely when p = 1 
(mod 3). Therefore the primes that can be expressed as 27+ zy +y? are 3 and 
p = 1 (mod 3). We are not done yet, because we need to prove that all such 
primes can be written like that. For 3, there is no problem, but this is not 
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the case with arbitrary p = 1 (mod 3). Take such a prime number p. From 
the above arguments we know that 3) = 1, which means that there exists 


a such that a? = —3 (mod p). Now, recall Thue’s lemma proved in chapter 
Primes and sg Ganga there exist integers 0 < x,y < ,/p not both zero such 
that a?r? = y? mod p). Therefore p|3x? +y?. Because 0 < 3x? +y? < 4p, we 
deduce that 3x? + y? is one of the numbers p, 2p, 3p. If it is p, then we obtain 
p = (y — T}? + (y — x) - 2z + (2 - x)?. If it is 3p then y must be a multiple of 
3, say y = 3z and then p = z? + 32?, thus we get the previous case. Finally, 
suppose that 2p = x? + 3y?. Then clearly x, y have the same parity. But then 
r? + 3y? is a multiple of 4, contradiction, because 2p is not divisible by 4. 
Thus this case is excluded and the proof of the first part is finished. 

Now, we can attack the problem. Suppose that the equation z? + ry +y? =n 
has rational solutions, that is the equation a? + ab + b? = c*n has integer 
solutions with gcd(a,b,c) = 1. Take p a prime divisor of n and assume that 
Up(n) is odd. We claim that p = 3 or p = 1 (mod 3). If not then pja and 
p|b by the previous arguments, thus we can simplify by p? both members of 
the equation. Repeating this operation, we deduce in the end that p|c, which 
contradicts the fact that gcd(a, b,c) = 1. Thus all prime divisors of the form 
3k + 2 of n appear with even exponent. As we neve already n all prime 
divisors of n not of the form 3k + 2 are of the form u? + uv + v? eee all n 
need to prove now is that the product of two numbers of the form u? + uv +v? 
is of the same form. But this is not difficult, because if € = e T then 


(u? + uv + v*)(w? + wt +t?) = (u — ev) (u — ev) (w — et)(w — °t) 


that is (A — eB)(A — eB) for A = uw — vt, B = ut + vw + vt and we are 
done. If you did find the above solution cumbersome, you are right! At first 
glance, the following problem seems trivial. It is actually very tricky, because 
brute force takes us nowhere. Yet, in the framework of the above results, this 
should not be so difficult. 





z Find a number n between 100 and 1997 such that n|2” + 2. 


APMO 1997 


422 18. QUADRATIC RECIPROCITY 


Solution. We will fail if we try to search for odd numbers (actually, this result 
was proved in the topic Look at the Exponent! and is due to Schinzel). So 
let us search for even numbers. The first attempt is to chose n = 2p, for some 
prime p. Unfortunately, this choice is ruled out by Fermat’s little theorem. So 


let us set n = 2pq, for some different primes p and q. We need pq|27?4-! + 1 
| —2 —2 

and so we must have =) = | — ] = 1. Also, using Fermat’s little theo- 
rem, p|2?97t +1 and q|2?P-1 +1. A simple case analysis shows that q = 3,5,7 
are not good choices, so let us try q = 11. We find p = 43 and so it suffices 
to show that pq|2?P9-1 + 1 for q = 11 and p = 43. This is not very hard: we 
have p|2?9-} + 1, implying p|2?(¢¢-)) + 1 = 22P9-P + 1. Then p|22P9-1 + 2P-1 
and using Fermat’s theorem (p|2?~! — 1) we get p|27?9-! +1 and an analogous 
reasoning shows that q|2???—! + 1, finishing the proof. 


Are we wrong to present the following example? It apparently has no connec- 
tion with quadratic reciprocity, but let us take a closer look. 


f Let f.g : N* — N* be functions with the properties: 





i) g is surjective; 
ii) 2f(n)* = n? + g(n)? for all positive integers n; 


iii) |f(n) — n| < 2004,/n for all n. 
Prove that f has infinitely many fixed points. 


[Gabriel Dospinescu] Moldova TST 2005 


Solution. Let p, be the sequence of prime numbers of the form 8k + 3 (the 
fact that there are infinitely many such numbers is a trivial consequence of 
Dirichlet’s theorem, but we invite the reader to find an elementary proof). It 
is clear that for all n we have | 


Using the condition i) we can find £n such that g(zn) = pn for all n. It 
follows that 2f(z,)* = x2 +p?, which yields 2f (£n)? = x2 (mod pn). Because 
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2 

(2) = —1, the last congruence shows that pn|£n and pn|f(£n). Thus there 
n 

exist sequences of positive integers an, bn such that £n = anpn and f(£n) = 

bnPn for all n. Clearly, ii) implies the relation 2b2 = a2 +1. Finally, using the 


property |f(n) — n| < 2004,/n we have 








2004 (£n) -1 fon | 1 
ri Tn an ) 
That is 5 
4/ 1 
lim a = /2 
n—-0o 


The last relation implies im. Qn = 1. Therefore, starting from a certain point, 


we have an = 1 = bn, that i is sT (Pn) = Pn and the conclusion follows. 


We continue with a difficult classical result that often proves very useful. It 
characterizes the numbers that are quadratic residues modulo all sufficiently 
large prime numbers. Of course, perfect squares are such numbers, but how to 
prove that they are the only ones? Actually, this result has been extensively 
generalized, but all proofs are based on class field theory, a difficult series of 
theorems in algebraic number theory, that are far beyond the scope of this 
elementary book. 





at è . x ° a 
Eii Suppose that a is a non-square positive integer. Then (=) = 


—1 for infinitely many prime numbers p. 


Solution. One may assume that a is square-free. Let us write a = 2°q1q2..- qn, 
where q; are different odd primes and e € {0,1}. Let us assume first that 
n > 1 (that is a # 2) and consider some odd distinct primes rj, 72,..., Tx, 
each of them different from qi, q2,...,qn. We will show that there is a prime 


a 
p, different from 71,7r2,...,7,, Such that > = —1. Let s be a quadratic 


non-residue modulo qn. 


424 18. QUADRATIC RECIPROCITY 


Using the Chinese remainder theorem, we can find a positive integer b such 
that 

b=1 (modr;), 1<i<k 

b=1 (mod 8), 

b=1 (modq), 1<i<n 

b=s (mod qn). 


Now, write b = pı - po--:Pm, with p; odd primes, not necessarily distinct. 
Using the quadratic reciprocity law, it follows that 


Tl (2) -JF = =1 


j= \Pi i=l 
and 
itt : m TES ee i E ee 
Ti (#) -fiene (2) = ont (*) = (2) 
a Pj Jel qi qi qi 


for all i € {1,2,...,n}. Hence 


Hog 


4=1 


e 


iG) 
“AG)-(O-@-+ 


(We used the following observations in the above equalities: for any odd num- 
bers b1, bg,..., bm, if b = b1b2---b, then the numbers 


= -1 
8 8 


i=1 


ls 


n m 
NG) 
ee 


t 








and 





beet bil 
Dg a 


i=l 
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are even. We leave to the reader this easy exercise, which can be handled by 
induction for instance.) 


Thus, there exists i € {1,2,...,m} such that sh ener Because b = 1 


Pi 
(mod rj), 1 < i < k, we also have p; € {1,2,...} \ {ri,ra,..., rx} and the 
claim is proved. 
The only case left is a = 2. But this is very simple, since it suffices to use 


is odd. 


Dirichlet’s theorem to find infinitely many primes p such that 





As in other units, we will now focus on some special cases. This time it is 
a problem almost trivial with the above framework but seemingly impossible 
to solve otherwise (we say this because there is a beautiful, but very difficult, 
solution using analytical tools, which we will not present here). 





- Suppose that ai,a2,...,@2004 are nonnegative integers such 
that af + a3 +--+ 4594 is a perfect square for all positive in- 
tegers n. What is the least number of such integers that must 
equal 0? 


[Gabriel Dospinescu] Mathlinks Contest 


Solution. Suppose that a1, @2,...,a, are positive integers such that af +a + 
- --+a% is a perfect square for all n. We will show that k is a perfect square. In 


order to prove this, we will use the above result and show that (=) = 1 for all 


P 
sufficiently large primes p. This is not a difficult task. Indeed, consider a prime 
p, greater than any prime divisor of aja2...a,. Using Fermat’s little theorem, 
ae +a eet a~! = k (mod p), and since af + abt +--+ a?" isa 


k 
perfect square, it follows that (£) = 1. Thus k is a perfect square. And now 


the problem becomes trivial, since we must find the greatest perfect square 
less than 2004. A quick computation shows that this is 44? = 1936 and so the 
desired minimal number is 68. 
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Here is another nice application of this idea. It is adapted after a problem gi- 
ven at the Saint Petersburg Olympiad. Actually, much more is true: Consider 
f a monic polynomial with integer coefficients, irreducible over Q and having 
degree greater than 1. Then there are infinitely many prime numbers p such 
that f has no root modulo p. For a proof of this result using (the difficult) 
Chebotarev’s theorem and an elementary theorem of Jordan, as well as for 
many other aspects of this problem, the reader can consult Serre’s beautiful 
paper On a theorem of Jordan, Bull.A.M.S 40 (2003). 


EF] Suppose that f € Z[X] is a second degree polynomial such 
that for any prime p there is at least one integer n for which 
p|f(n). Prove that f has rational zeros. 





Solution. Let f(x) = ax*+bz-+c be this polynomial. It suffices to prove that 
b? — 4ac is a perfect square. This boils down to proving that it is a quadratic 
residue modulo any sufficiently large prime. Pick a prime number p and an 
integer n such that p|f(n). Then 


b? — 4ac = (2an +b)? (mod p) 


2 
k = = 
P 


This shows that our claim is true and finishes the solution. 


and so 


Some of the properties of Legendre’s symbol can also be found in the following 
problem. 


i Let p be an odd prime and let 


t=1 
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a) Prove that f is divisible by X — 1 but not by (X — 1)? if 
and only if p = 3 (mod 4); 


b) Prove that if p = 5 (mod 8) then f is divisible by (X — 1)? 
and not by (X — 1)’. 
[Calin Popescu] Romanian TST 2004 


Solution. The first question is not difficult at all. Observe that 


TOR 


i=1 








— 1 
by the simple fact that there are exactly £ 7 quadratic residues modulo p 
—] 
and £ 5 quadratic non-residues in {1,2,...p—1}. Also, 
a= -1 (=) =i (=) 
i=1 p izi >P 


because f(1) = 0. The same idea of summing up in reversed order allows us 


to write: E 
DG) Ee- (7) 


i=1 


ee ae i p-1 
=F Dp- (<) = ~(-1)F" f(1) 


(we used again the fact that f(1) = 0). 
Hence for p = 1 (mod 4) we must also have f’(1) = 0. In this case f is 
divisible by (X — 1)?. On the other hand, if p = 3 (mod 4), then 


p—-1 . p—1 
=F i (=) =) i= ppr- =1 (mod 2) 


i=1 i=l 
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and so f is divisible by X — 1 but not by (X — 1)?. 
The second question is much more technical, even though it uses the same 
main idea. Observe that 


Pa) = De -3i+2)(*) = Si oj D 6 


(once again we used the fact that f(1) = 0). Observe that the condition p = 5 
(mod 8) implies, by a), that f is divisible by (X — 1)?, so actually 


ro-5? (=). 


i=1 


Let us break this sum into two pieces and treat each of them independently. 





We have 
ay By, 
dei? (F)=4(5) ue), 
i=1 P P/ 1 P 
Note that 
pol pol pol 
2 ; 2 2 p? zi 
D (=) = De = 2i ar = 1 (mod 2), 
i=l i=l i=] 
sO 


Se (=) =+4 (mod 8) 


2 p?-1 
(actually, using the fact that (=) = (—1) 5 , we obtain that its value is 
—4). On the other hand, 


pol 
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If we prove that the last quantity is a multiple of 8, then the problem will be 
solved. But note that f(1) = 0 implies 


1 


a 
(==) 
1\ P 


1 





{= {= 











2 Jj 
0= (=) + 
i \P 
Also, 
pol p=3 p-3 [9 p—1 sees 
2 (2 2 (2 z 2 
y>(#)-14+0(#)-14y9] 22 
A i=1 \P i=l P 
2 (2%4+1 2. (2-1 
-+5 (#5) -5 (#2) 
i=1 P i=1 P 
pol 
2 t 
Therefore > (= =) = 0 and the problem is finally solved. 


i=1 


There are more than 100 different proofs of the quadratic reciprocity law, each 
of them having a truly beautiful underlying idea. We decided not to present 
the proof using Gauss sums, which is probably the shortest one, as it needs 
some preparations concerning finite fields and their extensions. Instead, we 
present the following proof, which greatly simplifies the approach of V.A. Le- 
besgue. 


ce Let p and q be distinct odd primes. Prove that the equation 





ri — T3 +23-24+---+22=1 


has gP-1 + q F solutions in (Z/qZ)?. Deduce a new proof of 
the quadratic reciprocity law. 


[Wouter Castryck] 
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Solution. For an odd number n let us define Nn, the number of solutions of 
the equation x? — 22 +22 — x? + ...+ x2 = 1 in (Z/qZ)”. By replacing zı with 


zı + 2x2 we obtain an equation with the same number of solutions: 
a? +r- +r- = —27)722. 


There exist two kinds of solutions of this last equation: those in which zı 4 0 
and those in which x; = 0. The first case is very easy, because for any choice 
of xı # 0 and any choice of z3,...,£n there is precisely one x2 such that 
(£1, Z2,...,2n) is a solution. Thus the first case gives q”7?(q — 1) solutions of 
the equation. The second case is even easier, because the equation reduces to 
the corresponding one for n — 2, so this second case gives gN,—2 new solutions 
(the factor q comes from the fact that any solution of 


af — r? ++. +a2 = 1 
gives q solutions of 
r? +r? — -+2 -1 = —2z1T29, 
xq being arbitrary). Therefore 
Nn = 9" *(q- 1) + gNn-2 


and an immediate induction shows that N, = gq”! + qF. The first part of 
the problem is now clear. 


It is pretty clear that Np can be written as 


OENGO), 


because the equation z? = a has 1 + ( 2) solutions in Z/pZ by definition of 


Legendre’s symbol. On the other hand, imagine that we develop each product 
in the previous sum and collect terms. There will be a contribution of g?~! 
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coming from 1 (because there are q?—! solutions of the equation a] +a2+---+ 
a, = 1) and another contribution coming from the last product, namely 


All other contributions are zero because )_,, (2) = 0. Thus 
-1 
= (1) 7 a1Q2..-Ap 
Np = qP 1 + (eure ° ——————— |, 
q ait: +ap=1 q 


Now, those p-tuples (a1, a2, ...,ap) with a; + a2 +---+a, = 1 and not all a; 
equal to p—! can be collected in groups of size p and so, modulo p, the last 


—1 
quantity equals 1 + a= (2), which reduces to 1 + Gunmen (2) 
everything is taken mod p). On the other hand, the explicit value of Np ob- 
p 


tained in the first part shows that N, is congruent to 1+ l modulo p. Thus 


the two quantities must be equal modulo p, and since their values are —1 or 1 
they are actually equal, which implies the quadratic reciprocity law. 


Finally, a difficult problem. 


aI ple. ie Find all positive integers n such that 2” — 1|3” — 1. 





(J. L. Selfridge] AMM 


Solution. We will prove that n = 1 is the only solution to the problem. Sup- 
pose that n > 1 is a solution. Then 2” — 1 cannot be a multiple of 3, hence 
n is odd. Therefore, 2” = 8 (mod 12). Because any odd prime different from 
3 is of one of the forms 12k +1 or 12k + 5 and since 2” — 1 = 7 (mod 12), 
it follows that 2” — 1 has at least a prime divisor of the form 12k + 5, call it 


p. We must have (=) = 1 (since 3” = 1 (mod p) and n is odd) and using 


the quadratic reciprocity law, we finally obtain (=) = ei On the other | 
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3 3 
is the desired contradiction. Therefore the only solution is n = 1. 


hand, (=) = (=) = —(+1). Consequently, —(+1) = (1) F = +1, which 
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18.2 Practice problems 


1. Prove that for any odd prime p, the least positive quadratic non-residue 
modulo p is smaller than 1 + yp. 


2. What is the number of solutions to the equation a? + b? = 1 in Z/pZ x 
Z/pZ? What about the equation a? — b? = 1? 


3. Let a and b be integers relatively prime to an odd prime p. Prove that 


(*)--@) 


i=1 





4. Let p be a prime of the form 4k + 1. Compute 


de 2 2 
alae ea) 
kal p Pp 
Korean TST 2000 


5. Let n > 0 be an integer and let p = 7 (mod 8) be a prime number. 


Prove that : 
3 (= _ z} _P-!1 
= p 2 2 


Calin Popescu, Romania TST 2005 


6. Let A be the set of prime numbers dividing at least one of the numbers 
gn’+1 _ 3n, Prove that both A and N\A are infinite. 


Gabriel Dospinescu 


7. Suppose that p is an odd prime and that A and B are two different 
non-empty subsets of {1,2,...,p — 1} for which 


434 


10. 


11. 
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(a) AU B = {1,2,...,p— 1}; 
(b) If a,b are both in A or both in B, then ab (mod p) € A; 


(c) Ifa € A, b € B, then ab (mod p) € B. 
Find all such subsets A and B. 


Indian Olympiad 


. Let m,n be integers greater than 1 with n odd. Suppose that n is a 


quadratic residue mod p for any sufficiently large prime number p = —1 
(mod 2™). Prove that n is a perfect square. 


© Ron Evans, AMM E 2627 


. Let a be a positive integer with the following property: for any positive 


integer n, n? + a is a sum of two squares of integers. Prove that a is a 
perfect square. 


Gabriel Dospinescu, Mathematical Reflections 


Let a,b,c be positive integers such that b? — 4ac is not a perfect square. 
Prove that for any n > 1 there are n consecutive positive integers, none 
of which can be written in the form (ag? + bry + cy?) for some integers 
£L,y,2z with z > 0. 


Gabriel Dospinescu, Gazeta Matematica 


Let p > 3 be a prime and let a, b,c be integers with a Æ 0. Suppose that 
ax? + bx + c is a perfect square for 2p — 1 consecutive integers x. Prove 
that p divides b? — 4ac. 


IMO Shortlist 1991 


12. 


13. 


14. 


15. 


16. 


17. 


18. 
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Let a and b be positive integers such that a > 1 and a = b (mod 2). 
Prove that 2° — 1 is not a divisor of 3° — 1. 


J.L.Selfridge, AMM E 3012 


Let p = —1 (mod 8) be a prime number. Prove that there exists an 


integer x such that = 2 is the square of an integer. 





Prove that the numbers 3” + 1 have no divisor of the form 12k + 11. 
Fermat 


Let m,n, A be positive integers such that A = fm 3)" | Prove that A 
is odd. 


Bulgaria 1998 


Let S be the set of all numbers of the form 2?” +1 or 62° +1. Show that 
S contains infinitely many composite numbers. 


Komal 


Suppose that (5 — 1) = 5” — 1 for a pair (m,n) of positive integers. 
Here ¢ is Euler’s totient function. Prove that gcd(m,n) > 1. 


Taiwanese TST 


Prove that for positive integers x,y,z the number z? + y? + 2z? is not 
divisible by 3(xy + yz + zz). 


Mathlinks Contest 


436 


19 


20. 


21. 


22. 


23. 


24. 
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Find all positive integers a,b, c,d such that a + b + d? = 4abc. 
Vietnamese TST 


Let p be a prime of the form 4k + 1 such that p? | 2? — 2. Prove that the 
largest prime divisor q of 2? — 1 satisfies the inequality 27 > (6p)?. 


Gabriel Dospinescu, Mathematical Reflections 


Let p = 4k + 3 be a prime number. Find the number of different resi- 
dues mod p of the numbers (z? + y”)?, where x,y run over the integers 
relatively prime to p. 


Bulgarian TST 2007 


Define the sequence (an)n by ag = 4 and an+1 = a2 — 2. Suppose that 
m is a positive integer and define n = 2™ — 1. Prove that n is a prime 
if and only if n divides am-2. 


Lucas-Lehmer test 


Prove that for any N there exists ng such that for any prime p > no 
there are N consecutive quadratic residues mod p. 


Brauer’s theorem 


Prove that for any € > 0 there exists a prime po with the property: for 
all primes p > po, the first quadratic non-residue in the interval [1, p — 1] 


> z +e 
is smaller than p?ve `. 


Vinogradov 


PH Re ATAC as Aag a? aa < 
SE SS o aa Pe 


ra 
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19.1 Theory and examples 


Why are integrals pertinent for solving inequalities? When we say integral, 
we say in fact area which is a measurable concept, a comparable one. That is 
why there are plenty of inequalities which can be solved with integrals, some 
of them with a completely elementary statement. They seem elementary, but 
sometimes finding elementary solutions for them is a real challenge. Instead, 
there are beautiful and short solutions using integrals. The hard part is to 
find the integral that hides behind the elementary form of the inequality (and 
to be honest, the idea of using integrals to solve elementary inequalities is 
practically nonexistent in Olympiad books). Recall some basic properties. 


e For all integrable functions f,g : [a,b] —> R and all real numbers a, £, 
b b b 
J (af(x)+8g(x))dz = a J f(x)dx+B J g(x) (linearity of integrals). 
a a a 
e For all integrable functions f,g : [a,b] > R such that f < g we have 
b b 
f f(x)dx < f g(x)dx (monotonicity for integrals). 
a a 
e For all integrable function f : [a,b] + R we have 
b 
/ f?(x)dx > 0. 
a 
Also, the well-known elementary inequalities of Cauchy-Schwarz, Chebyshev, 
Minkowski, Holder, Jensen, and Young have corresponding integral inequali- 


ties, which are derived immediately from the algebraic inequalities (indeed, 
one just has to apply the corresponding inequalities for the numbers 


f(a+=-a)),9(a+=@-a)),... where k€ {1,2,...,n} 


and to use the fact that 


b m n 
J fode = Jim, ZEY (a+ 50-0). 
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It seems at first glance that this is not a very intricate and difficult theory. 
Totally false! We will see how powerful this theory of integration is, and 
especially how hard it is to look beneath the elementary surface of a problem. 
To convince yourself of the strength of the integral, take a look at the following 
beautiful proof of the AM-GM inequality using integrals. This proof was found 
by H. Alzer and published in the American Mathematical Monthly. 


(S Prove that for any a1, 42,...,Q@n > 0 we have the inequality 





ay +a2 +: +an 
n 


> V/a1Q02°** Qn. 


Solution. Let us suppose that a, < a2 <--- < an and let 


_ ay + agtrss: tan 
ee ; 


A G = Yaja2---Qn. 


Of course, we can find an index k € {1,2,...,n— 1} such that a, < G < ak4+1- 


Then it is immediate to see that 
k G n Qs 
A 1 1 1 1 if] 1 
en, (ge ae a et = Bey cr 
G D (G jati 5 L (z s) at 
i=l a i=k+1 


and the last quantity is clearly nonnegative, since each integral is nonnegative. 
Truly wonderful, is not it? This is also confirmed by the following problem, 
an absolute classic whose solution by induction can be a real nightmare. 





Í Let a1,a2,...,an be real numbers. Prove that 





Polish Mathematical Olympiad 
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Solution. Now we will see how easy this problem is if we manage to handle 
integrals. Note that 


1 
TE a 
beach 1 = f a;ja;jt ti-l dt. 
1+3 0 


We have translated the inequality into the language of integrals. The inequa- 
lity 


is equivalent to 


di 1 a . 
` f aja;t'tI—1dt > 0, 
0 


i j=1 


or, using the linearity of the integrals, to 
1/2 
| ` ajajt ti? dt > 0. 
0 AJS 


This suggests finding an integrable function f such that 


n 
P= ` ajaj ti ldt. 


1,j=1 


This is not difficult, because the formula 


n 2 n 
) Aiti = ) Aj Aj LiL; 
1=1 


2,J=1 


solves the task. We just have to take 
n 4 
f(z) => aa? 
i=1 


and we are done. 
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We continue the series of direct applications of classical integral inequalities 
with a problem which may also present serious difficulties if not attacked 
appropriately. 





, r Let t > 0 and define the sequence (£n)n>1 by 


_1+tte +e 
E n+1 l 


n 


Prove that 


TiS yT2 Ê< T3 < YT4 L... 
[Walther Janous] Crux Mathematicorum 


Solution. It is clear that we have 


1 i 1 : 
udu = —— udu 


sear ei 1-t/, 


Using the first of these forms for t > 1 and the second for t < 1 the inequality 
to be proved (clear for t = 1) reduces to the more general inequality 


b 
Vit S Pods Yt [eas 


for all k > 1 and any nonnegative integrable function f : [a,b] + R. And yes, 
this is a consequence of the Power Mean Inequality for integral functions. 





The following problem has a long and quite complicated proof by induction. 
Yet using integrals it becomes trivial. 


i Prove that for any positive real numbers z, y and any positive 
integers m,n 





(n —1)(m—1)(a™"™ + y™™) + (mtn —1)(ay” + oy”) 


> mnr(ac™trly a yr trie), 
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Solution. We transform the inequality as follows: 
mn(a — y)(ar tet — yt") > (m+n — 1)(2™ — y™)(2* — y") © 
gmtn—l 25 y erum > em — y™ | r” — y” 
(m+n-1)(z-y)  m(z-y) n(z-y) 


(we have assumed that x > y). The last relations can immediately be trans- 
lated with integrals in the form 


T T T 
(x — y) / pr dt > J mid J tl dt. 
y y y 


And this follows from the integral form of Chebyshev inequality. 


A nice blending of the arithmetic and geometric inequalities as well as integral 
calculus allows us to give a beautiful short proof of the following inequality. 


T Let L1,22,..., Zk be positive real numbers with t1£2'*-£n < 1 
and m,n positive real numbers such that n < km. Prove that 





m(t] + x3 +: +ri — k) > nary’... 2% — 1). 
IMO Shortlist 1985 


Solution. Applying the AM-GM inequality, we find that 
mat +- +r? — k) > m(k ṣ/ (£122... £k)” — 


Let 
P= tijde d 
We have to prove that 
mkP” — mk > nP™ —n, 

which is the same as 

Preil Pml 

> ————_-. 
n mk 
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This follows immediately from the fact that 


pr_—] 
= | P™dt 
zinP fl 


is decreasing as a function of positive x (for P < 1). 





We have seen a rapid but difficult proof for the following problem, using the 
Cauchy-Schwarz inequality. Well, the problem originated by playing around 
with integral inequalities, and the following solution will show how one can 
create difficult problems starting from trivial ones. 


e Prove that for any positive real numbers a,b,c such that a + 
b+c=1 we have 


a b c 3 
e a a 
(ab + bc + ca) (atanta) Fi 





{Gabriel Dospinescu] 


Solution. As in the previous problem, the most important aspect is to trans- 


a c 

late the expression ->~ + —~—— + =—— 
—b+b c+e atta 

nately, this isn’t difficult, since it is just 


/ (oa Teens ats] dz 

o \(a+b)2 (a+c)? (z+a}? l 

Now, using the Cauchy-Schwarz inequality, we infer that (do not forget about 
a+b+c=1): 


in the integral language. Fortu- 


a b Cc 


a b e N? 
EEE E S i 
(x +b) (x+c)? 7 (x +a)? — (State) 


hese ny hig a 
r+b r+c a+r 





Using the same inequality again, we compare 
1 

x + ab + bc + ca 

a b c 1 


r AIEEE S 
(x +b)? $ (x + c)? ý (x +a)? ~ (x+ ab+ bc + ca)?’ 


. Consequently, 
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and we can integrate this to find that 


a b c 1 
Pb ere a (ab + be + ca)(ab + be + ca + 1) 


Now, all we have to do is to notice that 


ab+be+ca+1< 


Col > 


It seems a difficult challenge to find and prove a generalization of this inequality 
to n variables. 


There is an important similarity between the following problem and example 
2, yet here it is much more difficult to see the relation with integral calculus. 





= Let n > 2 and let S be the set of all sequences (a1, a2,...,@n) C 
[0, o0) which satisfy 


Seen 


i=l j=1 


Find the maximum value of the expression 3 D 
i=1 j=1 





Í over 


all sequences from S. 
[Gabriel Dospinescu] 


Solution. Consider the function f :R— R, f(x) = a, + aor +--+ +anz™1. 
Let us observe that 








= Ya Wee -Xa f xf («)de 
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= [ (2100 Soa) ies [ af? (x)dz. 


1 
So, if we denote M = 5o ——, we infer (using the hypothesis) that 


a 
<i, jn i 


[ x f*(x)dx < M. 
0 


On the other hand, we have the identity 


n Të 
Qi +a; aj an aı an 
ie a a ig eee ee sieni E apes 
D2 t+ Ga Sar Tanl +3) 








1 
= 2 | (ota*+---+2")f(x)dz. 
0 
Now, the problem becomes easy, since we must find the maximal value of 
1 
2 | (eta?+---+a")f(x)dx 
0 


where i 
f af?(x)dx < M. 
0 


The Cauchy-Schwarz inequality for integrals is the way to go: 


([ erat taraa) 


= ([ vaP@va ePi) 


orl 1 
= f xf%(c)de | (1+a2+--- + 2” 1)*dar < M?. 
0 0 
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o n n 
This shows that ` ` “te < 2M and now the conclusion easily follows: 


i=1 j=1 TJ 
1 , 
the maximal value is 2 ` —, attained for aj = a2 =--- =a, = 1. 
1<t,j<n 


We already said that grouping terms was a mathematical crime. It is time 
to say it again. We present a new method of solving inequalities involving 
fractions. The next examples show that bunching could be a great pain. 


; Let a,b,c be positive real numbers. Prove that 





1 i 1 1 1 4 3 2 1 i 1. fe 1 
3a 3b 3c a+b+c`— 2a+b 2b+a 2b+c 
| 1 1 1 


ceri eie ae 











[Gabriel Dospinescu] 


Solution. Of course, the reader has noticed that this is stronger than Popo- 
viciu’s inequality, so it seems that classical methods will have no chance. And 
what if we say that this is Schur’s inequality revisited? Indeed, let us write 
Schur’s inequality in the form: | 


T? +y? + 22 + 8ayz > ry +y x+y z+ 2e2yt 22a t+ 272 
where x = t073, i = t-53, z = t3 and integrate the inequality as t ranges 
between 0 and 1. And surprise... since what we get is exactly the desired 
inequality. 


In the same category, here is another application of this idea. 


| Prove that for any positive real numbers a,b,c the following 
inequality holds: 


1 1 1 1 1 1 
mtatyt?( + + ) 





3a 3b 3c 2a+b 2b+c 2c+a 
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Se ee E 
T \a+2b  b+2c c+2aj` 
[Gabriel Dospinescu] 


Solution. If the previous problem could be solved using bunching (or not? 
anyway, we haven’t tried), this one is surely impossible to solve in this manner. 
With the experience from the previous problem, we see that the problem asks 
us in fact to prove that 


L? +y? + 234+ 2(27y +yz + 272) > 3(xy? + yz? + zr’) 


for any positive real numbers 7, y, z. 

Let us assume that z = min(z, y, z) and write y = z + m, z = x +n for some 
nonnegative real numbers m,n. Simple computations show that the inequality 
is equivalent to 


22(m? — mn +n?) + (n — m)? + mè > (n - m)m?. 
Therefore, it suffices to prove that 
(n—m)? + m3 > (n -m)m?, 


which is the same as t? +1 > t for all t > —1 (via the substitution t = L), 


which is immediate. 


At the start of this topic we said that there is a deep relation between integrals 
and areas, but in the sequel we seemed to neglect the last concept. We ask the 
reader to accept our apologies and bring to their attention two mathematical 
gems, in which they will surely have the occasion to play around with areas. 
If only this was easy to see... In fact, these problems are discrete forms of 
Young and Steffensen inequalities for integrals. 


i Let ay > a2 È ++: > an41 = 0 and let bi, bo,..., bn € [0,1]. 


Prove that if 
n 
C= J +1, 
i=1 
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then 


n k 
` a;b; < ` Qi. 
i=1 i=1 
St. Petersburg Olympiad, 1996 


Solution. The very experienced reader will have already seen a resemblance 
to Steffensen’s inequality: for any continuous functions f,g : [a,b] —> R such 
that f is decreasing and 0 < g < 1 we have 


f "sade > | Sais 


where 4 
k= / g(x)dz. 
a 


So, probably an argument using areas (this is how we avoid integrals and argue 
with their discrete forms, areas!!!) could lead to a neat solution. Let us consi- 
der a coordinate system XOY and let us draw the rectangles R1, Ro,..., Rn 
such that the vertices of R; are the points (i — 1,0), (2,0), (i —1,a;), (i, a;) 


(we need n rectangles of heights a1,a2,...,@, and horizontal sides 1, so as to 
k 
view ` a; as a sum of areas) and the rectangles S1, S2, ..., Sn, where the ver- 


i-1 i i-1 i 
tices of S; are the points pD b;,0 J, ` b;,0 |, > bj ai |, `S bj, ai 
j=1 j=1 j=1 j=1 


(where Ss b; = 0). We have made this choice because we need two sets 


j=l 
of pairwise disjoint rectangles with the same heights and areas aj, a2,...,Qn 
and a 161, a2bo,...,Gnbn respectively, so that we can compare the areas of the 


unions of the rectangles in the two sets. Thus, we have to show that the set 
of rectangles S1, S2,...,S, can be covered by the rectangles R1, Ro,..., Rk+1. 
This is quite obvious, by drawing a picture, but let us make it rigorous. Since 
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n 
the width of the union of S1, 52,...,Sn is Y bj < k +1 (and the width of 
j=1 
Ri, Ro,..., Rk+1 is k+1), it is enough to aioe this for any horizontal line. But 
if we consider a horizontal line y = p and an index r such that a; > p > ar+1, 
then the corresponding width for the set Ri, Ro,..., Rk+1 is p, which is at 
least bı + b2 +--+ bp, the width for 51, S2,..., Sn. And the problem is sol- 
ved. And now the second problem, given this time in a Balkan Mathematical 
Olympiad. 





ee Let (In)n>o be an increasing sequence of nonnegative integers 
such that for all k € N the number of indices 7 € N for which 
Li <k is yk < oo. Prove that for all m,n € N, 


Sout doy > (m+1)(n+1). 


i=0 j=0 
Balkan Mathematical Olympiad 1999 


Solution. Again, the experienced reader will see immediately a similarity with 
Young’s inequality: for any strictly increasing one-to-one map f : [0, A] > 
(0, B] and any a € (0, A), b € (0, B) we have the inequality 


/ were / ” \(a)de > ab. 


Indeed, it suffices to take the given sequence (£n)n>0 as the one-to-one increa- 
sing function in xong S inequality and the sequence (Yn)n>0 as the inverse 


of f. Just view 3 x; and D yj as the corresponding integrals, and the 
i=0 7=0 

similarity will be obvious. Thus, probably a geometrical solution is hiding 

behind some rectangles again. Indeed, consider the vertical rectangles with 

width 1 and heights xo, 71,..., £m and the rectangles with width 1 and heights 
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YO, Y1; ---, Yn- Then in a similar way one can prove that the set of these rec- 
tangles covers the rectangle of sides m+ 1 and n + 1. Thus the sum of their 
areas is at least the area of this rectangle. 


It will be difficult to solve the following problems using integrals, since the 
idea is very well hidden. Yet there is such a solution, and it is more than 
beautiful. 





he Prove that for any a1,a2,...,an and bj,bo,...,b, > O the 
following inequality holds 


S (lai—ajl+|bi- Bl) < So la- dil: 


1<i<j<n 1<i,j<n 
Poland 1999 


Solution. Let us define the functions f;, gi : [0,00) > R, 


; PEN 1, t E€ [0, ai], : — 1, LE (0, bi], 
filz) = { 0, t>a; and gi(z) = i 0, x > bi. 


Also, let us define 
f(z) =Y file), g(t) =X gi(z). 
i=1 


OO 
Now, let us compute f f(x)g(x)dx. We see that 
0 


l f(a)g(«)dx = J 5O filx)g;(x) | dz 


1<t,j<n 


= © | f@aj@de= Y minlab) 


1<1,j<n 1<t,j<n 


452 19. SOLVING ELEMENTARY INEQUALITIES USING INTEGRALS 


A similar computation shows that 
OO 
f f?(x)dz = ` min(a;, a;) 
: 1<i,j<n 


and 


[ g°(x)dx = ` min(b;, b;). 


1<i,j<n 


Since 


f f?(æ)dz + f g’(z)dr = J (F?(2) + 9? (2))dz > 2 l f(a)g(x)de, 
we find that 


> min(a;,a;) + > min(b;,b;) > 2 ` min(a;, b;). 


1<i,j<n 1<i,j<n 1<i,j<n 


Now, remember that 2min(z,y) = x + y — |x — y| and the last inequality 


becomes 
Xo la-ajl+ $ lbi-b;ji<2 XD la 
1<i,j<n 1<i,j<n 1<i,j<n 
and since 
` |a; — aj| = 2 ` lai — aj|, 
1<i,j<n 1<i<j<n 


the problem is solved. 


Using the same idea, here is a difficult problem, whose elementary solution is 
awful and which has a three-line solution. Of course, this is easy to find for 
the author of the problem, but in a contest things change! 


$= Let a1,a2,...,@n > 0 and let £1, 22,...,2n be real numbers 


~~ such that 
n 
` iti = 0; 
i=1 
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a) Prove that the inequality ` Ti£j|a; — a;| < 0 holds; 
1<i<j<n 

b) Prove that we have equality in the above inequality if 

and only if there exist a partition A, Ao,...,A, of the set 

{1,2,... n} such that for all i € {1,2,...,k} we have 


` tj =0 and Qj, = aj, if j1, J2 E€ Aj. 
jEAj 


[Gabriel Dospinescu] Mathlinks Contest 


Solution. Let A4 be the characteristic function of an arbitrary set A. Let us 
consider the function 


f : (0, 00) — R, f = X tiA(0,a;)- 


1=1 


Now, let us compute 


fl f?(x)dx = ` axa | Afoa; (Z)Ajo,a,](v) dx 


1<t,j<n 
= ) zix; min(a;, aj). 
1<i,j <n 
Then 
) zix; min(a;, aj) > 0. 
1<i,j <n 
Since | | 
, ai + a; — |a; — a; 
min(a;,a;) = E 
and 


` Lj4L; (a; + a;) =7 (>: n) (È aiz) = 0, 
į=1 i=1 


1<t,jSn 


we conclude that 
` LiL; |a; = ajl < 0. 


1<i<j<n 
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Let us suppose that we have equality. We find that 


[ f?(x)dz = 0 


and so f(z) = 0 almost anywhere. Now, let bj, bo,...,b, the distinct numbers 
that appear among a), a2,...,@n > 0 and let A; = {j € {1,2,...,n}] a; = bi}. 
Then A;, Ag,...,A, is a partition of the set {1,2,...,n} and we also have 


k 


>. X Tj A[O,b;] =0 


i=1 \jEAi 
almost anywhere, from which we easily conclude that 


X zj = 0 for all i € {1,2,..., k}. 
iC A; 


The conclusion follows. 


Because we have proved the nice inequality 


y xix; min(a;, aj) > 0 
1<t,j<n 


for all 21, 29,...,2%n,@1,42,...,@n > O let us take a further step and give the 
magnificent proof found by Ravi Boppana for one of the most difficult inequa- 
lities ever given in a contest. The solution is based on the above result. 


a Prove the following inequality 





` min(a;aj, bibj) < ` min(a;bj, ajbi) 


1<i, jcn 1<t, jcn 


for all nonnegative real numbers a1,...,an and b1,..., bn. 


[G. Zbaganu] USAMO 1999 
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max(aj;, bi) 
min(a;, bi) 
(if, by any chance, one of a;,bj = 0, we can simply put r; = 0). The crucial 
observation is the following identity: 


Solution. Let us define the numbers r; = —1 and z; = sgn(a;— bi) 


min(a;bj, ajbi) = min(a,a;, b;b;) = Lt; min(r;, r;): 


Proving this relation can be achieved by distinguishing four cases, but let us 
observe that actually we may assume that a; > b; and a; > bj, which leaves us 
with only two cases. The first one is when at least one of the two inequalities 
ai > b; and a; > bj becomes an equality. This case is trivial, so let us assume 
the contrary. Then 


LiL; min(r;, rj) = bib; min (5 m 1, 7 — ) = bib; (min (5. 2) = 1) 
= min(a,b,, ajbi) = bib; = min(a,b;, ajbi) = min(a,a;, b;b;). 


Now, we can write 


` min(a;b;, ajbi) — ` min(a;aj, bib;) = Sua; min(r;,7;) > 0, 


1<2,j<n 1<t,j<n i,j 


the last inequality being the main ingredient of the preceding problem. 


Finally, a problem, which is a consequence of this last hard inequality. Consi- 
der this a hint and try to solve it, since otherwise the problem is really hard. 





Ii Let £1, T2,...,Zn be some positive real numbers such that 
X |1 — z;zj| = ) [zi — 25). 
1<i,j<n ISi jan 


n 
Prove that ` tS, 


i=1 


[Gabriel Dospinescu] 
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Solution. Consider b; = 1 in the inequality from example 14. We obtain: 
` min(z;, zj) > ` min(1, 2;2;). 
1<i, jn 1<t,j<n 


utv—|u—vy| 


5 and rewrite the above in- 


Now, use the formula min(u, v) = 


equality in the form 
n n 2 
2n X xi — bD eizan (San) — ` |1 — z;zjl. 
i=1 1<i,j<n i=1 1<i,j<n 


Taking into account that 


>> lt-aadl= Do |z- zl, 


1<i,j<n 1<1,j<n 


we obtain : 
n n 
nS ti > n? + (£=) ; 
i=1 i=1 


which can be rewritten as ($~; z; — n)? < 0. Therefore Xi} aj =n. 
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19.2 Practice problems 
1. Prove that for any x > 0 and any positive integer n, 
2n 2n 2n 2n 
0O/ \l 4 2) o + 2n -0 
£ r+1 <2+2 rt+2Qn° | 





Komal 


2. Let zo = 0 and x; > 0,1 = 1,2,...,n such that `; x; = 1. Prove that 


3 Ti T 
— LML 
VIF Totti t:i +i Lit + In 2 


China 1996 
3. Prove that for all real numbers aj, a2,..., an 
n ij 2 
PEE Ss a;i | . 
2 1+j— oi a > (5 ) 
4. Let aj, a9,...,a, E€ R and c, 21, 22,...,2n > 0. Prove that 
n n asd; 
DPD aren 
i=1 j=1 (zi + 23) 
Komal 


5. Prove that for any positive real numbers a,b,c such that a+6b+c=1, 


1\" 1\° Ai 1 
= = — > E 
(1+5) (1+5) (1+5) ae ane ce 


Marius and Sorin Radulescu 
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6. Let k € N and aj,a9,...,@n41 nonnegative real numbers such that 
Qn+1 = Q1. Prove that 


; 2 k-1 
k-j j-1 | 
DO 2 a (Za) : 
i=1 


1<i<n 
1<jsk 

Hassan A. Shah Ali, Crux Mathematicorum 

7. Prove that for all a), a2,...,@n, 61, bo,.. >0 
2 
> min(a;, aj) ` min(b;, b;) bR min(a;, bj 
1<i,7<n 1<i,7<n 1<i,7<n 
Don Zagier 
8. Consider vectors a1, a2,...,@n, and bj, bo,..., bm in the plane. For every 


line through the origin, let the projection of the vectors onto the line be 
Aj, Ao,...,An and Bı, B2,..., Bm. Suppose that for any such line we 
have 

|Ai| + |42| +--+ + [An] 2 [Bi] + |B2| +--+ + |Bml. 


Prove that 
Jay| + Jag] +--+ + lan] > [br] + |b2| +--+ + [bml, 
where |v| is the length of the vector v. 


9. Prove that for any 21 > 42 > --- > Zn > O we have 





2 2 2 n 
Ae — t° 
a ; 
i=} 


Adapted after an IMC 2000 problem 


10. 


11. 


12. 


13. 


14. 


PRACTICE PROBLEMS 459 


Prove that for any positive real numbers 21, 22,...,2n such that 


mitt 2 





we have the inequality 





Gabriel Dospinescu 


Prove that the function f : [0,1) — R defined by 
f(z) =log.(l—2z)+2+a7?+2*4+2°+--- 
is bounded. 
Komal 


Let £1, £2,..., £n and 41, y2,...,Yn be positive real numbers such that 
for all t > 0 there are at most : pairs (i, 7) satisfying z; + yj >t. Prove 
that 


(£1 +£2 +-+ Tn): (y1 +y2 +: +Yn) < max (zi + yj). 
1<i,j<n 


Gabriel Dospinescu 


The sides and diagonals of a (not necessarily convex) polygon have length 
at most 1. Prove that the area of the polygon is less than 7. 


Let 21, 22,.--,Lm,;Y1,Y2;+++;Ym be positive real numbers and let 


m n 
X = NOt Y = X yj. 
i=1 j=1 


460 


15. 


16. 


17. 


18. 
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Prove that 
axy Y` lz: — yj| = oP i yj| rY Y le; — zj|. 
i=1 j=1 i=1 j=1 i=1 j=1 
Chinese TST 2009 
Prove that for any complex numbers 21, Z2,...,2n) one can find a no- 


nempty subset I C {1,2,...,n} such that 


n 
Dal >=) lal 
i=1 


iEI 








Is the constant 1 optimal? 


Find the best constant k such that for any n > 2 and any nonnegative 
real numbers z1,...,£n we have 


(£1 +222 +---+nan)(x? +22 +--+ +27) > k(z1 +224- + Tn)’. 


Let a1, @2,...,@n, be positive real numbers and let S = aj +a2 +: +an 
be their sum. Prove that 


n 


1 n(n-—2) 1 
N ee ee e, 
2D S a u 


i=1 ° 


i ae 


Gabriel Dospinescu 


Prove that for any real numbers aj, 4@2,..., an, 


DRET = 


i=1 j=1 
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19. Prove that for any real numbers aj, a9,..., dn, 
ailj - 
) ee <7 ) a?. 
1 
ij A i=1 


Prove that 7 is the best constant. 


Hilbert’s inequality 
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20.1 Theory and examples 


It is very difficult to imagine a completely trivial mathematical statement 
which has absolutely nontrivial applications. And if there is such a candidate, 
then surely the pigeonhole principle will be the winner: what could be easier 
than the observation that if we put more than n objects in n boxes, there 
will be a box containing at least two objects? Yet, this observation, combined 
with some trivial variations, turn out to be a completely revolutionary idea 
in mathematics. Quantitative results such as Siegel’s lemma, or the fact that 
the class group of a number field is finite, are fundamental results in number 
theory, and are all consequences of this principle. There is also an enormous 
quantity of difficult Ramsey-type (and other) results in combinatorics, all ba- 
sed on this little observation. The purpose of this chapter is to present some 
of these applications of the pigeonhole principle, most of them elementary. 


Let us begin with some combinatorial statements in which the use of the pi- 
geonhole principle is more or less clear. But the reader must pay attention, 
because what is easy to state is not necessarily easy to write! This is why even 
the easiest problems of this chapter will have some subtle parts, and the rea- 
der should not expect straightforward applications of the pigeonhole principle. 





Example 1.) Let Aj, A2, ..., A50 subsets of a finite set A such that any subset 

— ~ has more than half of the number of elements of A. Prove that 
there exists a subset of A with at most 5 elements that has 
nonempty intersection with each of the 50 subsets. 


United Kingdom 1976 
Solution. Let A = {a1, a2, ...,@,} and define f(z) to be the number the subsets 
among Aj, Ao,..., A50 that contain a;. Then clearly 
FL) + E2) +: + flin) = [Ai] + [Aa] +--+ + [Asol > 25n. 


Thus there exists an 7 such that f(z) > 26, which implies the existence of an az 
in at least 26 subsets, let them be Ags, Agg,..., A50. Working with the remai- 
ning 24 subsets only and using the same argument we deduce the existence of 
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an element a, which belongs to at least 13 subsets among Aj, Ag, ..., A24, let 
them be A12, A13, -.., A24. Similarly, there exists a, which belongs to at least 6 
subsets among A},...,.Ai1, let them be Ag, A7, ..., A11 and if we continue this 
process we define similarly a, and ay. It is clear that the set of az, ay, az, Qu, Ay 
satisfies all conditions of the problem. 


The strange statement of the following problem should not mislead the reader: 
after all, we have said that all problems of this chapter are based on the 
pigeonhole principle, but we haven’t said where this idea hides. After reading 
the solution, the reader will surely say: but it was obvious! Yes, it is obvious, 
but only if we proceed correctly... 


$ Let A = {1,..., 100} and let Aj, Ag, ..., Am be subsets of A, each 
= with 4 elements, any two of them having at most 2 elements in 
common. Prove that if m > 40425 then there exist 49 subsets 
among the chosen ones such that their union is A, but the 
union of any 48 subsets (among the 49) is not A. 





[Gabriel Dospinescu] 


Solution. Let us consider the collection of all two-element subsets of each 
Aj, A2, ..., Am. We obtain a collection of 6m two-element subsets of A. But 
the number of distinct subsets of cardinal 2 in A is 4950. Thus, by the pigeon- 
hole principle, there exist distinct elements x,y € A which belong to at least 
49 subsets. Let these subsets be Aj, A2, ..., A49. Then the conditions of the 
problem imply that the union of these subsets has 2 + 49 x 2 = 100 elements, 
so the union is A. However, the union of any 48 subsets among these 49 has 
at most 2 + 2 x 48 = 98 elements, so it is different of A. 


The following example is, in a certain sense, typical for problems involving 
estimations of trigonometric sums. Its presence as the last problem in an in- 
ternational contest for undergraduate students shows that it is more difficult 
than it looks, even though the solution is again a pure application of the pi- 
geonhole principle. 
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Ja Let A be a subset of Z, with at most nn elements. Prove that 


5 enst) > ar 
scA 





there exists a nonzero integer r such that 








IMC 1999 


2in 


Solution. Let A = {a1,a2,...,aķ} and define g(t) = Ca en a) 
for 0 < t < n — 1. If we divide the unit circle into 6 equal arcs then 
these k-tuples are divided into 6* classes. Because n > 6*, there are two 
k-tuples in the same class, that is there exist tı < tg such that g(t) and 
g(t2) are in the same class. Observe now that if we consider r = t2 — tı then 


Re (ers ) = COS (Pen) > cos (3 ). Therefore |f(r)| > Re(f(r)) 2 a 
and the problem is solved. 


Sometimes, even the completely obvious observation that an infinite sequence 
taking only a finite number of values must have (at least) two equal terms (ac- 
tually, an infinite constant subsequence) can be really useful. This is shown by 
the following extension of a difficult problem given in a Romanian TST in 1996: 





ampi A | Let £1, T2, ..., £p be real numbers such that A = {cos(nrz1) + 
cos(nrz2) + --- + cos(nrzp)|n € N*} is finite. Prove that z; 
are all rational numbers. 


[Vasile Pop] 


Solution. The beautiful idea is that if the sequence an = cos(n7x1)+cos(nmx2)+ 
-- + cos(n7a;,) takes a finite number of distinct values, then so does the se- 
quence in R* defined by un = (an, Gan, -.-,@kn). Thus there exist m < n such 
that an = am, @2n = Gam, ---, Akn = Akm- Let us analyze these relations more 
closely. We know that cos(nz) is a polynomial of degree n with integer coef- 
ficients in cos(x). If A; = cos(nmz;) and B; = cos(mmz;) then the previous 
relations combined with this observation, show that A? + Aj +--+ Aj = - 


B? + Bi +.. + BÍ for all j = 1,2,...,k. Using Newton’s comeing we deduce 
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that the polynomials having zeros Aj, Ao,..., A, and Bı, Bo,..., By, are equal. 
Thus there exists a permutation o of 1,2,...,n such that A; = Be). Thus 
cos(nmx;) = cos(MTEo(i)), Which means that nz; —mz,,;) is a rational number 
for all i. This easily implies that all x; are rational numbers. 


The same idea can be used with success when dealing with remainders of re- 
cursive sequences modulo certain positive integers. This kind of problem has 
become quite classical, being present in lots of mathematical competitions . 





Example 5. Consider the sequence (an)n>ı defined by aı = ag = a3 = 1 
and Qni3 = Qn41An42 + an. Prove that any positive integer 
has a multiple which is a term of this sequence. 


[Titu Andreescu, Dorel Mihet] Revista Matematica Timisoara 


Solution. Consider a positive integer N and let the first term of the extended 
sequence to be ag = 0. Now, look at the sequence of triples (an, @n+41, Gn42) re- 
duced mod N. This sequence takes at most NÌ distinct values because there 
are N possible remainders mod N. Thus we can find two positive integers 
i < j such that a; = a; (mod N),ai41 = aj41 (mod N) and ai+2 = aj+2 
(mod N). Using the recursive relation, we deduce that the sequence becomes 
periodic mod N with period j — i. Indeed, it follows immediately from the 
recursive relation that a, = a,4;-; (mod N) for all k > i, and using the fact 
that an = an+3 —An+41Gn+2 we can proceed backwards with an inductive argu- 
ment to prove that a, = a,4;-; (mod N) for all k < i. In particular, it follows 
that a;_; is a multiple of N, so N divides at least one term of the sequence. 


A classical application of the pigeonhole principle is to prove that for any co- 
loring of the lattice points in a plane with a finite number of colors, there are 
rectangles having all vertices of the same color. We advise the reader who does 
not know this problem to solve it first and then to proceed to the following 
similar problem. 
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| Example 6. | Let m,n be positive integers and let A be a set of lattice points 
in the plane such that any open disc of radius m contains at 
least one point of A. Prove that no matter how we color the 
points in A with n colors there exist four points of the same 
color in A which are vertices of a rectangle. 


Romanian TST 1996 


Solution. Consider first a huge square of side-length a (to be determined la- 
ter) and having sides parallel to the coordinate axes. Divide it into smaller 
squares of side-length 2m and inscribe a circle in each such smaller square. 


We find at least Fea circles of radius m inside this huge square, and thus at 


least as many points of A. But these points lie on a — 1 vertical lines. By the 
pigeonhole principle, there exists a vertical line containing at least n-+1 points 
of A if a is suitably chosen (for instance, any multiple of 4nm?). Again by the 
pigeonhole principle, two of these points have the same color. ‘This shows that 
in any such huge square there exists a vertical line and two points on it that 
have the same color. Because there are finitely many positions of these pairs 
of points on a segment of finite length and because we can put infinitely many 
huge squares consecutively on the Oz axis, there will be two squares in which 
the points of the same color and on the same vertical line have identical posi- 
tions and same color. These points will determine a monochromatic rectangle. 


It is time to consider some more involved problems in which the use of the 
pigeonhole principle is far from obvious. Several articles in the American Ma- 
thematical Monthly were dedicated to the following problem, which shows 
that it is not surprising that only a few students solved it when it was pro- 
posed for the Putnam Competition (in a weaker form than the example below): 





Example 7. Let Sa be the set of numbers of the form |na| for some positive 
integer n. Prove that if a,b,c are positive real numbers, then 
the three sets Sa, Sb, Sc cannot be pairwise disjoint. 
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Solution. Let us pick an integer N and consider the triples ({2}, {7}, {4}) 
for i = 0,1,...,N?. These points lie in the unit cube (0, 1] so by the pigeon- 
hole principle there are two points lying in a cube of side-length +, that is 


there exist 7 > 7 such that for some integers m,n,p we have ke — m! < 
+, iin < $, iip < +. This can be written as |i — j — ma| < 
1, |¢ — j — nb] < 1 and |i — j — pc| < 1. Therefore all numbers |ma], |nb], |pe] 
are equal to i — j or i — j — 1, which shows that some two of them are equal, 
and so two of the sets Sa, Sp, Sc intersect. 


We continue with a very beautiful problem from an Iranian Olympiad, where 
there are some traps in applying the pigeonhole principle. 


Te a aL ee Let m be a positive integer and n = 2™+1. Consider fi, f2, ..., fn: 
~ [0,1] > [0, 1] to be increasing functions such that f;(0) = 0 and 
\fi(x) — fi(y)| < |x — y| for all 1 <i < n and all x,y € [0,1]. 
Prane that there exist 1 < i < j < n such that | f;(x)—f;(z)| < 
for all x € [0,1]. 





zH 


Iran 2001 


Solution. This time, everything is clear: the solution of this problem should 
use the pigeonhole principle. But how? Looking at the graph of such functions, 
we observe that the points of a regular subdivision of [0, 1] play a special role 
in their behavior. Therefore, let us concentrate more on these points, so let us 
associate to each function f; an (m + 1)-tuple (a1 (å), azli j), +++) @m41(z)), where 
aj(i) is the smallest integer k such that f;(—4> i) e [4 rae k+l], In this way, 
we can control the -a of the function f; very well at all points of the 


regular distribution (0, ra aye 1 Because f; is increasing, it is clear 


that aj+ı(i) > a;(i). Also, the inequality f; (25) - fi (a) < < -H assures 
us that aj+ı(i) < a;(i) + 1. Furthermore, note that 


1 1 
osil) tla) 00s oo. 
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so aı(i) = 0 for all i. Therefore there are at most 2” such sequences that can 
be associated with f1, fo,..., fn. By the pigeonhole principle, two functions 
fi, f; with i < j must be associated with the same (m + 1)-tuple. This shows 
that we can find some integers bo, Mes ,bm+1 and two indices ¿į < j such that 
filz) and filé) are both in t, Pkt] for all k = 0,1,....m +1. 

Now we are almost done, because we have found our candidates 7,7. What 
remains to be verified is a arene Indeed, consider x € [0,1] and k an 
integer to be such that x € ft}, We know that 0 < bg41 — bg < 1 by 


ise m+1 
the previous observations. Now, we have two cases. First let 6,41 = bk, so 


k+1 bk +1 1 k 
< < —— 
=) mt+17~ m+1 +5 (z) s O E ot 


and by a similar argument we also obtain fj(x) < fi(z) + = z So, assume 
that bk+1 = bk + 1. Then 





file) < fi ( 


k k b, —k+1 

een we i a Das 

ORTA m+1`” m+1 ’ 
while ie EE bk 

+ + k— 
l Sf oi a ee 
me n (ai) a =E m+1’ 
from where fi(x)— filz) <= aT Analogously we en filz) — filz) < sat? 


which shows that in both cases | f;(z) — f;(z)| <= -H 


In the same category of difficult (or very difficult) problems can be included 
the next example, too. Here it is absolutely not obvious how to use the pigeon- 
hole principle. The solution presented here was given by Gheorghe Eckstein: 





49 students take a test consisting of 3 problems, marked from 
0 to 7. Show that there are two students A and B such that 
A scores at least as many as B for each problem. 


IMO 1988 Shortlist 
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Solution. Let us consider the set of triples (a,b,c) where each component 
can be 0,1,...7. We define an order on these triples by saying that (a,b,c) is 
greater than or equal to (x,y,z) if a > 2,b > y, and c > z. A similar order 
is defined for pairs (a,b). We need to prove that among any 49 triples there 
are two that are comparable. Supposing the contrary, it is clear that such a 
set A of triples cannot contain two triples with the same first two coordinates. 
Now, consider the following chains: 


(1) (0,0) < (0,1) < (0,2) < (0,3) < (0,4) < (0,5) < (0,6) < (0,7) < (1,7) 
< (2,7) < (3,7) < (4,7) < (5,7) < (6,7) < (7,7) 

(2) (1,0) < (1,1) < (1,2) < (1,3) < (1,4) < (1,5) < (1,6) < (2,6) < (8,6) 
< (4,6) < (5,6) < (6,6) < (7,6) 

(3) (2,0) < (2,1) < (2,2) < (2,3) < (2,4) < (2,5) < (8,5) < (4,5) < (5,5) 
< (6,5) < (7,5) 

(4) (3,0) < (8,1) < (3,2) < (3,3) < (3,4) < (4,4) < (5,4) < (6,4) < (7,4). 


Note that no such chain can contain more than 8 pairs of the first two co- 
ordinates of some triples in A (otherwise there are two with the same last 
coordinate among them and so they are comparable). On the other hand, 
there are 48 pairs (a,b) with 0 < a,b < 7 covered by these four chains. The- 
refore there are 64 — 48 = 16 remaining pairs of two elements which are not 
covered by the*chains. Each such pair corresponds to at most one element 
of A. Therefore A has at most 4 x 8+ 16 = 48 elements, a contradiction. 
Note that the above construction shows that the property fails with only 48 
students. 


A highly nontrivial example of how the pigeonhole principle can be used in 
combinatorial problems is the following example. The solution was given by 
Andrei Jorza. 


The 2” rows of a 2” x n table are filled with all the different 
n-tuples of 1 and —1. After that, some numbers are replaced 


as 
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by zeros. Prove that there exists a nonempty set of rows such 
that their sum is the zero vector. 


Tournament of the Towns 1996 


Solution. Take any numbering L1, L2,..., Lon of the rows before the repla- 
cement of some numbers by 0, in such a way that Lı is the vector with all 
coordinates equal to 1 and Ln is the vector (—1,—1,...,—1). Define f(L) to 
be the new line, obtained by (possibly) replacing some numbers by 0. For any 
row L that now contains some zeros, let g(L) be the corresponding row in the 
initial table, obtained by the following rule: any 1 in L becomes the value —1 
in g(L) and any 0 or —1 in L becomes a 1 in g(L). Now, define the following 
sequence: zo = (0,0,...,0), xı = f(Lı) and 2,4, = £r + f(g(x,)). We claim 
that all terms of this sequence have all coordinates equal to 0 or 1. This is 
clear if n = 1. Assuming that it holds for z,, observe that the only places 
in which the value —1 can appear in f(g(z,)) are those on which z, has a 
1, thus all coordinates of x,4; are nonnegative. Also, the places on which a 
1 appears on f(g(z,)) must be among the places on which z, had a 0. This 
proves that x,1 also has all coordinates equal to 0 or 1. Now, it follows from 
the pigeonhole principle that for some i > j we have x; = zj, which can be 
also written as 


f(g(xj)) + F(g(xj41)) +--+ + F(g(ai-1)) = 0 


and this means precisely that a sum of rows in the new table is zero. 

There is no trace of the pigeonhole principle in the following problem. At 
least at first glance. However, a very clever argument based on the pigeonhole 
principle allows an elegant proof: 


«l| Let (GQn)n>1 be an increasing sequence of positive integers 
such that an+1 — an < 2001 for all n. Prove that there are 
infinitely many pairs (i, j) with i < j such that a;|a;. 





Solution. Let us construct an infinite matrix A with 2001 columns in the follo- 
wing way: the first line consists of the numbers a,+1,a1+2,...,a;+2001. Now, 
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suppose we constructed the first k lines and the kth line is x1 +1, 271 +2,...,21+ 
2001. Define the (k + 1)st line to be N+-2,+1,N+21+42,...,N+21+ 2001 
where N = (xı + 1)(x1 + 2)--- (xı + 2001). The way in which this matrix is 
constructed ensures (an inductive argument doing the job) that for any two 
elements situated on the same column, one divides the other. Now, pick any 
2002 consecutive lines. On each line there is at least one term of the sequence, 
because (an)n>1 is increasing and @n41 — an < 2001. Thus there are at least 
2002 terms of the sequence on the matrix formed by the selected lines. By 
the pigeonhole principle, there exist two terms of the sequence on some of 
the 2001 columns. Those terms will form a good pair. Thus for each choice 
of 2002 consecutive lines we find a good pair. Because the numbers on each 
column are increasing, it is enough to apply this procedure to the first 2002 
lines, then to the next 2002 lines and so on. This will produce infinitely many 
good pairs. 


The following example was taken from an article called “24 Times the Pigeon- 
hole Principle”. We must confess we did not count exactly how many times 
this phrase appears in the following solution, but we do warn the eae that 
this will normally take a considerable amount of time. 


Let n > 10. Prove that for any coloring with red and blue of 
= the edges of the complete graph with n vertices there exist 
two vertex-disjoint triangles having all six edges colored with 
the same color. 





[Ioan Tomescu] 


Solution. Have courage, this is going to be long! First, we will establish a 
very useful result, that will be repeatedly used in the solution: 


Lemma 20.1. Every coloring with two colors of the complete graph with siz 
vertices induces a monochromatic triangle. The only coloring with two colors 
of the complete graph with five vertices that does not induce monochromatic 
triangles has the form: there exists a pentagon with edges red and diagonals 
blue. 
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Proof. Consider first the case of a complete graph with five vertices. It is clear 
that with every vertex there are at least two incident edges having the same 
color. If for a vertex at least three of them have the same color, it can be easily 
argued that a monochromatic triangle appears. So, suppose that every vertex 
is incident with two red and two blue edges. Let x be an arbitrary vertex 
and suppose that xy and xz are red. Then yz is blue. Now, let t be a vertex 
distinct from x,y,z and suppose that the edge connecting y and t is red and 
the edge connecting x and t is blue. Let w be the fifth vertex of the graph. 
Then the edges wz and wt are red, while wx and wy are blue. Similarly, zt 
is blue and so we can consider the pentagon rytwz which has red edges and 
blue diagonals. 


The case of the complete graph with six vertices is much easier: pick a vertex 
xz. There exist three edges having the same color (say red) leaving from x 
(again the pigeonhole principle). Let y, z,t be their extremities. If yzt is blue, 
we are done. Otherwise, assume that yz is red. Then zyz is a monochromatic 


triangle. The lemma is proved. 
E 


Now, choose six vertices of the graph. They clearly induce a complete sub- 
graph with six vertices. By the lemma, there exists a monochromatic triangle 
xyz. If we consider six of the remaining seven vertices, we find another mono- 
chromatic triangle uvw, whose set of vertices is disjoint from the set of vertices 
of xyz. If the two triangles have the same color, we are done. Otherwise, sup- 
pose that xyz is red and uvw is blue. Because there are nine edges between 
the two triangles, by the pigeonhole principle at least five edges have the same 
color, say blue. By the same principle, there exists a vertex of xyz, call it x, 
which is incident with at least two blue edges having the other extremity in 
triangle uvw. Suppose without loss of generality that these vertices are u,v. 
Thus two triangles ryz and xwv appear with x as a common vertex, the edges 
of xyz being red and the edges of vuv blue. Look at the remaining five ver- 
tices, which form a complete graph with five vertices. If this graph contains 
a monochromatic triangle, we are done. Otherwise, by the lemma the remai- 
ning five vertices form a pentagon abcde with red sides and blue diagonals. By 
the pigeonhole principle, there exist three edges among those connecting x to 
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vertices of abcde that have the same color. Now we have two cases. 


In the first case, vertices y and z are joined by at least three edges having the 
same color with vertices of abcde. If, for instance, the color corresponding to 
y is blue, then we can consider two blue edges joining y with abcde. Then 
no blue triangle with a vertex in y appears if and only if the two blue edges 
join y with two consecutive vertices of the pentagon, for example with a and 
b. But there is still a third blue edge joining y with one of c,d,e, and this 
shows the existence of a blue triangle with vertices y and the two extremities 
of a diagonal of the pentagon. So, two blue triangles with disjoint sets of 
vertices appear. Let us now consider the case when y and z are each joined 
by at least three red edges with the vertices of the pentagon. So, there is a 
red triangle with vertices x and two neighboring vertices of the pentagon, say 
a and b. Consider now y,2z,c,d,e. If the induced complete graph with five 
vertices contains a monochromatic triangle, we are done, because we still have 
the red triangle xab and the blue triangle xuv. Otherwise, again using the 
lemma, yz,cd and de are red, so either ze, yc are red or zc, ye are red. In both 
cases all other edges of the complete graph induced are blue. Let us consider 
just the first subcase (ze, yc red), the second one being similarly treated. Then 
y is joined by at least three red edges with vertices of abcde, and since yd and 
ye are diagonals in ycdez (thus they are blue), it follows that ya and yb are 
red. Similarly we find that za, zb are red and so we have two good triangles 
zae and xyb. 


Finally, let us consider the second case. Actually, all we have to do is to argue 
as in the first case, by considering vertices u,v joined each by at least three 
edges of the same color with vertices of abcde. So we are done. 


The following problems are more computational, but contain much more ma- 
thematics than the previous examples. The first one is a famous example 
due to Behrend, concerning subsets with large cardinality containing no three 
elements in arithmetic progression. This is related to an even more famous 
(but notoriously difficult) theorem of Roth: the maximum cardinality of a 
subset of {1,2,...,n} having no three elements in arithmetic progression is at 
most C nnn) for an absolute constant C. This was refined by Bourgain to 
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Cn\/ maine) The proofs of these results are very deep, but finding a lower 
bound for the maximum cardinality of such a set is is not so difficult, if you 
use the pigeonhole principle. Only easy when compared to the proofs of the 
mentioned theorems, of course... 


There exists an absolute constant c > 0 such that for all suffi- 
ciently large integers N there exists a subset A of {1, 2, ..., N } 
with at least Ne~°V™ elements and such that no three ele- 
ments of A form an arithmetic progression. 





Example 13. 


Behrend’s theorem 


Solution. The beautiful idea that provides an elegant proof of this result is 
the observation that a line cuts a sphere of R” in at most two points. For 
n = 3, this is immediate geometrically, and for larger n this follows from the 


Cauchy-Schwarz inequality: if ||xz|| = |ly|| = ||az+(1—a)y|| = r for some 
a € (0,1), it easily follows by squaring the last relation that (x,y) = ||z||-||y]|, 
where () is the natural inner product and || - || the Euclidean norm. By the 


Cauchy-Schwarz inequality, the last relation implies that x,y are colinear and 
from here the conclusion easily follows. Now, define F (n, M,r) to be the set 
of vectors x all of whose coordinates £1, £2, ..., 2n are in {1,2,..., M } and such 
that £? + 23+-+--+22 = r?°. Fix n,M and observe that as r? varies from 
n to nM?, the sets F(n, M,r) cover the set of vectors with all coordinates in 
{1,2,..., M}. Using the pigeonhole principle it follows that there exists some r 
such that yn <r < Myn for which F (n, M,r) has at least AMP) > Mr 


elements. Let us now define the function f from F(n,M,r) to {1,2,...,N} 
n e 
by f (21,22, ...,2n) = >> (2M)*!z;. We claim that if f(x), f(y), f(z) form an 


. 


1=1 
arithmetic progression, then x = y = z. Indeed, it follows that 


n 


N (zi + yi — 22;)(2M)7! = 0. 


i=1 
Put a; = zi + yi — 2zi. Then |a;| < 2M — 1 and the last relation easily implies 
n—i f 
that a; = 0 for all i (indeed, | © a;(2M)*"!| < (2M)""!, so an = 0; now, 
i=1 
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use an inductive argument to finish the proof). Therefore x + y = 2z and 
because 2, y, z lie on a sphere, the observation made in the beginning of the 
solution shows that x = y = z. Also, f is injective: if f(x) = f(y), then 
f(x) + f(y) = 2f(y) and from the above argument, x + y = 2y, thus x = y. 
Finally, (2M) 
2M)" -1 z 
“ea 
Therefore, if we consider M the largest integer such that (2M)”" < N, then 
f(F(n, M,r)) is a subset of {1,2,..., N} which has no arithmetic progressions 
of length three. Now we need to choose some n as to obtain an optimal cardi- 
nality for f(F'(n, M,r)). But this cardinality is the same as that of F(n, M,r) 
(because f is injective), which is at least “ nA by the choice of r. But 


| f (x1, £2, iy Bn) | < M 





M"-2 Nox 
eee > —, 
n An—2n, 
So choose n the integer part of vln N to see that f(F(n, M,r)) has at least 
Ne~¢Y™% elements and has no three elements in arithmetic progression. 


We now pass to another revolutionary result, the famous Siegel’s lemma. The 
applications of this theorem are so numerous and important that they would 
fill a book by themselves. We leave the interested reader to search in the huge 
literature of transcendental number theory for variations of the following result 
and for applications, among them the difficult Thue-Siegel-Roth theorem (do 
not kid yourselves, these require much more than Siegel’s lemma alone!). 





Let 1 < m < n be integers and let A = (ai;)i<i<ni<j<m 
be a matrix with integer entries. Suppose that for all 1 < 
nr 
j < m, the number A; = J, |a;;| is nonzero. Prove that 
i=1 


= 


there exist integers £1, T2, ..., Zn, not all zero, such that |z;| < 
n 

"Y A1A2...Am for all 1 < i < n and f aijzi = 0 for all 
i=1 

l<jgm. 


Siegel’s lemma 
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Solution. The idea is the following: for a nonnegative real number M, we will 
n 


prove that the quantity ` aijxi cannot take too many distinct values when 


i=1 
(£1, £2, Zn) goes through the set of vectors with integer coordinates, all of 
them between 0 and M. It will follow that the image of the function 


n n 
f (x1, £2, ye) = ` QilTi, «++, ) Ümmi 


is not too big and we will be able to use the pigeonhole principle as long as 
([M] + 1)” is greater than the image of f. 


Consider integers a, a2, ..., an and suppose that aj, a2, ..., ap are nonnegative 
and Qp41,@p+2,---,@n are negative. Then it is clear that for any integers 7; 
such that 0 < z; < M we have 


|M | (GQp41 +++++Gn) < azı + Qgtq +: +anTn < (a1 +: + ap) |M]. 


Thus there are at most 1 + (|a1| + |a2|+---+|an|)|M] values taken by azı + 
aor + :-- + anzn, which means that the image of f has at most 


(1+ [MJAi)(1 + [M]A2):-: (1 + [M] Am) < A142- Am(1 + [MJ)™ 


elements. Because there are (1 + |M]|)” vectors in Z” all of whose coor- 
dinates are between 0 and M, it follows that f is not injective if we take 
M = "Y/A1A2-:- Am. Thus there exist two distinct vectors z,y such that 
f(x) = f(y). It is clear that the vector v = x — y satisfies all the desired 
conditions. 


And here is a surprising, yet very challenging, application of Siegel’s lemma, 
inspired by a USAMO problem: 


a Let C > 0 and A < eit be two real numbers and let fo 
{1,2,...} — {1,2,...} be a function satisfying f(n) < CA” 
for all n. Suppose that f(n + p— 1) — f(n) is a multiple of 
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p for any prime number p and any n. Prove that there are 
integers 71,72,...,7s5 not all zero such that for all n we have 


rif(n) +raf(n +1) +--+ rsf(nt+s—1) =0. 


[Gabriel Dospinescu, Vesselin Dimitrov] 


Solution. Let us consider positive integers m,n such that m = | 3 | (this is 


usually the best choice in Siegel’s lemma) and let us define aj; = f(i + j) 
for 1 <i <nand1 <j <m. We claim that we can choose some m such 
that if 21, £2,..., £n is a solution of the system given by Siegel’s lemma, then 
tif(g+1)+xef(g +2) +---+anf(j +n) = 0 holds for all positive integers 
j. For this, we will need some preparation, which will be done in the next 
paragraph. 


Take x; to be any solution given by Siegel’s lemma, and observe that the 
desired relation holds for 7 < m. Assume that it fails for some k > m and let 
k +1 be the smallest index for which it fails (thus it holds for all j < k and 
k > m). Consider p any prime smaller than k + 2. Then 1 <k+2—p<k 
and so 

aif(lt+k+2—p)+---+anf(n+k+2-—p) =0. 


But this last sum is congruent (mod p) to 


AN=a,f(1t+(k4+1))+---+anf(n+ (k+1)) (20.1) 





which is nonzero by the choice of k. This shows that the last quantity A is 
actually a multiple of the product of all primes up to k +1. The desired 
contradiction will follow from the fact that Siegel’s lemma and the hypothesis 
on f ensure that is small enough and thus cannot be divisible by the product 
of all p with p < k+ 1. Let us estimate first the growth of z;. Using the 
notations of Siegel’s lemma, we have 


Aj < C(AMt1 +.. + AT) < CLAM, 
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where C1 > 1 depends only on A, C. Thus 





_mn_, m(m+1) 
lj] < (41..-Am) = < C1? . An mtam) < Cy Adr/4 


for some C2 > 0 depending only on A, C. Therefore 


jzif (1+ (k+ 1)) +: +aEnfin + (k +1))| < 
(max(|a;|) : CA ete atl Avert) < CAPU EEE 


where C3 is again a constant depending only on A, C. 


Now, we can prove the claim and thus end the solution. Suppose that the 
statement does not hold, so for infinitely many k (remember that for each m 
the corresponding k was at least m) we will have 


WE < C3 A9 Atk, 
© psk 


Because k > m > n/2-— 1, we have 
AUER O, < AKC. 


Thus for infinitely many k one must have 


* nA+nO, > X` inp 


psk 


, 2 — 
and this forces, from the prime number theorem, A > e11, a contradiction 


with the choice of A. 


We end this chapter with a very challenging problem concerning the growth of 
coefficients of divisors of a polynomial whose coefficients are 0,1 or —1. This 
type of problems, concerning the multiplicity of roots of polynomials with co- 
efficients —1,0,1 has been subject to extensive research, but seems to be a 
quite difficult problem. One estimation in the following problem can easily be 
obtained using the pigeonhole principle; the other requires a beautiful theorem 
of Landau. 
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me For n > 2, let An be the set of polynomial divisors of all 
polynomials of degree n with coefficients in {—1,0,1}. Let 
C(n) be the largest coefficient of a polynomial with integer 
coefficients that belongs to An. Prove that for any € > 0 
there exists a k such that for all n > k, 





l-e 
2? < O(n) <2. 


Solution. Let us start with the left hand side inequality: C (n) > gna, For a 
polynomial f with coefficients 0 or 1 and degree at most n define the function 
o(f) = (F), f’(1), ..., f¥ 4(1)). Taking into account that all coefficients of f 
are 0 or 1, we can immediately deduce that f%)(1) < (1+n)J+? for all j, thus 
the image of f has at most (1 + n)!+2++N < (14n)%’ elements. On the 
other hand, f is defined on a set of 2”+! elements. So, if 2”+! > (1+n)” then 
by the pigeonhole principle two polynomials f,g will have the same image and 
thus their difference will have all coefficients —1,0 or 1 and degree at most n. 
Also, f — g will be divisible by (X —1)%. Thus C(n) > Ge ), because the 
largest coefficient of (X — 1)* is Ea ). Because ee ) is the largest binomial 
coefficient among (77), we have (2) > ae > 2N for N > No. By taking 


N= | ott we have (1 +n)N? < 2"+1 thus C(n) > 2% and it is easy 


Dee 


to see that N > n2~* for n large enough. 


The other part, C(n) < 2”, is much more subtle. For a polynomial f(X) = 
An X” +-+++a 1X + ao with real coefficients (everything that follows applies 
verbatim for complex coefficients), define its Mahler measure by 


M(f) = lanl J] max, zl) 


i=1 
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where xz; are the roots of f. The following inequality is due to Landau: 


Lemma 20.2. M(f) < Va +a? +- +a. 


Proof. There are many proofs of this lemma, but we particularly like the 
following one, which we haven’t encountered in the literature. Consider N > n 
and let z1, 22,...,2nN be the N-th roots of unity. A simple computation, based 
on the fact that ae z; = N if N|k and 0 otherwise, shows that 


1=0 i=0 


S ui ye =N. Sa? 


u,v=0 1=0 


Now, applying the AM-GM AN we obtain that 
n 
Soa = VIDI) Fen). 
i=0 


On the other hand, the identity (X — z1)(X — z2)---(X — zy) = X% — 1 and 
the fact that f(X) = an(X — z1ı)(X — z2) --- (X — zn) imply the identity 


If (21) f (22) FN) = lanl" = 27" ||1 — lt en l 


which, combined to the previous inequality, implies 


ar > |an] I /|1 — (20.3) 


1=0 
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Now, it is pretty clear that limy_,.. ¥/|1 — 2| = max(1, |z|) whenever |z| 4 
1. Thus the inequality is proved whenever all roots of f lie outside the unit 
circle. What happens in the opposite case? It really does not matter! Ac- 
tually, Viéte’s formulae show that the inequality M(f) < Va +a? +--+ a2 
reduces to an inequality involving only absolute values of polynomials in z;. If 
this inequality holds whenever the variables x; are not on the unit circle, it also 
holds in the other cases, by continuity. Therefore the lemma is proved. L 


The previous lemma shows that polynomials with all coefficients of absolute 
value at most 1 have Mahler measure at most yn + 1. Take now any divisor 
f of a polynomial g with all coefficients —1,0,1 and write g = hf. Suppose 
that f has integer coefficients. It is easy to see that M(g) = M(h)M(f) > 
M(f). Thus M(f) < /n+1. Now, observe that by Viéte’s formula, the 
triangular inequality and the obvious fact that |x;,2;,...2;,| < M(f) for all 
distinct 71,...,7, and all s, we have that any coefficient of f is bounded in 
absolute value by the fact that 


(gMO vast. (p) <2" 


2 2 


for sufficiently large n. Thus the conclusion follows. 
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20.2 Practice problems 


1. Prove that for infinitely many positive integers A the equation |xyz] + 
Lyg] = A has at least 1980 solutions in positive integers. 


Russia 1980 


2. Find the largest positive integer n with the property: there exist nonne- 
gative integers £1, £2,..., Zn, not all of them equal to 0 and such that 
n> does not divide any of the numbers azı + az£2 +--+: + an£n with 
@1,Q2,..-,@n E {—1,0,1}, not all of them equal to 0. 


Dorel Mihet, Romanian TST 1996 


3. Consider a set of 2000 positive integers not exceeding 10100. Prove that 
this set has two nonempty disjoint subsets with the same size, the same 
sum of elements, and the same sum of squares of the elements. 


Poland 2001 


4. Let r,n be positive integers. For a set A, let (4) be the set of subsets of A 
having r elements. Let A be an infinite set and let f : (4) — {1,2,...,n} 


be a map. Prove that there exists an infinite subset B of A such that 
F(X) = f(Y) for all X,Y € (®). 


IMO 1987 Shortlist 


5. Let n > 3 be an integer. On a circle of length 1 consider finitely many 
pairwise disjoint arcs, whose sum of lengths is greater than 1 — L, Prove 
that there exists a regular n-gon having vertices on these arcs. 


Marius Cavachi, Romanian TST 1993 
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11. 
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. Prove that given any n? integers, we can always put them in an n x n 


matrix whose determinant is divisible by nl], 


Titu Andreescu, Revista Matematică Timisoara 


. Prove that any integer k greater than 1 has a multiple smaller than k* 


which has at most four distinct digits. 


Ioan Tomescu, Romanian TST 1989 


. Prove that no matter how we choose more than 2 points in R”, all 


of whose coordinates are +1, there exists an equilateral triangle with 
vertices in three of these points. 


Putnam 2000 


. Let n be a positive integer. What is the size of the largest subset of 


{—n,-n+1,...,n—1,n} which does not contain three elements a, b,c 
(not necessarily distinct) satisfying a + b + c= 0? 


USAMO 2009 
Find the least n with the following property: there exists a partition 


with n classes of {1,2,...,40} such that whenever a, b,c (not necessarily 
distinct) are in the same class, we have a # b+ c. 


Belarus 2000 


Prove that any sequence of mn + 1 real numbers contains an increasing 
subsequence with m + 1 terms or a decreasing subsequence with n + 1 
terms. 


Erdoés-Szekeres’s theorem 


12. 


13. 


14. 


15. 


16. 


17. 
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Consider n points in the plane. Prove that we can choose [yn] of them 
such that no three are vertices of an equilateral triangle. 


Romanian Contest 


Let A be the set of the first 2™-n positive integers and let S be a subset 
of A with (2 — 1)n + 1 elements. Prove that there exist ap, a1,...,@m 
distinct elements of S such that ao | aj | --- | Gm. 


Romanian TST 2006 


Consider an 11 x 11 chess board whose unit squares are colored using 
three colors. Prove that there exists an m x n rectangle with 2 < m,n < 
11 whose vertices are in squares having the same color. 


Ioan Tomescu, Romanian TST 1988 
In a competition, 50 students are to solve the same 8 problems. A total 


of 171 correct solutions were received. Prove that there are at least three 
problems that were solved by at least three students. 


Valentin Vornicu, Radu Gologan, Mathlinks Contest 

Let k be an integer, and let a1, a2,...,a, be integers which give at least 

k + 1 distinct remainders when divided by n+ k. Prove that some of 
these n numbers add up to a multiple of n + k. 

Komal 

Let Po, Pi,..., Pn—1 be some points on the unit circle. Also let A; Ag... An 

be a regular polygon inscribed on this circle. Fix an integer k, with 


1<k< $. Prove that one can find i, j such that Aj;A; > A, A, > P,P;. 


AMM 
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18. 


eTO. 


20. 


21. 


22. 
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Prove that for all N there exists a k such that more than N prime 
numbers can be written in the form T? +k for some integer T. Prove the 
same result with T? + k replaced by any nonconstant monic polynomial 


f €Q|x]. 
Sierpinski 


Let A be a set of n remainders modulo n?. Prove the existence of a set 
B of n remainders modulo n? such that A+ B = {a+b (mod n?) |a € 
A,b € B} has at least ne elements. 


IMO Shortlist 1999 


Let a be a real number with 0 <a < ł and let (@n)n>1 be an increasing 
sequence of positive integers such that for all sufficienly large n there 
are at least n-a terms of the sequence smaller than n. Prove that for 
all k > 1 there are infinitely many terms of the sequence that can be 
written as the sum of at most k other terms of the sequence. 


Paul Erdos, AMM 


There are (n + 1)? points in the interior of a square of side-length 1. 
Prove that one can choose three of them such that the area of the triangle 
determined by them is at most L. 


Dan Schwarz, Romanian Masters in Mathematics 2008 


Let f(n) be the largest prime divisor of n and let (an)n>1 be an increasing 
sequence of positive integers. Prove that the set of all f(a; + aj) (for all 
i Æ 7) is unbounded. 


G. Grunwald, D. Lazar 


23. 


24. 


20. 


26. 
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Let n > 3 and consider 3n? positive integers smaller than or equal to n3. 
Prove that among them one can find nine distinct numbers aj, a2,...,ag 
and one can find nonzero integers x,y,z such that a,x + agy + a3z = 
0, aax + asy +agz = 0 and ayz + agy + agz = Q. 


Marius Cavachi, Romanian TST 1996 


Let a < b < c be positive integers. Prove that there exist integers x,y, z, 
not all zero, such that ax + by + cz = 0 and 


2 
max(|z\, yl, |z|) <1+ —3e. 


V3 


Miklos Schweitzer Competition 


For a pair a,b of integers with 0 < a < b < 1000, the subset S of 
{1,2,...,2003} is called a skipping set for (a,b) if |s1 — s2| € {a,b} for 
any (81,82) E S*. Let f(a,b) be the maximum size of a skipping set for 
(a,b). Determine the maximum and minimum values of f. 


Zuming Feng, USA TST 2003 


A frog stays at the origin (0,0) of the plane. At every second, if the 
frog is at the point (x,y), it can jump to one of the points (x + 1, y) or 
(x,y +1). Suppose that the frog jumps infinitely many times. Prove 
that for any n > 3 there are n collinear points on the frog’s path. 


T.C.Brown, AMM 


le iE] Some Useful Irreduc}]) 
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21.1 Theory and examples 


It is notoriously difficult to decide whether a given polynomial is irreducible 
over a certain field. There exist a variety of criteria that allow us to prove 
that a certain polynomial is irreducible, but unfortunately they are very li- 
mited, and their hypotheses are usually not satisfied. Furthermore, there are 
not many elementary techniques: a few classical irreducibility criteria and the 
study of roots of polynomials are practically the only ideas that we will dis- 
cuss in this chapter. But, as you can easily see, even those are not trivial, 
and some of the problems can be extremely difficult, even though they have 
elementary solutions. We will discuss a very useful irreducibility criterion, 
Capelli’s theorem, which is really not as well known as it should be, and we 
will see some striking consequences of this result. Also, we will insist on the 
method of studying the roots of polynomials, because it gives elegant solu- 
tions for problems of this type: Perron’s criterion and Rouche’s theorem are 
discussed, as well as some applications. Finally, we will see that working with 
reductions of polynomials modulo primes can often give precious information 
about their irreducibility properties. In this chapter, we will assume that the 
reader is familiar with notions of algebraic number theory, but those will not 
exceed the results discussed in the chapter A Brief Introduction to Alge- 
braic Number Theory. 


We will begin the discussion with the most elementary method, which is the 
study of roots of polynomials. Let us observe from the beginning two quite 
useful results: if a monic polynomial with integer coefficients f has a nonzero 
free term (constant term) and exactly one root of absolute value greater than 
1, then f is irreducible in Q|X]. Indeed, if f = gh for some nonconstant 
polynomials g,h with integer coefficients, we may assume that g has all roots 
of absolute value smaller than 1. Then |g(0)| < 1, because it is just the product 
of the absolute values of the roots of g. Because |g(0)| is an integer, it follows 
that g(0) = 0 and thus f(0) = 0, contradiction. 


The second result is very similar: if f is monic and all roots of f are outside the 
closed unit disc and |f(0)| is a prime number, then f is irreducible in Q|X]. 
Indeed, with the same notations, we may assume that |g(0)| = 1. Because 
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|g(0)| is the product of the absolute values of the roots of g, it follows that at 
least one root of g is within the unit disc. But then f has at least one root 
in the closed unit disc, which is a contradiction. Here are some examples, the 
first two extremely simple, but useful, and the others more and more difficult. 





fe Let f(X) = ao+a1X +- :-+an X” be a polynomial with integer 
coefficients such that ao is prime and |ao| > |ai| + Jag] +--+ 
la, |. Prove that f is irreducible in Z[X]. 


Solution. By previous arguments, it is enough to prove that all zeros of f 
are outside the closed unit disk of the complex plane. But this is not difficult, 
because if z is a zero of f and if |z| < 1 then 


lao| = |aiz + azz’ +--+ anz”| < lai] + la2| +--+ lanl, 


which contradicts the hypothesis of the problem. 


The previous example may look a bit artificial, but it is quite powerful for 
theoretic purposes. For example, it immediately implies the Goldbach theo- 
rem for polynomials with integer coefficients: any such polynomial can be 
written as the sum of two irreducible polynomials. Actually, it proves much 
more: for any polynomial f with integer coefficients there are infinitely many 
positive integers a such that f + a is irreducible in Z[X]. 


We have already discussed algebraic numbers and some of their properties. 
We will see that they play a fundamental role in proving the irreducibility of 
a polynomial. However, we will work with an extension of the notion of alge- 
braic number: for any field K C C, we say that the number z € C is algebraic 
over K if there exists a polynomial f € K[X] such that f(z) = 0. Exactly the 
same arguments as those presented for algebraic numbers over Q allow us to 
deduce the same properties of the minimal polynomial of an algebraic number 
over K. Also, a is an algebraic number, the set K[a] of numbers of the form 
g(a) with g € K[X] is a field included in C. The following fundamental result 
is frequently used. 
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7 Let K be a subfield of C, p a prime number, and a € K. The 
polynomial X? — a is reducible in K[X] if and only if there 
exists b € K such that a = OP. 





Solution. One implication being obvious, let us concentrate on the more diffi- 
cult part. Suppose that X? — a is reducible in KX], and consider a such that 
a? =a. Let f be the minimal polynomial of a over K and let m = deg(f). 
Clearly m < p. Let f(X) = (X — aı)(X — a2)---(X — am) and introduce 
the numbers rı = a,r; = % for i > 2. Because f divides X? — a, we have 
r? = 1. Hence (—1)"f(0) = ca™ for some c, a root of unity of order p. 
Since m < p, there exist integers u,v such that um + vp = 1. It follows 
that (—1)"" f“(0) = c¥a'-’?. Combining this observation with the fact that 
aP = a, we deduce that c*a = (-1)™ f(0)"a” = b € K, thus a = a? = BP. 
This finishes the proof of the hard part of the problem. 


We continue with a very beautiful result, the celebrated Cohn’s theorem. It 
shows how to produce lots of irreducible polynomials: just pick prime num- 
bers, write them in any base you want and make a polynomial with the digits 
in that base! 


a Let b > 2 and let p be a prime number. Write p = ao + 

= ab+:-: + a,b" with 0 < a; < b— 1. Then the polynomial 
f(X) = an X” + an_1X"™ 1 +--+ + a1 X + a is irreducible in 
Q[X]. 





[Cohn’s theorem] 


Solution. It is clear that gcd(ao, a1,...,@n) = 1, so by Gauss’s lemma it is 
enough to prove that f is irreducible over Z. First, we will discuss the case 
b > 3, the case b = 2 being, as we will see, much more difficult. Suppose that 
f(X) = g(X)h(X) is a nontrivial factorization of f. Because p is a prime, one 
of the numbers g(b) and h(b) is equal to 1 or —1. Let this number be g(b) 
and let 21,22,...,%n be the zeros of f. There exists a subset A of the set 
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{1,2,...,n} such that g(X) =a |] (X —2;). We now prove a helpful result. 
1EA 


Lemma 21.1. Each complex zero of f has either nonpositive real part or an 


1+/4b—3 
9 ° 


absolute value smaller than 


Proof. The proof is rather tricky, but not complicated. It is enough to observe 
that if |z| > 1 and Re(z) > 0 then Re (4) > 0 and so by the triangle inequality 


ee on + | — (6-1) ( g =) 


z lel? lel" 





> 








An—1 


-1 4—(z|—(b-1 
> Re (an + =) b zf — lz] — (@— 1) 
Z 


|z|? — |z| ~ |z|? — |2| 


Therefore if f(z) = 0 and Re(z) > 0 then either |z| < 1 or |z| < 3 wes and 
this establishes the lemma. O 


It remains now to cleverly apply this result. We claim that for any zero z; of 
f we have |b — zx;| > 1. Indeed, if Re(x;) < 0, everything is clear. Otherwise, 
[b — zil > b — |z| > b- Livie > 1, as you can easily verify if b > 3. Now, 
everything is clear, because this result implies that |g(b)| > 1, a contradiction. 


Now let us deal with the very difficult case b = 2. We will present a very 
beautiful solution communicated by Alin Bostan. The idea is to prove that 
|2 — x;| > |1 — x;| for any zero zx; of f. Keeping the previous notations, we 
will deduce that 1 = |g(2)| > |g(1)| and so g(1) = 0. This implies f(1) = 0, 
which is clearly impossible. Now take x to be a zero of f and observe that if 
|2 — z| < |1 — z| then Re(x) > ($), and so if y = 1 we have |y| < 1 and y 
satisfies a relation of the form 


1 1 rae 
pa (tijiet) 


Multiplying by y”*t and adding the two relations, we find another relation 
of the same type (but with n increased) and by repeating this argument we 
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deduce that there are infinitely many N for which y satisfies the relation 


1 1 1 1 

N N-1 

yY + -+Ł+-ļ]y +---+{/-+-—]+1=0. 
(; 5) (G 5) 


This can be also written as 


1 1 
bese Peery ae yy ey) 
The triangle inequality implies 
aye s BE 
2(1 — y) 2(1 — |yl) 





and this for infinitely many N. Taking into account the fact that |y| < 1, we 
deduce from the above inequality that 





E ul 
1—y|~ 1-ly| 
Finally, the last inequality implies 
22 — 1 
g—-1 





<2 





< 
Sam 
and thus |2x — 1| < |2x — 2|, which is impossible for Re(x) > 3. This finishes 
the proof of the claim and also the solution of this difficult problem. 


We end this part of the chapter with a very beautiful criterion due to Perron 
and with a difficult theorem of Selmer. Perron’s criterion is quite similar to the 
first example, but much more difficult to prove: it states that if a coefficient is 
“too large”, then the polynomial is irreducible. Here is the precise statement: 


Let f(X) = X” +an-1X"7! +- --+a1X +a be a polynomial 
with integer coefficients. If |an_1| > 1+ |ao|+ |ai|+---+]an—a| 
and ap Æ 0 then f is irreducible in Q[X]. 





[Perron] 
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Solution. We will prove that f has exactly one zero outside the closed unit 
disk of the complex plane. This will show that f is irreducible in Z[X], and 
by Gauss’s lemma it will also be irreducible in Q|X]. It is quite clear that no 
zero of f is on the unit circle, because if z is such a zero, then 


lan—1| = lan—12"—1| = |2” +an-22"7? +- -+a1z +ao| < 1+ laol +- - -+ lan-ol, 


a contradiction. On the other hand, |f(0)| > 1, so by Viéte’s formula at least 
one zero of f lies outside the unit disk. Call this zero xı and let x2,...,2n be 
the other zeros of f. Let 


f(X) 
X-zı 


By identifying coefficients in the formula f(X) = (X — x1)g(X), we deduce 
that 


g(X) = X™ 14 bn-2 X"? +--+ b1 X + bo = 





an—-1 = bn—2 — T1, An—2 = bn-3 — bDn-2%1, ...,€1 = bo — 6121, ao = —boz1. 


Therefore the hypothesis |an_1| > 1+ lao| + |aı| +: -+ |an-2| can be rewritten 
as 
lbn—2 — £1] > 1 + |bn-3 — bn-221| +--- + [box]. 


Taking into account that |bn-2| + |x1| > |bn-2 — zı| and 
lbn—3 — bn—2%1| > |zıllbn-2| — |bn-3], ---, [bo — bi1z1| > |billæı| — lbol, 


we deduce that |xı|— 1 > (|xzı|—1)(lbol+ |b1] +: -+ |bn-2|) and since |x| > 1, 
it follows that |bo| + lbi] +---+ |[bn-2| < 1. Using an argument based on the 
triangle inequality, similar to the one in the first example, we immediately 
infer that g has only zeros inside the unit disk, which shows that f has exactly 
one zero outside the unit disk. This finishes the proof of this criterion. 


The above elegant solution, due to Laurentiu Panaitopol, shows that deep 
theorems can be avoided even when this seems impossible. The classical proof 
of this criterion uses Rouché’s theorem. Because this is also a very powerful 
tool, we prefer to prove it in a very particular, but very common, case for 
polynomials and circles. 
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Theorem 21.2 (Rouché’s theorem). Let P,Q be two polynomials with complex 
coefficients and let R be a positive real number. If P,Q satisfy the inequality 
|P(z) — Q(z)| < |Q(z)| for all z on the circle of radius R, centered at the 
origin, then the two polynomials have the same number of zeros inside the 
circle, multiplicities being counted. 


Proof. The proof of this theorem is not elementary, but with a little bit of 
integral calculus it can be proved in a very elegant way. Let L be the set of 
all curves y : [0,27] — C which are differentiable, with continuous derivative, 
such that (0) = y(27) and y does not vanish. The index of y € L is defined 
as 


| | Ay 





t y (2) 
We claim that I(y) is an integer. Indeed, consider K(t) = elo 2) and 


note that K is differentiable and that K’(t) = K(t) - VY) This shows that 


y(t) ` 
a is a constant function. Therefore, because 7(0) = (27), we must have 
K(0) = K(2z7), which says exactly that I(y) is an integer. The following result 


is essential in the proof: 


Lemma 21.3. The indez of a curve y E L contained in a disc that does not 
contain the origin is 0. 


Proof. Let B(x,r) be the open disc of center x and radius r > 0 and suppose 
that y is contained in B(w,s), a disc that does not contain the origin (thus 
s < |w|), that is |y(t) — w| < s for all t. The idea is to make a continuous 
deformation of y, keeping the index unchanged, and such that at a certain 
moment the index of the new curve can be trivially computed. In order to 
do this, take u € [0,1] and consider the application f,(¢) = uy(t) + (1 — uw, 
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defined on [0,27]. The triangle inequality shows that fu € L and also that 
this curve is contained in B(w,s). On the other hand, we claim that the 
mapping ¢(u) = I(fu) is continuous. Because it takes only integer values (by 
the previous remark), it will be constant. Therefore, I(y) = I( fi) = I(fo) = 0. 
So, let us prove that I(fu) is continuous with respect to u. Indeed, note that 


w (uv) 
(ult) + I — wavy) + 1 — v)u) 
- lol- lu -ol O 
S u= 





falt) folt) 








f(t) fe) 7 





because |u7y(t) + (1 —w)w| > |w|—|ul|y(t) —w| > |w|-—s. This inequality shows 
by integration that I( fy) satisfies 


w 


21 
gee ied eee '(t)\dt - Ju — 
Sz, Old u-v, 


which proves that I(fu) is continuous, and finishes the proof of the lemma. 
E 


Ifa) — Ifo) 


This lemma implies that two curves in L sufficiently close have equal index. 
Indeed, suppose that yı and %2 are in L and satisfy |y1 (t) — y2(t)| < Iy2(t)l 
for all t. Then the curve y(t) = ne satisfies |y(t) — 1| < 1 for all t. Because 
|y(t) — 1| is also continuous on the compact interval [0,27], it follows that its 
maximum is smaller than 1, that is, there exists a disc that does not contain 
the origin and which contains y. By the lemma, y has index 0. But a quick 
computation shows that I(y) = I(71) — I(y2). Thus yı and y2 have the same 
index. Finally, let us prove this particular case of Rouché’s theorem. Consider 
the curves 7(t) = P(Re*) and y2(t) = Q(Re#). Observe that the inequality 
|P(z) — Q(z)| < |Q(z)| implies that y; does not vanish on [0,27]. Thus 71, 72 
are in L and also |y(t) — y2(t)| < |ye(t)|. Thus the two curves have the 
same index. But for a polynomial P one can easily compute the index of the 
associated curve! Indeed, suppose that P(z) = a(z — z1)(z — z2)---(z — Zn), 
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where z; are not necessarily distinct. Then it is well known that 





This shows that if y(t) = P(Re#), then 
27 edt 
=> >» I Ret — z; 7 
Now, we have seen that |z;| Æ R. Suppose that |z;| < R. Then 


f etdt 1 f dt 2r 
o Ret—-z; RJo 1- 4e R 


ee. 
1— ss i emit =1+ Do 


oa 


Indeed, 


and the mean value of e~*”™ over [0,27] is 0 for all m > 1. It is enough to 
change the order of integral and summation (which is legal, because of the 
uniform convergence with respect to t) in order to see that 


Lf" dt — 2r 
RJo 1- Ẹğe#t R` 


Now, in exactly the same way, you can prove that 


i et dt nf 
o Ret —2z; E 


if |z;| > R. Thus I(y) is exactly the number of zeros of P inside the circle of 
radius R centered at the origin. This finishes the proof of Rouché’s theorem. 
O 
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Observe that Perron’s criterion instantly solves the following old IMO pro- 
blem: the polynomial X” + 5X"~! + 3 is irreducible in Q[X], just because 
“five is greater than four!” Here are two nicer examples, where this criterion 
turns out to be extremely efficient. The solution to the first problem is due to 
Mikhail Leipnitski. 


2 Let fi, fo,.-.-, fn be polynomials with integer coefficients. Prove 
that there exists a reducible polynomial g € Z|X] such that all 
polynomials fı + 9, f2 +9,.-.-, fn +g are irreducible in Q[X]. 





Iranian Olympiad 


Solution. Using Perron’s criterion, it is clear that if M is sufficiently large 
and m is greater than max(deg( f1), deg(fo),...,deg(fn)), the polynomials 
xml + MX™ + f;(X) are all irreducible in Q[X]. Therefore we can choose 
g(X) = X" + MX”. 





fa Let (fn)n>0 be the Fibonacci sequence, defined by fo = 0, fı = 
= land fn+1 = fn + fn-1. Prove that for any n > 2 the polyno- 
mial X” + fnfn}1 X"! +--+ fofgX + fife is irreducible in 
Q[X]. 


[Valentin Vornicu] Mathlinks Contest 


Solution. By Perron’s criterion, it suffices to verify the inequality 


fn+ifn > fnfn-1 al S fofi +1 


for all n > 3. For n = 3 it is obvious. Supposing the inequality true for n, we 
have 


fn+ifn + fnfn-1 TASET foi Fx fn+ifn + fn+ifn < fn+2fn+1, 
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because this is equivalent to 2fn < fn+2 = fn+1 + fn and this one is obvious. 
The inductive step is proved and so is the proof for n > 3. 


Finally, a very difficult example of an irreducibility problem that can be solved 
by studying the roots of polynomials. It generalizes a classical result stating 
that XP — X — 1 is irreducible over the field of rational numbers if p is a prime 
number. 


Prove that X” — X — 1 is irreducible in Q[X] for all n. 





Selmer’s theorem 


Solution. Let us consider a factorization X” — X — 1 = f(X)g(X) for some 
integer nonconstant polynomials f,g. It is not difficult to check that X” — 
X — 1 has distinct complex roots. Thus f will have some roots 21, Z2,..., Zs 
of X” — X — 1, which are pairwise distinct. The essential observation is the 
following estimation: 


Lemma 21.4. For each root z of X” — X — 1 one has 
1 1 
2Reļ{ z — - | > — -—1. 
z |z|? 


Proof. By writing z = re*, the inequality comes down to (1+2r cos t)(r?—1) > 
0. However, r?” = |z|?” = |z + 1|? = 1+ 2rcost + r?, so what we need is 
(r2” — r?) (r? — 1) > 0, which is clear. 


E 


Using the lemma, it follows that 


1 
Re(a-Ż)+2Re(a- =) ++2Re(z->) > 
1 2 s 
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by the AM-GM inequality, because the product of |z;| is just |f(0)| = 1. Thus 


1 1 1 
Re(a- >) +Re(2- >) + +Re(z- =] > 0. 
Z1 22 Zs 


On the other hand, because f is monic and has integer coefficients, 


> È 1 1 
Re (a1 - =) +Re(22- =) ++ Re (a >) 
21 29 Be 


is an integer, so it is actually at least 1. Working similarly with g, we deduce 


that Re (z = a+ Etta — 1) > 2, where 21, 22,...,2n are all 
roots of X” — X — 1. However, this is impossible, because by Viete’s formula 
zi — or + 29 — = +-+ Zn — = = 1. This shows that any such factorization 
is impossible, and so X” — X — 1 is irreducible in Z[X]. All we need now is to 


apply Gauss’s lemma to obtain a complete proof. 


We pass now to a proof of the celebrated Capelli’s theorem. As we will imme- 
diately see, this is a very powerful criterion for the irreducibility of composi- 
tions of polynomials, even though the proof is really easy. However, this does 
not seem to be well known, especially in the world of mathematical competi- 
tions. We thank Marian Andronache for showing us this striking result and 
some of its consequences. 


‘i Let K be a subfield of C and f,g € K[X]. Let a be a complex 
root of f and assume that f is irreducible in K[X] and g(X)—a 
is irreducible in K[a]|X]. Then f(g(X)) is irreducible in K[X]. 





Capelli’s theorem 


Solution. Define h(X) = g(X)—a and consider £ a zero of the polynomial h. 
Because f(g(8)) = f(a) = 0, 8 is algebraic over K. Let deg(f) = n, deg(h) = 
m and let s be the minimal polynomial of 8 over K. If we manage to prove 
that deg(s) = mn, then we are done, since s is irreducible over K and s divides 
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f(g(X)), which has degree mn. So, let us suppose the contrary. By using a re- 
peated division algorithm, we can write s = rn_1g” 1 +Tn_2g™ 2+: --+rig+ro, 
where deg(r;) < m. Hence rn_i(B)a™ 1+:--+1r1(B)a+ro(B) = 0. By grouping ~ 
terms according to increasing powers of 6, we deduce from the last relation an 
equation km—1(a)8™—! + --- + kı(a)b + ko(a) = 0. Here the polynomials k; 
have coefficients in K and have degree at most n — 1. Because h is irreducible 
in K(a)[X], the minimal polynomial of 8 over K(q) is h and thus it has degree 
m. Therefore the last relation implies km_j(a@) = --- = kıla) = kola) = 0. 
Now, because f is irreducible in K[X], the minimal polynomial of a has degree 
n, and since deg(k;) < n, we must have km-1 = --- = kj = kj = 0. This shows 
that rn-1 = +--+: = rı = ro = 0 and thus s = 0, which is clearly a contradiction. 
This shows that s has degree mn, and thus it is equal (up to a multiplicative 
constant) to f(g(X)) and this polynomial is irreducible. 


This previous proof could have been written in a much shorter and concep- 
tual form, using some basic facts of extensions of fields. Namely, let 6 be 
a zero of g—a. Then [K(a, 8) : K(a)| = deg(g) because g — a is irredu- 
cible, and thus the minimal polynomial of 6 over K(q@). On the other hand, 
f being irreducible over K, it is the minimal polynomial of œ over K. Thus 
[K(a) : K] = deg(f). Thus, by multiplicativity of degrees in extensions, 
[Kk (a, B) : K| = deg(f)-deg(g). On the other hand, a = g(), thus K(a, 8) = 
K(), so the degree of 6 over K is at least deg(f) - deg(g) = deg(f(g(X)). 
Because f(g(X)) has @ as zero, it follows that it is the minimal polynomial of 
6 over K and so it is irreducible over K. 


Using the previous result, we obtain a generalization (and a more general 
statement) of two difficult problems given in recent Romanian TST’s: 


: Let f be a monic polynomial with integer coefficients and 
let p be a prime number. If f is irreducible in Z[X] and 


/(—1)d4ee(f) f(0) is irrational, then f(X?) is also irreducible 
in Z[X]. 





Solution. Consider a a complex zero of f and let n = deg(f) and g(X) = X? 
and h = g—a. Using previous results, it suffices to prove that h is irreducible 
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in Q[a]|X]. Because Q[a] is a subfield of C, it suffices to prove that a is 
not the p-th power of an element of Qļ|a]. Suppose there is u € Q[X] of 
degree at most n — 1 such that a = uP(a). Let &œ1,@2,...,@n be the zeros 
of f. Because f is irreducible and a is one of its zeros, f is the minimal 
polynomial of a, so f must divide u?(X) — X. Therefore qı - a2---Qn = 
(u(a1)-u(azg)---u(a@n))?. Finally, using the fundamental theorem of symmetric 
polynomials, u(a;)-u(a2)---u(a@,) is rational. But aj -a2--- an = (—1)"f(0), 
implies ?/(—1)"f(0) € Q, a contradiction. 

A direct application of Capelli’s theorem solves the following problem, which 
is not as easy otherwise: 


: Prove that for each positive integer n the polynomial f(X) = 
(X? + 1*)(X? + 27)... (X2 +n?) +1 is irreducible in Z[X]. 





Japan 1999 


Solution. Consider the polynomial g(X) = (X + 17)(X +27)---(X +n?) +1. 
Let us prove first that this polynomial is irreducible in Z[X]. Suppose that 
g(X) = F(X)G(X) with F,G € Z[X] nonconstant. Then F'(—i?)G(—i*) = 1 
for any 1 < i < n. Therefore F(—i?) and G(—i?) are equal to 1 or —1 and 
since their product is 1, we must have F(—i?) = G(—i”) for all 1 <i < n. This 
means that F — G is divisible by (X +17)(X +27) ---(X +n?) and because it 
has degree at most n — 1, it must be the zero polynomial. Therefore g = F? 
and so (n!)? + 1 = g(0) must be a perfect square. This is clearly impossible, 
so g is irreducible. All we have to do now is to apply the result in example 4. 


Sophie Germain’s identity m* + 4n4 = (m? — 2mn + 2n?)(m? + 2mn + 2n?) 
shows that the polynomial X4 + 4a* is reducible in Z[X] for all integers a. 
However, finding an irreducibility criterion for polynomials of the form X” +a 
is not an easy task. The following result, even though very particular, shows 
that this problem is not an easy one. Actually, there exists a general criterion, 
also known as Capelli’s criterion: for rational a and m > 2, the polynomial 
X™ — a is irreducible in Q|X] if and only if @a is irrational for any prime p 
dividing m and also, if 4|m, a is not of the form —4b* with b rational. 
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El i Let n > 2 be an integer and let K be a subfield of C. If the 
polynomial f(X) = X?” — a € K[X] is reducible in K[X], 
then either there exists b € K such that a = b? or there exists 
c E€ K such that a = —4c*. 


Solution. Suppose the contrary, that X? — a is irreducible in K[X]. Let a 
be a zero of this polynomial. First, we will prove that X+ — a is irreducible 
in K[X]. Using the result in example 8, it is enough to prove that X? — a is 
irreducible in K[a]|X]. If this is not true, then there are u,v € K such that 
a = (u+av)*, which can be also written as v2a? + (2uv — 1)a + u? = 0. 
Because a? € K and a is not in K, it follows that 2uv = 1 and u? + av? = 0. 
Thus a = —4u* and we can take c = u, a contradiction. Therefore X? — a is 
irreducible in K[a][X] and X* — a is irreducible in K[X]. Now, we will prove 
by induction on n the following assertion: for any subfield K of C and any 
a € K not of the form b? or —4c* with b,c € K, the polynomial X?” — a is 
irreducible in K[X]. Assume it is true for n — 1 and take a a zero of X? — a. 
Let Kt be the set of zc’ when z € K. Then with the same argument as above 
one can prove that a does not belong to —K?[a] (thus it is not in —4K“[a]) 
and it does not belong to K[a]. Therefore X?” — a is irreducible over 
Kja]. In the same way we prove that X2” + a is irreducible over K(a). 
Now, observe that X?” — a = (X? — a)(X2"” + a), so it has at most 
two irreducible factors over K. If it is not irreducible over K, then one of its 
irreducible factors over K will be X?” +a or X2”_ '—a, thus one of these po- 
lynomials would have coefficients in K. This would imply that a € K, which 
means that a is a square in K. This is a contradiction which finishes the proof. 


The following example is a notoriously difficult problem given a few years ago 


in a Romanian Team Selection Test. 


@ Prove that the polynomial (X? + X)?” + 1 is irreducible in 
Q[X] for all integers n > 0. 





[Marius Cavachi] Romanian TST 1997 
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Solution. Using Capelli’s theorem, it is enough to prove that if œ is a root of 
f(X) = X?” +1 (which is clearly irreducible in Q|X] by Eisenstein’s theorem 
applied to f(X + 1)), then X? + X — a is irreducible in Q[a][X] (this is also 
immediate from the previous problem). But this is not difficult, because a 
polynomial of degree 2 (or 3) is reducible over a field if and only if it has roots 
in that field. Here, it is enough to prove that we cannot find a polynomial 
g E€ Q|X] such that g(a)? + g(a) = a. Suppose by contradiction that g is such 
a polynomial. Then, if a1,a2,...,Q@an are the roots of f it follows from the 
irreducibility of f that (g (ai) + y = Q; + i for all 2. By multiplying these 
relations, we deduce that f (—4) is the square of a rational number (the ar- 
gument is always the same, based on the theorem of symmetric polynomials). 
But this means that 4?” + 1 is a perfect square, which is clearly impossible. 


A very efficient method for proving that a certain polynomial is irreducible 
is working modulo p for suitable prime numbers p. There are several criteria 
involving this idea, and Ejisenstein’s criterion is probably the easiest to state 
and verify. It asserts that if f(X) = anX™ + an_1X™ 1 +--+ +a,X + a is 
a polynomial with integer coefficients for which there exists a prime p such 
that p divides all coefficients except an and p? does not divide ap then f is 
irreducible in Q|X]. The proof is not complicated. Observe first of all that 
by dividing f by the greatest common divisor of its coefficients, the resulting 
polynomial is primitive and has the same property. Therefore we may assume 
that f is primitive and so it is enough to prove the irreducibility in ZX]. 
Suppose that f = gh for some nonconstant integer polynomials g,h and look 
at this equality in the field Z/pZ. Let f* be the polynomial f reduced modulo 
p. We have g*h* = a,X” (by convention, an will also denote an (mod p)). 
This implies that g*(X) = bX" and h*(X) =cX”™ for some 0 < r < n, with 
bc = an. Suppose first that r = 0. Then h(X) = cX” + pu(X) for a certain 
polynomial with integer coefficients u. Because p does not divide an, it does 
not divide c and so deg(h) > n, contradiction. This shows that r > 0 and 
similarly r < n. Thus there exist polynomials u,v with integer coefficients 
such that g(X) = bX" + pu(X) and h(X) = cX” + pv( X). This shows that 
ao = f (0) = p*u(0)v(0) is a multiple of pĉ, contradiction. 


Before passing to the next example, note two important consequences of Ei- 


THEORY AND EXAMPLES 509 


senstein’s criterion. First, if p is a prime number, then f(X) =1+X +X?+ 
-.. + XP! is irreducible in Q|X]. This follows from Gauss’s lemma and the 
observation that f(X +1) = +((1+ X} — 1) satisfies the conditions of Eisen- 
stein’s criterion. Second, for all n there is a polynomial of degree n which is 
irreducible in Q|X]. Indeed, for X” — 2, Eisenstein’s criterion can be applied 
with p = 2 and the result follows from Gauss’s lemma. 

The following example is more general than Eisenstein’s criterion. And older! 





J Let k = f” + pg with n > 1, p a prime, and f and g polyno- 
= mials with integer coefficients such that deg( f”) > deg(g), k 
is primitive, and there exists a prime p such that f* is irre- 
ducible in Z/pZ|X] and f* does not divide g*. 
Then k is irreducible in Q[X]. 


[Sch6nemann’s criterion] 


Solution. Suppose that k = kıkz is a nontrivial factorization in polynomials 
with integer coefficients. By passing to Z/pZ|X] we deduce that kjk3 = (f*)”. 
From the hypothesis and this equality, it follows that there exist nonnegative 
integers u,v with u + v = n and polynomials with integer coefficients gj, go 
such that kı = f” + pg, and ko = f” + pgo, with deg(g1) < wdeg(f) and 
deg(g2) < udeg(f). From here we infer that g = f“go+ f’g1+pg91g2. Because 
kı is not identical 1, we have u > 0 and v > 0. Let us assume, without loss of 
generality, that u < v. From the previous relation there exists a polynomial h 
with integer coefficients such that g = f“h+pgigg. It is enough to pass again 
in Z/pZ|X] this last relation to deduce that f* divides g*, which contradicts 
the hypothesis. Therefore F is irreducible. 


Here is an application of the above criterion, hardly approachable otherwise: 


a Let p be a prime of the form 4k+3 and let a, b be integers such 
that min(vp(a),vp(b — 1)) = 1. Prove that the polynomial 
X*? + aX +b is irreducible in Z[X]. 





[Laurențiu Panaitopol, Doru Ştefănescu] 
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Solution. Indeed, the fact that p = 3 (mod 4) ensures that X? + 1 is irredu- 
cible in Z/pZ|[X] (indeed, being of degree 2, it is enough to prove that it has 
no roots in Z/pZ, which was proved for instance in the chapter Primes and 
Squares). Let us try to write X2? + aX +b as (X? +1)? + pg(X), just as in 
the previous example. It is enough to take 


b-1 1 
axy = 2x4 22 42 (P) eed 4 (2) x20) 4. + P o 
p p p 1 2 p—i 


Now it is immediate that all conditions of Schonemann’s criterion are satisfied, 
so the problem is solved. 


Now let us see a beautiful proof of the irreducibility of the cyclotomic poly- 
nomials. This is not an easy problem, as the reader can immediately observe. 
But for the reader who is not so familiar with these polynomials, let us make 
a (very small) introduction. Let n be a positive integer. If n = 1 we define 
¢ı(X) =X — 1 and ifn > 1 we put 


2ikr 


- Te) 


gcd(k,n)=1,1<k<n 





From this definition, it is not even clear why this polynomial has integer coef- 

ficients. Actually, one can easily prove the identity [| ég(X) = X” — 1, which 
d|n 

allows a direct proof by induction of the fact that ¢,(X) € Z[X]. Indeed, 

just observe that X” — 1 has no repeated zero, that clearly the left-hand side 

divides X” — 1 because every zero of it is a zero of X” — 1 (it is clear from the 

definition that ¢, has no repeated zeros and also that ¢, and ¢,, are relatively 


prime for distinct m,n) and finally that the degree of | | ¢g(X) is n because of 
din 
the identity ` y(d) = n (proved in the chapter The Smaller, the Better). 
din 


Now, let us prove the following important result: 
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im ale Age The polynomial ¢, is irreducible in Q|X] for each positive 
integers n. 





Solution. Let a be a primitive root of unity of order n and let p be a prime 
number relatively prime to n. Let f and g be the minimal polynomials of a 
and a? over the field of rational numbers. Because a is an algebraic integer, 
f,g have integer coefficients. Also, because g(a?) = 0, it follows that f divides 
g(X”). The idea is that in Z/pZ we have g( X?) = g(X)” and so if f* and g* 
are the polynomials f,g reduced modulo p, then f* divides (g*)? in Z/pZ|X]. 
Thus, if r is a root of f* in some algebraic closure of Z/pZ, then g*(r) = 0. 
Now, suppose that f # g. Both f and g divide ¢, in Z[X], because a? is also 
a primitive root of unity. Because f +Æ g are irreducible, they are relatively 
prime and fg divides ¢, in Z[X], thus f*g* divides X” — 1 (seen as a poly- 
nomial in Z/pZ|X]). But this is impossible, because it would follow that r 
is a root of multiplicity at least 2 of the polynomial X” — 1 modulo p, that 
is we also have nr”™—! = 0 in that algebraic extension. Because n and p are 
relatively prime, this implies that r = 0, which is impossible, because r” = 1. 


The above contradiction shows that f = g, that is œ and a? have the same 
minimal polynomial for all prime numbers p relatively prime to n. This im- 
mediately implies that a and a* have the same minimal polynomial for all k 
relatively prime to n. Thus, the minimal polynomial of a must have as roots 
all primitive roots of unity of order n and thus degree at least y(n), which 
means that it is n, that is n is irreducible. 


There exists another beautiful proof of this result, but which uses the difficult 
(and non elementary) Dirichlet’s theorem on primes in arithmetic progressions. 
Let w be a primitive root of unity of order n and let s = y(n) = deg(¢,). Also, 
let f be an irreducible factor of ¢, with integer coefficients, which has w as 
a zero. Then the zeros of f (which, as we have seen in chapter A Brief 
Introduction to Algebraic Number Theory, are called the conjugates 
of w) are of the form wt. Also, if ọn is not irreducible then the number of 
zeros of f is smaller than s. Now, take p to be a prime number. Because f is 
monic and has all zeros of absolute value 1, it follows that |f(w*)| < 2°. But 
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because f(w) = 0, it follows that fW?) is an algebraic integer (this result is 
not obvious, but it has been discussed in the same chapter). Its conjugates 
fw") Thus if we choose p > 2°, then 

fw?) 


are also algebraic integers of the form 





are inside the unit disc of the 


p 
complex plane, thus f(w?) = 0 (indeed, if z = f n) and g is the minimal 


polynomial of x, then by Gauss’s lemma g has integer coefficients, and thus 
the product of the absolute values of all conjugates of x is just |g(0)|; if all 
conjugates are inside the unit disc, then g(0) = 0 and because g is irreducible, 
g(X) = X, thus x = 0). Therefore, for any prime number p > 2°, wP is a 
zero of f. All we need to observe now is that Dirichlet’s theorem assures us 
of the existence of infinitely many primes p =r (mod n) for any r such that 
gcd(r,n) = 1. Therefore all w” with gcd(r,n) = 1 are zeros of f, which shows 
that deg( f) > deg(¢,) and proves the irreducibility of n. 


all conjugates of the algebraic integer 
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21.2 Practice problems 


L 


Let a and n be integers and p be a prime such that p > |a| +1. Prove 
that X” +aX +p is irreducible in Z[X]. 


Laurențiu Panaitopol, Romanian TST 1999 


. Let p > 3 be a prime number and m,n be positive integers. Prove that 


X™ + X” + p is irreducible in Z[X]. 


Laurențiu Panaitopol 


. Prove that for all positive integers d there is a monic polynomial f of 


degree d such that X” + f(X) is irreducible in Z[X] for all n. 


. Let k,d be integers greater than 1. Prove that for any partition of the 


set of positive integers into k classes there is a class and infinitely many 
polynomials of degree d with all coefficients in that class and which are 
irreducible in Z[X]. 


Marian Andronache, Ion Savu, Unesco Contest 1995 


. Find the number of irreducible polynomials of the form X? + pX* + 


pX'+1, where p > 2 is a fixed prime number and k,l are subject to the 
conditions 1 <<l<k<p-l1. 


Valentin Vornicu, Romanian TST 2006 


. Let p and q be distinct prime numbers and n > 3. Find all mtceers a 


for which X” + aX"! + pq is reducible in Z[X]. 


Chinese TST 1994 


014 


10. 


11. 


12. 
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. Let n and r be positive integers. Prove the existence of a polynomial 


f with integer coefficients and degree n such that for any polynomial g 
with integer coefficients and degree at most n, if the coefficients of f — g 
have absolute values at most r, then g is irreducible in Q|X]. 


Miklos Schweitzer Competition 


. Prove that for any n > 2 there exists a polynomial f with integer nonzero 


coefficients, irreducible over the rational numbers and such that |f(z)| 
is composite for any integer z. 


Chinese TST 2008 


. Prove that for any positive integer n, the polynomial 


(X? +2)" 4+ 5(X2"-! + 10X" 4+ 5) 


is irreducible in Z[X]. 
Laurentiu Panaitopol, Doru Stefanescu 


Let p be a prime of the form 4k+3 and let n be a positive integer. Prove 
that (X? +1)” + p is irreducible in Z[X]. 


N Popescu, Gazeta Matematica 


Does there exist an infinite sequence of pairwise relatively prime positive 
integers (a;);>09 such that all polynomials ag + a1.X +---+a,X” (with 
n > 1) are irreducible over the rational numbers? 


Omid Hatami, Iran TST 


Let p be a prime number and let k be an integer not divisible by p. Prove 
that XP — X + k is irreducible in Z[X]. 
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13. Let p,q be odd primes such that q does not divide p—1 and let a1, a2,...,an 
be distinct integers such that q divides a; — a; for all 7,7. Prove that the 
polynomial (X — a;)(X — a2)---(X — an) — p is irreducible in Q[X]. 


Ivan Borsenco, Mathematical Reflections 


14. Let f(X) = am X™ + am_1X™ 1 +--+» +a ,X + ag be a polynomial of 
degree m in Z[X] and define H = 2X |4|. If f(n) is prime for 
i<m— a 


some integer n > H +2 then f is irreducible in Z[X]. 
Ram Murty, AMM 


15. Let p be a prime number, nı > n2--: > Np be positive integers and 
d = gcd(n1, N2, ..., Np). Prove that the polynomial 


xn +X" +4.---4 X"™ -p 
PARAE = eg, 


is irreducible in Q|X]. 
Romanian TST 2010 


16. Let f be a primitive polynomial with integer coefficients of degree n for 





which there exist distinct integers 71, £2,..., £n such that 
|e | 
0 < |f(zi)| < ~ |. 
|f (za) sE] 


Prove that f is irreducible in Z[X]. 


17. Find all quadratic polynomials f € Z[X] for which one can find n > 2 
such that f?” +1 is reducible in Q[X]. 


Gabriel Dospinescu, Marian Tetiva 
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19. 


20. 


21. 


22. 


23. 
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Let f € Z|X] be a polynomial of degree greater than 1 with the property 
that f(X*+aX) is reducible in Q|X] for infinitely many integers a. Does 
it follow that f is reducible in Q|X]? 


Gabriel Dospinescu, Mathematical Reflections 


Let f be an irreducible polynomial in Q|X] of degree p, where p > 
2 is prime. Let 21,2%2,...,2%p be the zeros of f. Prove that for any 
nonconstant polynomial g with rational coefficients, of degree smaller 
than p, the numbers g(21), 9(Z2),...,g(ZLp) are pairwise distinct. 


Toma Albu, Romanian TST 1983 


Let f € Z|X] be a monic polynomial irreducible in Z[X], and suppose 
that there exists a positive integer m such that f(X™) is reducible in 
Z|X]. Show that for any prime p dividing f(0) we have vp(f(0)) > 2. 


Marian Andronache 


Let d > 1 be an integer and let f(n) be the probability that a polyno- 
mial of degree d with all coefficients bounded by n in absolute value is 
reducible in Z[X]. Prove that f(n) - is a bounded sequence. 


Inn 
Let a be a nonzero integer. Prove that the polynomial 
X” + aX" 14---+aX*+aX—-1 


is irreducible in Z[X]. 
Marian Andronache, Ion Savu, Romanian Olympiad 1990 


Let f be a monic polynomial with integer coefficients and having distinct 
integer roots. Prove that f? +1 and ff +1 are irreducible in Q[X]. 


Schur 


24. 


20. 
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Is there a polynomial f with rational coefficients such that f(1) # —1 
and X"f(X) +1 is reducible over the rational numbers for all n > 1? 


Schinzel 


Let p1, p2,...,Pn be distinct prime numbers. Prove that the polynomial 


f(X)= || (KX +eivPi +ezypz +--+ enVPn) 


€1,€2,...,en=tl 


is irreducible in Z[X]. 


E; 


x Pry 
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22.1 Theory and examples 


After a very elementary chapter about extremal properties of graphs, it is 
time to see how the study of their cycles can give valuable information in 
combinatorial problems. We will assume in this chapter some familiarity with 
basic concepts of graph theory that can be found in practically any book of 
combinatorics. We prefer to do so, because recalling all definitions would re- 
quire a large digression and would largely diminish the quantity of examples 
presented. And since the topic is very subtle and the problems are in general 
difficult, we think it is better to present many examples. We would like to 
thank Adrian Zahariuc for the large quantity of interesting results and solu- 
tions that he communicated to us. 


We start with a simple, but important result. It was extended by Erdos in a 
much more difficult to prove statement: if the number of edges of a graph on 
n vertices is at least (n-Uk then there exists a cycle of length at least k +1 (if 


k > 1). Let us remain modest and prove the following much easier result : 


“fa In a graph G with n vertices, every vertex has degree at least 
= k. Prove that G has a cycle of length at least k + 1. 





Solution. The shortest solution uses the extremal principle. Consider the 
longest chain £o, %1,...,2Z, in G and observe that this maximality property 
ensures that all vertices adjacent to xo are in this longest chain. Or, the degree 
of xp being at least k, we deduce that there is a vertex x; adjacent to xo such 
that k <i <r. Therefore zo, £1,..., £i, £o is a cycle of length at least k + 1. 


Any graph with n vertices and at least n edges must have a cycle. The following 
problem is an easy application of this fact: 





$ Suppose 2n points of an nxn grid are marked. Prove that there 
exists a k > 1 and 2k distinct marked points a1, a2,...,a2k 
such that for all i, a2;—1 and ag; are in the same row, while ag; 
and az;+ı are in the same column. 


IMC 1999 
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Solution. Here it is not difficult to discover the graph to work on. It is en- 
ough to look at the n lines and n columns as the two classes of a bipartite 
graph. We connect two vertices if the intersection of the corresponding row 
and column is marked. Clearly, this graph has 2n vertices and 2n edges, so 
there must exist a cycle. But the existence of a cycle is equivalent (by the 
definition of the graph) to the conclusion of the problem. 


The following example is an extremal problem in graph theory, of the same 
kind as Turan’s theorem. This type of problem can go from easy or even trivial 
to extremely complex and complicated results. Of course, we will discuss just 
the first type of problem. 


ntn/4n—3 
4 


led n Prove that every graph on n > 4 vertices and m > 
edges has at least one 4-cycle. 





Solution. Let us count, in two different ways, the number of triples (c, a, b) 
where a,b,c are vertices such that c is connected to both a and b. For a 
fixed vertex c, there are d(c)? — d(c) possibilities for the pair (a,b), where d(c) 
denotes the valence of c. It follows that there are at least Y` (d(c)? — d(c)) 


Cc 
triples. By the Cauchy-Schwarz inequality, if m represents the number of 
edges of the graph, then 


` d(c)? — d(c) > si — 2m 





Now, if there are no 4-cycles, then for fixed a and b there is at most one vertex 
c that appears in a triple (a,b,c). Hence we obtain at most n(n — 1) triples. 
It follows that am? — 2m < n? — n, which implies that m < oae a 
contradiction. 
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Recall that a graph in which every vertex has degree 2 is a disjoint union of 
cycles. It turns out that this very innocent observation is more than helpful 
in some quite challenging problems. Here are some examples, taken from 
different contests: 





T A company wants to build a 2001 x 2001 building with doors 

i connecting pairs of adjacent rooms (which are 1 x 1 squares, 

two rooms being adjacent if they have a common edge). Is it 
possible for every room to have exactly 2 doors? 


[Gabriel Caroll] 


Solution. Let us analyze the situation in terms of graphs: suppose such a 
situation is possible, and consider the graph G with vertices representing the 
rooms and connecting two rooms if there exists a door between them. Then 
the hypothesis says that the degree of any vertex is 2. Thus G is a union 
of disjoint cycles C1,C2,...,Cp. However, observe that any cycle has even 
length, because the number of vertical steps is the same in both directions and 
the same holds for horizontal steps. Therefore the number of vertices of G, 
which is the sum of lengths of these cycles, is an even number, a contradiction. 


Reading the solution to the following problem, one might say that it is extre- 
mely easy: there is no tricky idea behind it. But there there are many possible 
approaches that can fail, and this probably explains its presence on the list of 
problems proposed for the IMO 1990. 


| Let E be a set of 2n—1 points on a circle, with n > 2. Suppose 
~ that precisely k points of E are colored black. We say that this 
coloring is admissible if there is at least one pair of black points 
such that the interior of one of the arcs they determine contains 
exactly n points of E. What is the smallest k such that any 
coloring of k points of E is admissible? 





IMO 1990 
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Solution. Consider G the graph having vertices the black points of E and 
join two points x,y by an edge if there are n points of E on one of the two 
open arcs determined by x and y. Thus the problem becomes: what is the 
least k such that among any k vertices of this graph at least two are adjacent? 
The problem becomes much easier with this statement, because of the fact 
that the degree of any vertex in G is clearly 2, thus G is a union of disjoint 
cycles. It is clear that for a single cycle of length r, the least value of k is 
1+ [5]. Now, observe that if 2n — 1 is not a multiple of 3 then G is ac- 
tually a cycle (because (gcd(n + 1,2n — 1) = 1), while in the other case G 
is the union of three disjoint cycles of length 2n- 1 Therefore the least k is 
n= [2 | +1 if 2n—1 is not a multiple of 3 and n—1 = 3 |2] +1 otherwise. 





Finally, a more involved example using the same idea, but with some compli- 
cation which are far from obvious. 





ae tae led Consider in the plane the rectangle with vertices (0,0), (m, 0) 
= (0,n),(m,n), where m and n are odd positive integers. Par- 
tition it rectangle into triangles satisfying the following condi- 
tions: 1) Each triangle has at least one side (called the good 
side; the sides that are not good will be called bad) on a line 
x = j or y = k for some nonnegative integers j,k, such that 
the height corresponding to that side has length 1; 2) Each bad 
side is common for two triangles of the partition. Prove that 
there are at least two triangles having two good sides each. 


IMO 1990 Shortlist 


Solution. Let us define a graph G having as vertices the midpoints of the bad 
sides and as edges the segments connecting the midpoints of two bad sides in 
a triangle of the partition. Thus, any edge is parallel to one of the sides of 
the rectangle, being at distance k + 5 from the sides of the rectangle, for a 
suitable integer k. Also, it is clear that any vertex has degree at most 2, so we 
have three cases. The easiest is when there exists an isolated vertex. Then the 
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triangles that have the side containing that vertex as common side have two 
good sides. Another easy case is when there exists a vertex x having degree 1. 
Then z is the end of a polygonal line formed by edges of the graph, and having 
the other end a point y, which is the midpoint of a side in a triangle having two 
good sides. The conclusion follows in this case, too. Thus, it remains to cover 
the “difficult” case when all vertices have degree 2. Actually, we will show that 
this case is impossible. Observe that until now we haven’t used the hypothesis 
that m,n are odd. This suggests looking at the cycles of G. Indeed, we know 
that G is a union of disjoint cycles. If we manage to prove that the number of 
squares traversed by any cycle is even, it would follow that the table has an 
even number of unit squares, which is impossible, because mn is odd. Divide 
first the rectangle by its lattice points into mn unit squares. So, fix a cycle 
and observe that from the hypothesis it follows that the center of any square 
is contained in only one cycle. Now, by alternatively coloring the cells of the 
rectangle with white and black, we obtain a chessboard in which every cycle 
passes alternatively on white and black squares, so it passes through an even 
number of squares. This proves the claim and shows that G cannot have all 
vertices of degree 2. 


The next problem is already unobvious, and the solution is not immediate, 
because it requires two arguments which are completely different: a construc- 
tion and a proof of optimality. Starting with some special cases is often the 
best way to proceed, and this is indeed the key here. 


se) Let n be a positive integer. Suppose that n airline companies 
= offer trips to citizens of N cities such that for any two cities 
there exists a direct flight in both directions. Find the least N 
such that we can always find a company which can offer a trip 

in a cycle with an odd number of landing points. 





Adapted after IMO 1983 Shortlist 


Solution. By starting with small values of n, we can guess the answer: N = 
2” +1. But it is not obvious how to prove both that for 2” the assertion in the 
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problem is not always true and the fact that for 2” + 1 cities the conclusion 
always holds. Let us start with the first claim: the result is not always true 
if we allow only 2” cities. Indeed, let the cities be Co,Ci,...,Cgn_1. Write 
every number smaller than 2” in base 2 with n digits (we allow zeros in the first 
positions), and let us join two cities C; and C; by a flight offered by an airline 
company A; if the first digit of i and j is different, by a flight offered by Ag if the 
first digits are identical, but the second digit differs in the two numbers and so 
on. Because the 7-th digit is alternating in the vertices of a cycle for company 
A;, it follows that all cycles realized by A; are even. Therefore N > 2” + 1. 
Now, we prove by induction that the assertion holds for N > 2"+1. Forn=1 
everything is clear, so assume the result for n — 1. Suppose that all cycles in 
the graph of flights offered by company Apn are even (otherwise we have found 
our odd cycle). Therefore the graph of flights offered by An is bipartite, that is 
there exists a partition B1, Bo,...,Bm, Di, Do,..., Dp of the cities such that 
any flight offered by An connects one of the cities B; with one of the cities Dx. 
Because m+p = 2” +1, we may assume that m > 2”71 +1. But then the cities 
Bı, Bo,...,Bm are connected only by flights offered by Aj, Ag,...,An—1, SO 
by the induction hypothesis one of these companies can offer an odd cycle. 
This finishes the induction step and shows that N = 2” + 1 is the desired 
number. 

Here comes a very challenging problem with a very beautiful idea: 


On an infinite checkerboard are placed 111 non-overlapping 
= corners, L-shaped figures made of 3 unit squares. Suppose 
that for any corner, the 2 x 2 square containing it is entirely 
covered by the corners. Prove that one can remove each num- 
ber between 1 and 110 of the corners so that the property will 
be preserved. 





St. Petersburg 2000 


Solution. We will argue by contradiction. Assuming that by removing any 
109 corners the property is no longer preserved, it would follow that no 2 x 3 
rectangle is covered by 2 corners. Now, define the following directed graph 


THEORY AND EXAMPLES 527 


with vertices on the corners: for a fixed corner C, draw an edge from it to the 
corner that helps covering the 2 x 2 square containing C. It is clear that if in 
a certain corner there is no entering edge, we may safely remove that corner, 
contradiction. Therefore, in every corner there exists an entering edge and so 
the graph constructed has the property that every edge belongs to some cycle. 
We will prove that the graph cannot be a cycle of 111 vertices. Define the 
“center” of a corner as the center of the 2 x 2 square containing it. The first 
observation, that no two corners can cover a 2 x 3 rectangle, shows that in a 
cycle the x coordinate of the centers of the vertices are alternatively even and 
odd. Thus the cycle must have an even length, which shows that the graph 
itself cannot be a cycle. Therefore, it has at least two cycles. But then we 
may safely remove all the corners except those in a cycle of smallest length 
and the property will be preserved, thus again a contradiction. 

The following result is particularly nice: 





G2 There are n competitors in a table-tennis contest. Any 2 of 
them play exactly once against each other and no draws are 
possible. We know that no matter how we divide them into 
2 groups A and B, there is some player from A who defeated 
some player from B. Prove that at the end of the competition, 
we can sit all the players at a round table such that everyone 
defeated his or her right neighbor. 


Solution. Clearly, the problem refers to a tournament graph, that is, a direc- 
ted graph in which any two vertices are connected in exactly one direction. We 
have to prove that this graph contains a Hamiltonian circuit. Take the longest 
elementary cycle, v1, v2,...,Um With pairwise distinct vertices, and take some 
other vertex v. Unless all edges come either out of v or into v, there is some 
i such that v;v and vvi+ı are edges. Then, v1, v2,...,Ui,U,Vit1,---,Un iS a 
longer elementary cycle, contradiction. Therefore, there are only two kinds of 
vertices v € V — {u;}: (type A) those for which all vv; are edges; and (type B) 
those for which all v;v are edges. If there is some edge ba with a of type A and 
b of type B, then we can construct once again a longer circuit: b,a,v1,..., Un. 
Therefore, for any a € A and b € B, ab is an edge. Consider the partition 
V = BU(AU {v;}). Due to the hypothesis, since all edges between the two 
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classes point towards B, we must have B = 9. But, once again, V = AU {v;i} 
is a forbidden partition, so A = Ø. Therefore, the circuit is Hamiltonian. 


Before discussing the next problem, we need to present a very useful result, 
which is particularly easy to prove, but has interesting applications. This is 
why it will be discussed as a separate problem and not as a lemma: 


| be Prove that a graph is bipartite if and only if all of its cycles 
~ have even length. 





Solution. One part of the result is immediate: if the graph is bipartite then 
obviously it cannot have odd cycles, because there is no internal edge in one of 
the two classes of the partition. The converse is a little bit trickier. Suppose 
that a graph G has no odd cycles and start your “journey” with an arbitrary 
vertex v and color this vertex white. Continue your trip through the vertices 
of the graph, by coloring all neighbors of the initial vertex in black. Continue 
in this manner, by considering this time every neighbor of v as an initial point 
of a new trip and color new vertices by the described rule, avoiding vertices 
that are already assigned a color. We must prove that you can do your trip 
with no problem. But the only problem that may occur is to have two paths 
to a certain vertex (called a problem vertex), each leading to a different color. 
But this is impossible, since all cycles are even. Indeed, any two paths from v 
to this problem vertex must have the same parity. Therefore we have a valid 
coloring of the vertices of the graph, and by construction this proves that G 
is bipartite. And here is an application: 


fm A group consists of n tourists. Among any 3 of them there 
are 2 who are not familiar. For every partition of the tourists 
in 2 buses, we can always find 2 tourists that are in the same 
bus who are familiar with each other. Prove that there is a 
tourist who is familiar with at most 2n tourists. 





Bulgaria 2004 
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Solution. Construct a graph G on n vertices corresponding to the n tourists. 
We construct the edge ab if and only if the tourists a and b are familiar with 
each other. By the hypothesis, G is not bipartite, so it must have an odd 
cycle. Let a1,a@2,...,a; be the smallest odd cycle. Since | is odd and l > 3, we 
must have l > 5. It is clear that there are no other edges among the a; except 
a,ai+1. If some vertex v is connected to a; and a,j, it is easy to show that the 
“distance” between i and j is 2, that is |i — j| equals 2 or | — 2, since otherwise 
we would have a smaller odd cycle. Therefore, every vertex which does not 
belong to the cycle is adjacent to at most 2 a;’s. Even more, every vertex of 
the cycle is connected to exactly 2 a;’s. Therefore, if c(v) is the number of 
edges between v and the vertices of the cycle, c(v) < 2, so 


l 
X d(a;) = ` c(v) < 2n = d(ak) < 
i=1 


veEV 





for some k. The solution ends here. 


At first glance, the following has nothing to do with graphs and cycles. Well, 
it does! Here is a beautiful solution by Adrian Zahariuc: 


74 In each square of a chessboard is written a positive real num- 
ber such that the sum of the numbers in each row is exactly 
1. It is known that for any 8 squares, no two in the same 
row or column, the product of the numbers written in these 
squares does not exceed the product of the numbers on the 
main diagonal. Prove that the sum of the numbers on the 
main diagonal is at least 1. 





St. Petersburg 2000 
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Solution. First, let us label the rows and the columns 1,2,...,8, consecuti- 
vely, in increasing order. Suppose by way of contradiction that the sum of the 
numbers on the main diagonal is less than 1. Then on row k there is some cell 
(k, 7) such that the number written in it is greater than the number written 
in cell (j, 7), that is, the one in the same column, on the main diagonal. Color 
(k, 7) red and draw an arrow from row k to row j. Some of these arrows must 
form a loop. From each row belonging to the loop we choose the red cell, 
and from all other rows we choose the cell on the main diagonal. All these 8 
cells lie in different rows and different columns and their product exceeds the 
product of the numbers on the main diagonal, a contradiction. Therefore our 
assumption is false, and the sum of the numbers on the main diagonal is at 
least 1. 


And for the die-hards, here are two very difficult problems communicated to 
us by Adrian Zahariuc: 


There are two airline companies in Wonderland. Any pair of 
cities is connected by a one-way flight offered by one of the 
companies. Prove that there is a city in Wonderland from 
which any other city can be reached via airplane without 
changing the company. 





Iranian TST 2006 


Solution. We would rather reformulate the problem in terms of graph theory: 
given a bichromatic (say, red and blue) tournament G(V, E) (i.e. a directed 
graph in which there is precisely one edge between any pair of vertices). We 
have to prove that there is a vertex v such that, for any other vertex u, there 
is a monochromatic directed path from v to u. Such a point will be called 
“strong”. Let |V| = n. We will prove the claim by induction on n. 

The base case is trivial. Suppose it is true for n — 1; we will prove it for n. 
Now suppose by way of contradiction that the claim fails for some G. By the 
inductive hypothesis we know that for each v € V there is some s(v) € V—{v} 
which is a strong point in G — {v}. Clearly, s(v) # s(v’) for all v 4 v’, since 
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otherwise s(v) would be strong in G. Let f = s7}, ie. s(f(v)) = v for all 
v. It is clear that from v we can reach all points through a monochromatic 
path except f(v). For each v, draw an arrow from v to f(v). These arrows 
must form a loop. If this loop does not contain all n vertices of the graph, by 
the inductive hypothesis we must have a strong vertex in this graph, which 
contradicts the fact that we can’t reach f(v) from v. Hence, this loop is a 
Hamiltonian circuit v1,v2,...,Un. Let Un41 = vı. From v;, we can reach all 
vertices except v;41 because v;4; = f(v;). We can’t reach v from u through 
paths of both colors since, in that case, from u we could reach all the points 
we could reach from v, including f(u), which is false. 

For v # f(u), let c(uv) be the color of all paths from u to v. It is clear 
that c(uv) # c(uf(u)). We have c(uv) # c(uf(u)) 4 c(f(u)f(v)), so c(uv) = 
c(f(u)f(v)) for u # v Æ f(u). In other words, c(VkUk+m) = C(UR+1Uk+m41)- 
From here, it is easy to fill in the details. Basically, we just have to take m > 1 
coprime with n to get that we can travel between any two points through paths 
of color c(vovm) and we are done. 


Does there exist a 3-regular graph (that is, every vertex has 
degree 3) such that any cycle has length at least 30? 





St. Petersburg 2000 


Solution. Even though the construction will not be easy, the answer is: yes, 
there does. We construct a 3-regular graph Gn by induction on n such that any 
cycle has length at least n. Take G3 = K4, the complete graph on 4 vertices. 
Now, suppose we have constructed G,(V, E) and label its edges 1,2,...,m. 
Take an integer N > n2™ and let V’ = V x Zy. If the edge numbered k in 
Gn is ab, we draw an edge in Gn41(V’, E’) between (a,x) and (b, x + 2") for 
all z € Zy. It is clear that Gn+1 is 3-regular. We show that G,41 has the 
desired property, i.e. it contains no cycle of length less than n+ 1. Suppose 
(a1,21),...,(@t,2¢) is a cycle with t < n. Clearly, aj,a2,...,a is a cycle of 
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Gn. Therefore t = n, and all a; are distinct. We have 


0 = (z1 — £2) + (£2 — 43) + -+ (£n — 11) = X £2" (mod N). (22.3) 


j=l 





This sum is nonzero since all k; are distinct, and also it is at most n2™ < N 
in absolute value, a contradiction. Therefore this graph has all the desired 
properties, and the inductive construction is complete. 
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22.2 Practice problems 


l. 


Prove that any graph on n > 3 vertices having at least 2 + Eo edges 
has a Hamiltonian cycle. Does the property remain true if 2 + ("7*) is 
replaced by a smaller number? 


. Some pairs of towns are connected by roads. At least three roads leave 


each town. Show that there is a cycle containing a number of towns 
which is not a multiple of three. 


Russia 2000 


. Let n be a positive integer. Can we always assign to each vertex of a 2”- 


gon one of the letters a and b such that the sequences of letters obtained 
by starting at a vertex and reading counterclockwise are all distinct? 


Japan 1997 


. On an n x n table real numbers are put in the unit squares such that no 


two rows are identically filled. Prove that one can remove a column of 
the table such that the new table has no two rows identically filled. 


Bulgarian TST 2004 


. The edges of K,,(n > 3) are colored with n colors, and every color is 


used. Show that there is a triangle whose sides have different colors. 


Hungary-Israel Competition 2001 


. Let G be a simple graph with 2n + 1 vertices and at least 3n + 1 edges. 


Prove that there exists a cycle having an even number of edges. Prove 
that this is not always true if the graph has only 3n edges. 


Miklos Schweitzer Competition 
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10. 


11. 
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. The edges of a complete graph with 2” + 1 vertices are colored using n 


colors. Prove that we can find a monochromatic cycle of odd length. 


. For a given n > 2 find the least k with the following property: any set 


of k cells of an n x n table contains a nonempty subset A such that in 
every row and every column of the table there is an even number of cells 
belonging to A. 


Poland 2000 


In a society of at least 7 people each member communicates with at least 
three other members of the society. Prove that we can divide this society 
in two nonempty groups such that each member communicates with at 
least 2 members of their own group. 


Czech-Slovak Match 1997 


On the edges of a convex polyhedra we draw arrows such that from each 
vertex at least one arrow is pointing in and at least one is pointing out. 
Prove that there exists a face of the polyhedra such that the arrows on 
its edges form a circuit. 


Dan Schwartz, Romanian TST 2005 


Every street in a city connects two squares and any square may be 
reached by streets from any other. The governor discovered that if he 
closed all squares of any route not passing through any square more than 
once, then any remaining square would be reachable from any other. 
Prove that there exists a circular route passing through every square of 
the city exactly once. 


S. Berlov, Tuymaada Olympiad 2008 


12. 


13. 


14. 


15. 


16. 
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A rectangular array of numbers is given. In each row and each column, 
the sum of all numbers is an integer. Prove that each non-integral num- 
ber x in the array can be changed into either [x] or |x| so that the 
row-sums and column-sums remain unchanged. 


IMO Shortlist 1998 


There are 25 towns in a country. Find the smallest k for which one 
can set up bidirectional flight routes connecting these towns so that the 
following conditions are satisfied: 


(a) from each town there are exactly k direct routes to k other towns; 


(b) if two towns are not connected by a direct route, there is a town 
which has direct routes to these two towns. 


Vietnamese TST 1997 


There are 2n students at a math contest. Each of them submits to 
the jury a problem. At the end, the jury gives each student one of the 
problems submitted. Say that the contest is fair if there exist n students 
who receive their problems from the other n participants. Prove that 
the number of distributions of problems that end in a fair contest is a 
perfect square. 


Romanian TST 2003 
In a connected simple graph every vertex has degree at least three. Prove 
that there exists a cycle such that after removing the edges of this cycle 
the new graph is still connected. 


Komal 


A simple graph G with vertices v1,v2,...,Un has no isolated vertex. 
Prove that there exists I C {v1,v2,...,Un} with the properties 
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(a) 

_ 2 
I| > c. 
| 2 do deg 4d 


(b) Every cycle of G contains at least one vertex not belonging to I. 


Darij Grinberg 


17. Let G be a graph with n vertices and such that the degree of every vertex 
is strictly greater than aD If the graph contains no triangle, then it is 
bipartite. 


Andrasfai, Erdos, Sos 


18. A connected graph has 1998 vertices and each vertex has degree 3. Show 
that one can delete 200 vertices, no two of them joined by an edge, such 
that the resulting graph is still connected. 


Russia 1998 


a 


eddy Jenat SjenuouÁjod aul0S 
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23.1 Theory and examples 


Undoubtedly, polynomials represent a powerful tool in practically any area 
of mathematics, simply because they manage to create a subtle link between 
analysis and algebra: on the one hand, considering them as formal series comes 
handy in arithmetic and combinatorics; on the other hand their analytic pro- 
perties (location of zeros, complex-analytic properties, etc) are particularly 
interesting for effective estimations. The purpose of this chapter is to present 
some striking applications of these ideas in number theory and combinatorics. 
We will merely scratch the surface, but we are convinced that even this small 
amount will show the reader what profound mathematical objects polyno- 
mials are. A particularly important result to be discussed is the revolutionary 
“Combinatorial Nullstellensatz” of Noga Alon, which shows perfectly well the 
power of algebraic methods in combinatorics. 


We begin, as usual, with a very easy problem. However, it is not entirely 
trivial because there are many approaches that can fail. A purely algebraic 
solution is both easy and insightful. 





Is there a set of points in space which cuts any plane in a finite, 
nonzero number of points? 


IMO 1987 Shortlist 


Solution. The idea is very simple: by taking such a set A to be the set of 
points of the form (f(t), g(t), h(t)), we need to find functions f,g,h such that 
for any a,b,c not all zero and any d, the equation af (t) + bg(t) + ch(t)+d=0 
has a finite nonzero number of solutions. This suggests taking polynomials 
f,g,h. One of the many choices is f(t) = t3, g(t) = t and A(t) = t. Indeed, 
the equation at + bt? + ct + d = 0 clearly has a finite number of solutions and 
has at least one, since any polynomial of odd degree has at least one real root. 
This shows that such a set exists. 
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You may very well know the classical problem stating that if 2” +1 is a prime 
number, then n is a power of 2 (the reader who does not know it is urged 
to give it some thought before passing to the next problem!). The following 
example is an adaptation of this classical result, but it is not as immediate as 
the cited problem. 





am Prove that if 4" — 2™ +1 isa prime number, then all prime 
divisors of m are smaller than 5. | 


[S. Golomb] AMM 


Solution. Suppose that p is a prime divisor of m, with p > 3. Write m = np. 
Then 4” — 2” +1 = P(—2"), where P(X) = X? + XP +1. We claim that P 
is a multiple of X? + X +1. Indeed, X? + X + 1 has distinct complex roots 
and any of its roots is clearly a root of P. Therefore X? + X + 1 divides P in 
C[X], thus in Q[X] too. Because X? +X +1 is monic, Gauss’s lemma implies 
that P is divisible by X? + X +1 in Z[X]. Therefore, P(—2") is a multiple of 
4” — 2” + 1 > 1, so 4” — 2™ + 1 is not a prime number. 


We continue with a fairly tricky problem, whose beautiful solution was com- 
municated by Gheorghe Eckstein. This will be a preparation for the next 
challenging problem. 


nie ET Prove that the number obtained by multiplying all 21% num- 


bers of the form +1 + v2 + --- + V100 is the square of an 
integer. 





Tournament of the Towns 


Solution. The crucial observation is that if P € Z[X] is an even polynomial, 
then for every positive integer k, the polynomial P(X — Vk) P(X + vk) is also 
an even polynomial with integer coefficients. Now, consider the polynomials 


P(X)=X, P(X) = Py_1(X — Vk)Pk-1(X + vk) 
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for k > 2. By the first observation, Pioo is an even polynomial with integer 
coefficients. But it is clear that the desired product is just Pio99(1)Pio0(—1), 
so it is a perfect square. This finishes the solution. 


As we said, the next problem is very challenging. The solution presented here 
is due to Pierre Bornsztein, and can be adapted to prove much more: the 
square roots of the squarefree positive integers are linearly independent over 
the set of rational numbers. There are also elementary proofs of this deep 
result, but the following argument is simply stunning. Interested readers will 
find in the exercise section a much more general (and difficult) statement that 
can be proved using polynomial techniques, and which we strongly recommend. 


f To Let a1, @2,...,@n, be positive rational numbers such that ,/a1 + 
,/a2 +: + /an is a rational number. Prove that the ,/a; are 
all rational numbers. 





Solution. If all x; = ,/a;, then x? are rational numbers and the sum S of the 
z;’s is also rational. Let us assume that zı is not rational and consider the 
polynomial 


P(X) = I] (X — 21 + uate +--+ + UnTn) (23.1) 


U2,..5,Un=tl 





Clearly, when we expand this polynomial x2, £3,...,£n appear with even ex- 
ponents because the polynomial is invariant under the substitutions x2 — 
—22,...,L2n + —TZn. After expansion, the polynomial can be written as 


P(X) = P(X,21,22,...,2n) = N(X,27,22,..., 22) — 21 D(X, 27, 22,...,27) 


for some polynomials with rational coefficients N and D. Because P vanishes 
at S, we deduce that 11 D(S,2?,...,22) = N(S,2?,...,2%), and the assump- 
tion that zı is irrational implies that D(S,x?,...,22) = N(S,z?,...,22) =0. 
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But then we also have P(S,—21,22,...,2n) = 0, which is impossible, since 
P(S, —x1,22,...,2%n) is a product of positive numbers. This contradiction 
shows that xı is rational and, by induction, all x; are rational. 


The following problem became a classical application of polynomial techniques. 
It was also used in a Balkan Mathematical Olympiad and more recently in a 
Chinese TST. The following solution is probably a reason for its popularity. 


$ A positive integer p is prime if an only if each equiangular 
polygon with p vertices and rational side-lengths is regular. 





Solution. We will first prove that if n is a positive integer, € = on, and 
Q1,42,...,@n are positive real numbers, then there exists an n-gon with equal 
angles and side-lengths a1, a2, ...,an if and only if aj +}age+---+an,e""! =0. 
This is not difficult: it is enough to consider the edges of the polygon as orien- 
ted vectors in clockwise direction. Clearly, their sum is 0. However, one can 
translate these vectors so that all of them have origin at O, the origin of the 
plane. By choosing the positive semiaxis a, the complex numbers correspon- 
ding to the extremities of the vectors are a1, a2€,...,@n,€" 1, from where we 
find aj +age+---+a,e"—! = 0. The converse is easy, because the construction 
follows from the previous argument. 


Now assume that p is a prime number, and consider a polygon with side- 
lengths a1,a@2,...,@p,, all rational numbers, and whose angles are equal. It 
follows that a1 +ag¢+---+ape?—! = 0 and the irreducibility of the polynomial 
1+ X +--+ XP! over the field of rational numbers shows that a; = az = 
-++ = Qp, SO the polygon is regular (the argument is identical to the proof of 
the first lemma in chapter Complex Combinatorics). For the converse, let 
us assume that p is not a prime and prove that there exists a non-regular poly- 
gon with rational side-lengths and equal angles. Let us write p = mn for some 
m,n > 1. Then € = er satisfies the equation 1 + €” + €?” +--+ 70n = 0 
and also the equation 1 +e+---+eP7! = 0. By adding these two equations, we 
obtain a relation of the form a; +a26 +--+ ape?! = 0, where all a; are equal 
to 1 or 2 and not all of them equal. The observation in the beginning of the 
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solution shows that there exists a polygon with equal angles and side-lengths 
41,42,- ..,@p. Clearly, this polygon is not regular. 


We continue with two difficult problems. The first one is classical, but very 
difficult. It belongs to a large class of additive problems in number theory and 
it is quite remarkable that it has a purely algebraic solution. A similar sta- 
tement is the famous four-squares theorem, stating that any positive integer 
is the sum of four squares of integers, or the notoriously difficult Waring pro- 
blem, stating that for any k there is m such that any sufficiently large integer 
is a sum of at most m powers of exponent k. We leave it to the interested _ 
reader to deduce from the four squares theorem that any positive integer is 
the sum of 53 fourth powers! 


™ Prove that any rational number can be written as the sum of 
the cubes of three rational numbers. 





Solution. If someone really wants to be cruel, they will just write the following 
identity: 


r3 — 36 e —z’ + 3>e + 36 P 9r? + 35r "ag 

9x? + 81x + 36 9x2 + 81x + 36 9z? +81r +36) `” 
Well, how on earth can we come with such a thing? A natural idea would be 
to look for a representation of x as a sum of cubes of three rational functions. 


So let us try to find first two polynomials f,g such that f? + g° has a cubic 
factor. On the other hand, the factorization 


fr+g =(ft+g9)(f + 29)(f +279), 


where z = e's suggests a smart choice: f +zg = (X — z)? and f+2z?°g = (X — 
z*)3_ A small computation shows that f = X3 — 3X —1 and g = —3X?- 3X. 
This already gives us the identity 


(z? — 3z — 1)? + (—3a? — 3x)? = (2? + z + 1)?((x — 1) — 9x), 
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which easily implies the relation presented in the very beginning of the solu- 
tion, after changing 9z to zx. 


The next problem has a particular flavor, because of the nice idea really well- 
hidden and of the technical difficulties that appear at all steps of the solution. 
Definitely not a friendly problem in a mathematical competition, but excellent 
spiritual food! 


Í On an m x n sheet of paper a grid dividing the sheet into unit 
squares is drawn. Then, the two sides of length n are taped 
together to form a cylinder. Prove that one can write a real 
number in each square, not all numbers being zero, such that 
each number is the sum of the numbers in the neighboring 
squares, if and only if there are integers k,l such that n + 1 
does not divide k and 


2lr kr 1 
cos | — | + cos | —— | = -. 
m n+1 2 


[Ciprian Manolescu] Romanian TST 1998 





Solution. Number the rings 1,2,...,n going downwards and the columns 
1,2,...,m, anticlockwise. The idea is to associate to each ring a polynomial 
P;(X) = ayy +ai2X +--+ +ajmX™! and to study how the condition imposed 
on the numbers translates in terms of these polynomials. This is not difficult, 
because such numbers exist if and only if 


P(X) = Py-a(X) + P(X) + (X™ 7 + X)P(X) (mod X™ — 1), 
where Po = Pa+1 = 0. This can be also written as 
P44(X) = (1 — X — X™')P,(X) — Py-1(X) (mod X™ — 1) 


and so P;(X) = Q;(X)Pi(X), where Q; is the sequence defined by Qo = 
0,Qı = 1 and 


Qi+1(X) = (1 — X — X™*)Qi(X) — Qi-1(X) (mod X™ — 1). 
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The condition for all numbers to be zero becomes Pı = 0. So, the condition of 
the problem is satisfied if and only if we can find a nonzero polynomial P, (of 
course, (mod X™ — 1)) such that P}Qn41 = 0 (mod X™ — 1), which means 
that Qnii and X™ — 1 are not relatively prime. This is also equivalent to the 
existence of a number z such that z™ = 1 and Qn+1(2) = 0. If zk = Q(z), 
the identity satisfied by Q; becomes xp = 0, xı = 1 and 


Lit, = 2j(l—2z- z7!) — Ti]. 


Now, if a = 1 — z — 271, the relation becomes 2;41 — azj + zi-1 = 0. Let 
r1ı,r2 be the roots of the equation t? — at + 1 = 0. Then rı,r2 are nonzero, 


so if zn+1 = 0, then we surely have rı # rq and also £n+1 = sis a Thus 
the condition on m,n is to have rit’ = rgt', that is there exists x such that 
atl — 1, z Æ 1 and also rə = zrı. Using Viéte’s formula, this becomes 
equivalent to the existence of a nontrivial root of order n+ 1 of 1, say x, such 
that a*z = (1+ 2)’, that is 2+2Re(x) = (1 — 2Re(z))?. Of course, this is 


equivalent to the condition of the problem. This finishes the solution. 


Let us now turn to some combinatorial problems. We begin with a very beau- 
tiful result. Do not underestimate it because of its short proof — it is far from 
being trivial. Actually, this old conjecture of Artin plays a very important role 
in additive number theory and has given birth to some important theorems of 
Ax and Katz, which are unfortunately well beyond the scope of this book. 





| Let fi, fo,..-, fz be polynomials in Z/pZ[Xj, X2,...,Xn] such 


k 
that $` deg(f;) < n. Then the cardinality of the set of vectors 
i=1 


(11,22,-..,2n) € (Z/pZ)” such that f;(z) = 0 for all i = 
1,2,...,k is a multiple of p. 


Chevalley-Warning theorem 


Solution. The idea is that the cardinality of the set of common zeros of fi 
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can be expressed more conveniently as 
` (1 -= APT- f(a) = fee); 
T=(£1,...,£n)E(Z/pZ)" 


where we understand by fi(x) the element fi(£1,£2,...,£n). Indeed, this 
follows easily from Fermat’s little theorem, because the polynomial 


P(X) = (1— fi(X)P*)(1 EAA S SAAS 
(here X = (X1, X2,...,Xn)) has the property that P(x, £2,..., £n) = 0 if 


and only if at least one of f;(11,2%2,...,2%n) is nonzero and 1 otherwise. 


Now, let us prove that >> P(«#) = 0. In order to do this, it is enough 
xe(Z/pZ)” 

to prove it for any monomial of P, of the form XY! X35? --- Xr. Observe that 

in any such ae we have a, + a2 +: + an < n(p—1), because of 


the condition > deg(f;) < n. This means that there exists an i such that 
ai <p-—i. Observe that 


` ai Do s = 
Ly 2 ee = 


re€(Z/pZ)” j 


n 
Cy. ay 
=1 gzjEZ/pZ 
and because a; < p — 1, by a result proved in the chapter The Smaller, the 
Better, 5 > x =0, which shows that >», P(x) =0 in Z/pZ. This 
r,€Z/pZ xeE(Z/pZ)” 
finishes the proof, because it follows that the cardinality of the set is a multiple 
of p. Finally, observe that if we assume that f;(0) = 0 for all i, it follows that 
fi have at least one nonzero common root in the field with p elements, which 


is anything but trivial! 


We continue with an apparently immediate application of Chevalley- Warning 
theorem: the famous Erd6s-Ginzburg-Ziv theorem. There are many other 
approaches to this beautiful result, but the way in which it follows from 
Chevalley-Warning’s theorem had to be presented. 
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Í Prove that from any 2n — 1 integers one can choose n whose 
sum is divisible by n. 





Erdős-Ginzburg-Ziv theorem 


Solution. Let us suppose first that n = p is a prime number. As we will see, 
this is actually the hard part of the theorem. Consider the polynomials over 
Z/pZ: 

fi(X1, Xa,...,Xop-1) = XP HX H + XP, 


fo(X1, Xe,..., X2p-1) = a X?! + az X87! ++ a2p-1 Xb, 


where a1,a2,...,@2p—1 are the 2p — 1 numbers. Clearly, the conditions of 
Chevalley-Warning’s theorem are satisfied and so the system f;(X) = fo(X) = 
0 has a nontrivial solution (z;)i=1,...2p-1. Let I be the set of those 1 < i < 2p— 
1 such that x; # 0. Then from Fermat’s little theorem f(r1, 22,...,Zap-1) = 
|I| (mod p) and fo(x1,2%2,...,Zap-1) = J jcr ai (mod p) and so p divides |Z| 
and J \;cz i. Because I has at least 1 and at most 2p — 1 elements, it follows 
that it has exactly p elements, and the theorem is proved in this case. 


In order to finish the proof of the theorem, it is enough to prove that if it 
holds for a and b integers greater than 1, it also holds for ab. So, take 2ab — 1 
integers look at the first 2a — 1 among them. There are some a whose sum 
is a multiple of a. Put them in a box labelled 1 and look at the remaining 
numbers. You have at least 2a(b—1)—1 > 2a — 1, so you can find some other 
a numbers whose sum is a multiple of a. Put them in a box labelled 2. At 
each stage, as long as you still have at least 2a — 1 numbers which are not yet 
in a box, you can create another box with a numbers, the sum of which is a 
multiple of a. So, you can create at least 2b — 1 such boxes. Now, apply the 
induction hypothesis for the sums of the numbers in the first 2b—1 boxes divi- 
ded by a and you will obtain a collection of ab numbers the sum of which is a 
multiple of ab. This shows that the theorem holds for ab and finishes the proof. 


The next example presents a truly amazing theorem, appeared in the revo- 
lutionary article “Combinatorial Nullstellensatz” by Noga Alon and which is 
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now a must in algebraic combinatorics. The reader with background in com- 
mutative algebra will immediately understand the title of the article: yes, it 
is related to the even more famous Nullstellensatz of Hilbert, one of the basic 
results of algebraic geometry and probably one of the most important theo- 
rems in mathematics. What does the latter say? Well, the strong form says 
that if fi, f2,..., fk are polynomials with complex coefficients in n variables 
and if f is another such polynomial which vanishes at all common zeros of the 
polynomials f1, fo,..., fk, then some power of f can be written in the form 
figi + f292 +°- + fkgk for some polynomials g1, g2,...,9,. Note for instance 
that if fi, f2,..., fkg have no common zeros then there will be g1,92,..., 9% 
such that figi + f292 +---+ fkgk = 1, a fact far from being obvious! Ac- 
tually, the proof of Hilbert’s Nullstellensatz is difficult and really needs a fair 
amount of commutative algebra, so we will not present it here. The reader can 
find a proof in practically any book of algebraic geometry. Note however that 
there are substantial differences between this statement and the “Combinato- 
rial Nullstellensatz” , and they probably explain why the latter is so well-suited 
for combinatorial applications. 


s1 Let F bea field, f € F[X1, X2,..., Xn] a polynomial, and let 
S1, 52,...,5n be nonempty subsets of F. 
a) If f(s1,$2,...,8n) = 0 for all (81, 52,...,5n) E S1 X S2 X 
- X Sn, then f lies in the ideal generated by the polyno- 
mials gi(Xi) = [],eg, (Xi — s). Moreover, the polynomials 
hi, h2,..., hn satisfying f = gihi + goaho+---+ 9nhn can be 
chosen such that deg(h;) < deg( f) — deg(g;) for all i. Finally, 
if 91, 92,---;9n E R|X1, Xo,..., Xn] for some subring R of F, 
one can choose h; with coefficients in R. 
b) If deg(f) = ti + t2 +---+ tn, where t; are nonnega- 
tive integers such that t; < |S;| and if the coefficient of 
X xe -.. Xt» is not zero, then there exist s; € S; such that 


f ($1, 82,--+,8n) # O. 


Pi, 





[Noga Alon| Combinatorial Nullstellensatz 
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Solution. a) The idea is that any element s; of S; satisfies an algebraic equa- 
ae or \S;|-1 
tion of degree |S;|, so any power of s; is a linear combination of 1, 5;,..., S; 


with coefficients independent of the choice of s; € S;. Indeed, if 


|Si]-1 
Si ) 
9(Xi) =X- SO gX], 
j=0 
then s;°°"' = `J, gjs. This allows us to “reduce” the polynomial f by 
j=0 
replacing every A? with a linear combination of 1, X;,... Ar This 


corresponds to subtractions from f of polynomials of the form g;h;, with 

deg(h;) < deg(f) — deg(g;). So we see that by subtracting a linear combi- 
n 

nation *` gih; from f we obtain a polynomial fı whose degree in X; is at 
i=1 

most |S;| — 1 and such that 0 = f(s1, 52,...,8n) = fıls1,S2,...,Sn) for all 

si € Si. But this immediately implies fı = 0. Indeed, fı can be written as 

Fot FiXıi+:: Bha Ca for some polynomials F; € F|X2,..., Xn] such 

that F; has degree in X; at most |.S;| — 1. Now, for all so € S2,...,Sn € Sn, 

the polynomial 


Sı|—1 
Fo($2,---,8n) He + Fig, )-1(82,- «+; Sn) X! 1| 
has at least |Sı| zeros in the field F, so it is identically zero, that is 
Fo(s2,. . ‘gi8ay) St Fig,\-1 (se, - oe , Sn) = 0 


for all (s2,...,8n) E Sg---S,. An inductive reasoning shows that Fo = 
+++ = Fig); = 0 and so fı = 0. This finishes the proof of a). b) This 
is a direct consequence of a). Suppose by contradiction that f vanishes on 
S1 X Sg X- X Sn. By taking subsets of S; with t; + 1 elements, we can 
assume that |.S;| = t;+1. Let h; and g; be defined as in a). It follows that the 
coefficient of XOX? +++ Xin in gihy + gohe+-+:+ 9nhn is not zero. Because 
deg(hi) < deg(f) — deg(g;), the coefficient of X}1.X,?---X% in gih; is zero: 
any monomial appearing in this polynomial and having degree deg(f) is a 
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multiple of a contradiction. 


Let us see now some applications of this result. First, some direct consequences 
which already show the power of the method: try to find other solutions to 
these problems and you will see that they are far from being trivial. This 
is probably also a reason for selecting the next problem as problem 6 at the 
International Mathematical Olympiad in 2007. 





ample 1t. Let n be a positive integer and consider the set 
S = {(z,y,z)|z,y,2 € {0,1,... n}, £ +y +z > 0} 


as a set of points in space. Find the minimum number of 
planes, the union of which contains S but does not contain 
(0,0,0). 


IMO 2007 


Solution. Let a;r+b;y+c,z = d; be the equations of these planes and consider 
the polynomial 


k n 
F(X,Y, Z) = [[ (X +Y +Z - di) -m - [[ (X -Y -1(Z-9), 
I=] 4=1 


where m is chosen such that f(0,0,0) = 0. If k < 3n, then clearly the co- 
efficient of X"Y"Z” in f is nonzero. Thus, by combinatorial Nullstellensatz 
there are integers x,y,z € {0,1,...,n} such that f(x,y,z) #0. If at least one 
of x,y,z is nonzero, then clearly both terms defining f are zero, a contradic- 
tion. Thus (x,y,z) = (0,0,0), which contradicts the fact that f(0,0,0) = 0. 
Therefore k > 3n and since for k = 3n an example is immediate, we deduce 
that this is the answer to the problem. 


And now a very similar statement: 
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E Let p be a prime and let S$, S2,..., Sp be sets of non-negative 
~ integers, each containing 0 and having pairwise distinct ele- 
ments modulo p. Suppose that $; (|S:| — 1) > p. Prove 
that for any elements a1,...,ak E Z/pZ, the equation z1a1 + 
©202+-++-+2,ax = 0 has a solution (£1,..., £k) E SyX--+-X Sk 
other than the trivial one (0,...,0). 





Troi-Zannier’s theorem 


Solution. [Peter Scholze] Consider the polynomial 


P(X1,..., Xk) = (a1 X1 + agXq +--+ + ak Xk) -1 


+C I] (Xı — s1) I] (Xo — 82)--- I] (Xk — Sk) 


0#s1€6S1 0As2€S2 OÉSkESk 
where C is chosen such that P(0,...,0) = 0. 


Because of the third condition, the coefficient of glS- z Ti is non- 
zero. Therefore there are tı € S1,...,tk E Sk with P(t1,..., tk) Æ 0. Since 
P(0,...,0) = 0, it is clearly not the zero solution. Thus, 


C I] (ty — sı) I] (to — s2) ++ I] (tk — Sk) 


0#s1 €81 04s2ES2 0ÆSkESk 


must be zero, which implies that (ait; +- + axzt,)?-! Æ 1. It remains only 
to note that Fermat’s little theorem gives aıtı +---+azt, = 0. 


The category of deep results with short proofs is going to be represented once 
again, this time with a really important result of additive combinatorics, one of 
those mathematical fields which exploded in the twentieth century. Of course, 
there are many other proofs of this result, all of them very ingenious. The 
result itself is important: as an exercise (solved by Cauchy about two hundred 
years ago...), try to prove this using this Lagrange’s famous theorem stating 
that any positive integer can be written as a sum of four squares of integers. 
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There are very elementary arguments, as we will see, but the combinatorial 
Nullstellensatz also implies this result and actually much more. 





| For any subsets A, B of Z/pZ the following inequality holds 
|A + B| > min(p, |A| + |B| — 1). 


Cauchy-Davenport theorem 


Solution. There is one very simple case: |A| + |B| > p+41. In this case, 

A + B = Z/pZ, since for any x € Z/pZ, the function f(a) = x — a defined 

on A cannot take all its values outside B, because it is injective. The difficult 

case is when |A|+ |B| < p. Let us suppose that |A+ B| < |A| + |B|—2 and let 

us choose a subset C of Z/pZ containing A+ B and having |A| + |B| — 2 ele- 

ments. The polynomial f(X1, X2) = [] (Xi + X2 — c) € Z/pZ|[X] has degree 
C 


cE 
|A| + |B| — 2 and vanishes on A x B. In order to obtain a contradiction, it is 


thus sufficient to prove that X AAE A appears with a nonzero exponent 


in f. However, it is clear that this exponent equals (ave i) (mod p), which 
is not zero, because |A| + |B| — 2 < p— 2. Using the previous theorem, we 
obtain the desired contradiction. 


Before passing to the next example, let us present a truly magnificient (for its 
simplicity!) proof of the previous result, which is probably more natural when 
seeing the statement for the first time, but which is by no means as obvious 
as it looks! We shall prove the result by induction on |A], the case when 
|A| = 1 being obvious. Clearly, we may assume that |A| > 1 and also that 
|B| < p. Now, A having more than one element, by shifting it we may assume 
that it contains 0 and some z # 0. Now, B is nonempty and B # Z/pZ, so 
there must be an integer n such that nz € B but (n+ 1) does not belong to 
B. By shifting B this time we may suppose that 0 € B, but z is not in B. 
Thus, AN B is a proper nonempty subset of A and we may use the induction 
hypothesis for it and AU B. Because A+ B contains (AM B) + (AU B) and 


JAN B| + |AUB| = |A|+|BI, 
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the conclusion follows. Even though this proof is very beautiful and short, it 
should be noted that Alon’s technique is much more powerful. Indeed, Alon 
shows in his seminal paper that his theorem implies a famous conjecture of 
Erdos-Heilbronn, with a very similar statement, but with no elementary proof 
(exercise for the reader: check that the above elementary solution does not 
work for the following result): for any nonempty subset A of Z/pZ one has 


{a + bla, b E€ A,a Æ b}| > min(p, 2|A| — 3). 


The next problem uses the proof given by Noga Alon for a special case of 
a difficult conjecture of Snevily. Again, the combinatorial Nullstellensatz is 
well-suited, but this time it is not so clear that its hypotheses are satisfied. 
Actually, the most difficult part in using this powerful tool is finding the good 
polynomial, but there are situations when it is even more difficult to check the 
hypothesis, because the polynomial can have a quite complicated expression. 


| Let p be a prime number, and let aj,a9,...,a, € Z/pZ, 

~ not necessarily distinct. Prove that for any distinct elements 
by, bo,..., bd, of Z/pZ there exists a permutation ø such that 
the elements a1 + 65(1),@2 + bo(2); <- -ak + bo(k) are pairwise 
distinct. 





Alon’s theorem 


Solution. Let B = {b1,b2,...,bk} and suppose the contrary, that is for all 
choices of distinct elements 71,72,...,2,% at least two of the elements x; + 
Qi,...,X_+a, are identical. That is, if £1, £2, . . . , £k are distinct elements of B, 


we have [| (2;+a;-—2;—a;) =0in Z/pZ. We can relax the restriction 
1<i<j<k | 
of £1, £2,...,£k being pairwise distinct by considering the polynomial 


f(X1, Xa,..., Xk) = I] (Xi — X;)(X; + a; — Xj — aj). 
1<i<j<k 
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The previous remark shows that f vanishes on B*. Clearly, f can be written 
as 
T] (i - X? +(X, X2,..., Xk) 
1<i<j<k 


for some polynomial g of smaller degree. Also, deg( f) = k(k—1). We will try to 
find tj, to,...,t, such that tı +te+---+t, = k(k—1), t; < k and the coefficient 
of X X? zr i: is nonzero in f. The first two conditions impose tı = tg = 
.-. = tp = k — 1, so the question is whether the coefficient of (X1X2---X,)*—1 
in f is zero. Of course, if we manage to prove that (X,Xo---X,)*—+ appears 
with a nonzero coefficient in [] (X;—-Xj,)* we can apply Alon’s theorem 
1<i<j<k 
and obtain the desired ééntiadiction However, using the result in example 8 
of the Lagrange Interpolation Formula chapter, we deduce that the free 


termof [|] (1 — i) is k!. But note that 
1Si#j<k : 


k(k—1) ee: (Xi 7 Apr 
pa SE (23.2) 


(XıX2 or Repeat : 


1<ižj<k 





so the coefficient of (X1X2---Xk—1ı) is nonzero in Z/pZ because of the as- 
sumption k < p. This finishes the proof of the result. 


We have already seen examples of combinatorial problems for which it is almost 
impossible to find combinatorial solutions. We continue with an example, 
which is a quite deep result of Alon, Friedland and Katai. Needless to say, 
the solution using combinatorial Nullstellensatz is practically straightforward. 
There are, however, limits of the method, for instance one does not know if in 
the next result one can replace p prime by any positive integer. 





E Let G be a graph with no loops (yet, multiple edges are allo- 
wed) and let p be a prime number. Assume that all vertices 
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have degree at most 2p — 1 and the average degree of the 
graph is greater than 2p — 2. Prove that G has a p-regular 
subgraph (a subgraph in which every vertex has degree p). 


Solution. Let us consider the incidence matrix (av e), where v denotes a vertex 
and e an edge and @ye = 1 if v € e and 0 otherwise. Let te be a variable 
associated with each edge e and consider the polynomial 


p-1 3 
f= 1] p= (Eez) - J [ (1 - ze) 


eck e 


The hypothesis implies that f has degree |E| and because the coefficient 
of [[ £e is nonzero, Alon’s Nullstellensatz implies the existence of values 
te € {0,1} such that the evaluation of f at these ze is not zero. Now, clearly 
this is not the zero vector, thus using Fermat’s little theorem we deduce that 
all $ ecg avete are 0 in Z/pZ, that is if we look at the subgraph of those edges 
e such that £e = 1, all vertices have degrees multiples of p, smaller than 2p. 
Thus this subgraph is p-regular. 


The reader is urged to take a look at the problems for training for many other 
applications of combinatorial Nullstellensatz, a theme that will surely become 
recurrent in algebraic combinatorics and additive number theory. We will now 
present a quite subtle result, based on algebraic properties of polynomials. We 
have already encountered this type of argument in a previous chapter, but the 
result and the method are too important not be presented. 


iy Let F be a family of subsets of a set X with n elements. 


Suppose that there is a set L with s elements such that |A N 
B| € L for all distinct members A, B € F. Prove that 


F| < (“Ve ("e+ HESH] 


Frankl-Wilson theorem 
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Solution. Let L = {l1,l2,...,1,;} and assume without loss of generality that 
X = {1,2,...,n}. Finally, call A1, Ao,...,Am the elements of F, such that 
|Ay| < |Ao| <--- < |Am|. We will associate with each set A; its characteristic 
vector vi = (Vij )1<j<n defined by: vij = 1 if j € A; and 0 otherwise. Observe 
that if (x, y} = 21y1 + Zeyo+-+-+2nYn is the standard euclidean inner product, 
then |A; N A;| = (vj, u;). Now, let us define the polynomials 


fi(X)= [| Gev- i) 


k,l <|Ag| 


for i = 1,2,...,m. The main idea is to consider the restrictions of these 
polynomials to the vertices of the unit cube, that is the set Y = {0,1}”. 
Because x? = 2; if x; € {0,1}, it is clear that these restrictions can be writ- 
ten in the form g;(11,...,2%n), where gi are polynomials of degree at most 
s and have degree at most 1 in each variable. What is remarkable is that 
these functions f; : Y — R are linearly independent. This is not difficult: if 
Ai fi(x) + Ao fe(z)+---+Amfm(z) = 0 for x € Y, then by taking x = v; for all 
j and using the fact that f;(v;) =0 if j <i and fi(vi) Æ 0 (which is obvious), 
we immediately deduce by induction that all A; are 0. The result follows from 
the fact that the vector space generated by these functions has dimension m 
and is a subspace of the vector space of polynomials of maximum degree at 
most s and partial degrees at most 1, which has dimension 


(")+(," Jane HNA] 
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23.2 Practice problems 


1. Let aj, a2, ..., a100 and by, b2, ... , b100 be 200 distinct real numbers. Consi- 
der an 100 x 100 table and put the number a; + b; in the (i, 7) position. 
Suppose that the product of the entries in each column is 1. Prove that 
the product of the entries in each row is —1. 


Russian Olympiad 


2. Let n,m be positive integers with n < m — 1 and let aj,a@2,...,@m be 
nonzero integers such that for all 0 < k < n we have aj +aq-2*+.---+ 
am : mE = 0. Prove that there are at least n + 1 pairs of consecutive 
terms having opposite signs in the sequence a1, da2,...,Qm- 


Russia 1996 


3. The finite sequence {ak}ı<k<n is called p-balanced if the sums 


s(k, p) = ak + Qk+p + ak+2p + °° 


are all equal for k = 1,2,...,p. Prove that if a sequence of 50 real 
numbers is 3, 5, 7, 11, 13 and 17-balanced, then all its terms are equal 
to 0. 


St. Petersburg 1991 


4. Two numbers are written on each vertex of a convex 100-gon. Prove that 
it is possible to remove a number from each vertex so that remaining 
numbers in any two adjacent vertices are different. 


Fedor Petrov, Russia 2007 
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5. Let A be an n x n matrix over a field F and define its permanent as 


Per(A) = `S Q1¢(1)920(2) ` `` no(n): 
cESn 


If Per(A) # 0, prove that for each b = (bj, bo,...,b,) € F” and for 
every family of two-element sets S;,5S9,...,5, of F, there is a vector 
X € S1 x So X- X Sn such that for each 7 the i-th coordinate of AX 
differs from b;. 


Alon’s Permanent Lemma 


. Let p bea prime and let a1, a2,..., @2p—1 be elements of Z/pZ. Prove that 


the number of subsets J of {1,2,...,2p — 1} with p elements such that 
ie 4 = b in Z/pZ is congruent to 0 or 1 modulo p, for all b € Z/pZ. 


W. Gao 


. Let p be a prime and let A be a set of positive integers such that: 


(a) the set of prime divisors of the elements in A consists of p — 1 
elements; 


(b) for any nonempty subset of A, the product of its elements is not a 
perfect p-th power. 


What is the largest possible number of elements in A ? 


IMO Shortlist 2003 | 


. Let p be a prime and d a positive integer. Prove that for any integer k 


there are integers £1, Z2,...,Zq such that k = r +rt +.. +29 (mod p). 


Gabriel Carrol 


9. 


10. 


11. 


12. 


13. 


14. 
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Let S1, S2,..., Sn be subsets of Z/pZ and let S = S1 x Sp X --- X Sn- 
Consider polynomials f1, fo,..., fk in n variables over Z/pZ such that 


k n 
(p -1)- $ deg(fi) < XC (\Sil - 1). 
i=1 i=1 


Prove that if the system fı(x) = fo(x) =--- = f(x) = 0 has a solution 
a € S, then it has another solution b € S. 


David Brink 


Let Hı,..., Hm be a family of hyperplanes in R” that cover all vertices 
of unit cube {0,1}” but one. Prove that m > n. 


Noga Alon 


If p is a prime, n is an integer, and 21, T2, ..., T(p—1)n+1 are (p — 1)n+1 
elements of the vector space F}, then there exists a non-empty subset 
IC {1,2,...,(p— 1)n + 1} such that jez zi = 0. 


Let A be a subset of Z/pZ, where p is a prime number. Prove that among 
the elements a + b where a 4 b € A there are at least min(p, 2| A| — 3) 
distinct elements. 


Erdos-Heilbronn conjecture 


Let p be a prime, n = 4p and let A C {—1,1}” be a family of vectors, 
no two of which are orthogonal. Prove that A has at most 45224 (”) 
vectors. 


Frankl-Wilson 


Let F be a family of subsets of {1,2,...,n} and let L be a set of nonne- 
gative integers. Say F is k-uniform if |A| = k for all A € F and say F is 
L-intersecting if |AN B| € L for all A # Be F. If pis a prime, say F is 
[-intersecting mod p if |A| ¢ L (mod p) for all A € F, but |ANB| Ee L 
(mod p) forall AA BEF. 
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15. 


16. 


17. 


18. 
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(a) Prove that an L-intersecting or L-intersecting mod p family has at 
most sel (7) elements. 


(b) Prove that a k-uniform L-intersecting or k-uniform L-intersecting 
mod p family has at most (izi) elements. 


Chaudhuri, Frankl, Ray, Wilson 


Prove that there exists a positive integer n such that any prime divisor 
of 2” — 1 is smaller than 27993 — 1. 


Komal 


A k-forest is a family F of subsets of {1,2,...,n} such that 


(a) For any f € F, f has k elements; 


(b) For any f € F there exists a partition {1,2,...,n} = Vi, fU- < UVk,f 
such that f is the only member of F intersecting every V; F. 


Prove that a k-forest has at most (=) members. 


Lovasz’s theorem 


Prove that the minimal cardinality of a subset of (Z/pZ)* that intersects 
all hyperplanes is d(p — 1) + 1. 


Brouwer-Schrijver’s theorem 


Let n be an even number and let v1, v2,...,v% E {—1,1}”" be vectors 
of length n such that any v € {—1,1}” is orthogonal to at least one of 
them. Prove that k > n and that for all even n this estimate is sharp. 


Alon, Knuth 


19. 


20. 


21: 
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Let S C R” be a set of unit vectors such that there exist real numbers 
a,b with a +b > 0 and < z,y >E {a,b} for all z A y € S. Here <> 
is the standard scalar product on R”. Prove that S has at most ninti) 
elements and that this is sharp for n > 7. 


Oleg R.Musin 


Let f(n) denote the largest cardinality of a subset A of R” such that the 
points in A determine at most two distances. Show that 


n(n + 1) 
2 


(n+ 1)(n 4+ 2) 
< f(n,2) < ~za 


Larman, Rogers, Seidel, Blokhius 


A subset E of (Z/pZ)” is called a Kakeya set if it contains a line in every 
direction, ie for all v € (Z/pZ)” with v # 0 there exists x € (Z/pZ)” 
such that x + tv € E for all t € Z/pZ. 


(a) Prove that if P € Z/pZ|X1, X2,...,Xn] has degree at most p — 1 
and vanishes on E, then P = 0. 


(b) Deduce that any Kakeya set E has at least (ee) elements. 


Zeev Dvir’s theorem 
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